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GENERIC DERIVATIONS ON O-MINIMAL STRUCTURES

ANTONGIULIO FORNASIERO AND ELLIOT KAPLAN

ABSTRACT. Let T be a complete, model complete o-minimal theory extending the theory RCF of real closed
ordered fields in some appropriate language L. We study derivations ¢ on models M = T. We introduce
the notion of a T-derivation: a derivation which is compatible with the L({))-definable C!-functions on M.
We show that the theory of T-models with a T-derivation has a model completion Tg. The derivation in
models (M, d) E Tg behaves “generically,” it is wildly discontinuous and its kernel is a dense elementary
L-substructure of M. If T = RCF, then Tg is the theory of closed ordered differential fields (CODF) as
introduced by Michael Singer. We are able to recover many of the known facts about CODF in our setting.
Among other things, we show that Tg has T as its open core, that Tg is distal, and that Tg eliminates
imaginaries. We also show that the theory of T-models with finitely many commuting 7T-derivations has a
model completion.
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1. INTRODUCTION

Let M = (M;+,-,0,1,...) be a structure expanding a field. A derivation on M is a function 6 : M — M
such that:

Sz +y) = dx+ oy, §(zy) = wdy + you.
If M has extra structure besides the field operations, the derivation may have nothing to do with this extra
structure. For instance, if M = Reyxp := (R;+,+,0,1,exp) then it may not be the case that dexp(z) #
exp(x)dz.

In this paper, we consider the case when M is an o-minimal structure (expanding a real closed ordered field)
and we study derivations on M which are compatible with the structure M in the following sense: for every
C'-function f: M™ — M which definable in M without parameters, we require that:

Z 8961 7) 0.

For instance, when M = Ry, we impose, among other conditions, that ¢ exp(z) = exp(z)dx. We show that
if M is a pure ordered field then every derivation on M is already compatible with M (Proposition 2.8]).

There are many natural examples where the above compatibility condition is met. For instance, it is well
known that the germs at infinity of unary functions definable in any o-minimal expansion R of the real
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field form a Hardy field H(R) with a natural derivation -=. There is a natural way to expand H(R) so

that H (I@) = I@, and % is compatible with this expansion. Another natural example is the ordered field
TLE of logarithmic-exponential transseries (see [3]). There is a natural expansion of TX® which makes it an
elementary extension of the real field with restricted analytic functions and an exponential function. The
natural derivation on TF is compatible with this expansion.

In [32], Singer showed that the theory of ordered differential fields has a model completion: the theory
of closed ordered differential fields (CODF). He provided an axiomatization of CODF and proved that it
has quantifier elimination. Since then, many others have contributed to the model theory of closed ordered
differential fields. Among these contributions is a cell-decomposition theorem and a corresponding dimension
function [7] as well as a proof that CODF has o-minimal open core and eliminates imaginaries [27].

Let T be a model-complete o-minimal theory in some language L and set L° := L U {5}. Let T° be the
L%-theory which extends T by axioms asserting that & is compatible in the way defined above. In §d we
show that T° has a model completion which we denote by Tg. A simple axiomatization for Tg extends T°
by the following axiom scheme:

(G) If X C M™™ is L(M)-definable and the projection onto the first n coordinates has nonempty
interior, then there exists @ € M™ such that (a,da) € X.

We go on to explore the properties of Tg: we show that it does not have prime models in general, it is NIP

and distal, and it is not strongly dependent. We end §l by showing RCFS, = CODF and that Tg can be

seen as a distal extension of the theory of dense pairs of models of T', which is not itself distal [21]. The

fact that CODF itself is a distal extension of the theory of dense pairs of real closed ordered fields was first
established by Cubides Kovacsics and Point [T1].

In § we show that any model (M, ) = TS has a (unique) dimension function in the sense of [13] and a
kind of cell decomposition in the sense of [7]. We go on to show that T is the open core of Tg, (that is, every
open L°(M)-definable subset of M™ is already L(M )-definable). We use this open core result to show that
Tg eliminates imaginaries and that it eliminates the quantifier 3°°.

The final section, §0] is dedicated to the study of several commuting derivations which are compatible with
models of T. The model completion of the theory of fields of characteristic zero with several commuting
derivations was axiomatized by McGrail [25] and the model completion of the theory of ordered fields with
several commuting derivations was axiomatized by Riviere [28] (see also [33]). Let A = {d1,...,0,} be a
finite set of derivations and let 7> be the L U A-theory which asserts that each §; is compatible and that
each ¢; and ¢; commute. We show that T2 has a model completion Té. The main difficulty is giving an
axiomatization for T@: while the axiom scheme (G) for one derivation is quite simple, an axiomatization
for TC% is quite complicated when n > 2. We go on to define a dimension function in models of TC% and we
show that T@ has T as its open core.

In Appendix [A] we use work of Loi [24] to prove a result about C*-functions definable in o-minimal structures.
This result, Corollary [A-4] generalizes a known fact about definable continuous functions and it may be of
independent interest. We initially proved our main results without this corollary, but it does simplify things
significantly, especially in §6l Also of independent interest may be §3.1] on “quasi-endomorphisms” of a
finitary matroid.

1.1. Notation and conventions. In this article, 7" denotes a complete, model complete o-minimal theory
extending the theory RCF of real closed ordered fields in some appropriate language L. We always use M
and N to denote models of T" and we use M and N to denote the underlying sets of M and N.

We will always use k,m, and n to denote non-negative integers. We view tuples in M" as column vectors
and if a € M™ and b € M™, we use (a,b) to denote the column vector (‘g) € M"™t™. We view elements of
M™*™ ag matrices and if A € M™*"™ and b € M", we let Ab € M be the usual product of the matrix A

and the vector b.

Let AC M and D C M™. We say that D is L(A)-definable if there is some (m + n)-ary L-formula ¢(Z, )
and some tuple a € A™ such that

D = {geM": M@y}



Given a function f : D — M, we let I'(f) € M™*! denote the graph of f and we say that f is L(A)-definable
if T'(f) is. Note that this means that D is also L(A)-definable. Given k < n, we denote the projection of D

onto the first k coordinates by (D). For b € M*, we let Dy denote the set {5 € M™% : (b,) € D} and
we let f; : Dy — M denote the function 7+ f(b, 7).

We let dcly,(A) be the the definable closure of A (in M, implicitly, but this doesn’t change if we pass to
elementary extensions of M). If b € dclg(A), then there is an L(0)-definable function f : M™ — M and a
tuple @ € A™ such that b = f(a). A set B C M is said to be dcly(A)-independent or dcl;-independent
over Aif b ¢ dcl, (AU (B\{b})) for all b € B. A tuple (b;);c; is said to be dclz(A)-independent if its set
of components {b; : ¢ € I'} is dcly (A)-independent and if no components are repeated. It is well-known that
(M, dcly) is a finitary matroid (also called a pregeometry). We let rky, be the cardinal-valued rank function
associated to this finitary matroid.

The cell decomposition theorem gives rise to a well-behaved dimension function on L(M)-definable sets: for
an L(M)-definable set A C M™, we let

dimz(A) := max {iy + -+ i, : A contains a cell of type (i1,...,in)}.

This dimension interacts nicely with the rank rky: let a € M™ and B C M. If rky(a|B) = m < n then a
is contained in some L(B)-definable set of dimension m and a is not contained in any L(B)-definable set of
dimension < m.

We say that M < AN if M is an elementary L-substructure of . For a subset A C N, we denote by M (A)
the substructure of A/ with underlying set dcl, (M U A). As T has definable Skolem functions, M(A) is an
elementary substructure of . We say that A is a basis for N over M if A is dcly (M)-independent and
N = M(A). It A ={a1,...,an}, we write M{aq,...,a,) instead of M(A). Given an L(M )-definable set
D C M™, we let DV denote the subset of N™ defined by the same formula as D. Since M < A, the set
DV does not depend on the choice of defining formula. We sometimes refer to this as the natural extension
of D to N and we drop the superscript when it is clear from context. If f : D — M is an L(M)-definable
function, then we let fV : DV — N be the L(M)-definable function with graph T'(fV) = T'(f)V.

Since T has definable Skolem functions, 7" has a prime model which we denote by P. This prime model
is always canonically isomorphic to dclz (@) in any model of T. By a monster model of T, we mean a
k-saturated and strongly k-homogeneous model of T for some x > |T'| := max{|L|,w}. When working in a
monster model, we use small to mean of cardinality < k.

If L’ is another language, then we use the conventions above where they make sense. For example, dcly, will
be the definable closure operator in a given L’-structure.

An L(M)-definable function f : D — M with D C M™ is said to be a C*-function if there is an L(M)-
definable open U 2 D and an L(M)-definable C*-function F' : U — M with F|p = f. This extension is
not unique. A map g = (g1,...,9m) : D — M™ is said to be a C*-map if each g; is a CF-function. If g is a
C'-function of § = (y1,...,yn), then we let J, denote the Jacobian matrix

- ()
g -
dy; 1<i<m,1<j<n
29

viewed as a function from D to M™*"™. We also denote this function by oy if we want to indicate the
dependence on the variables.
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2. T-DERIVATIONS
In this section, we fix a map § : M — M. Given a tuple & = (x1,...,2,) € M"™, we denote by 6(Z) the tuple

(6(x1),...,8(xn)). We often use 6z instead of instead of §(z). We let L° be the language L U {5} and we
view (M, d) as an L°-structure.

2.1. T-derivations. Given an L(f)-definable C'-function f : U — M with U C M™ open, we say that J is
compatible with f if we have

of(u) = Jg(u)ou
for each w € U. If g : U — M™ is an L({))-definable C'-map, we say that & is compatible with g if

dg(u) = Jgy(u)du

for each u € U or, equivalently, if § is compatible with each component function g;.

Definition 2.1. We say that § is a T-derivation (on M) if § is compatible with every L({))-definable
C'-function with open domain. Let T° be the L’-theory which extends T by axioms stating that ¢ is a
T-derivation. That is, (M, d) = T? if and only if M |= T and § is a T-derivation on M.

To justify the use of the name T'-derivation, recall that § is a derivation (on M) if §(z 4+ y) = dx + dy and
if §(xy) = xdy + yox for all z,y € M.

Lemma 2.2. Any T-derivation is a derivation.
Proof. Use that ¢ is compatible with the functions (x,y) — = +y and (x,y) — zy. O

It is a well-known fact that if (K, ) is a differential field, then ker(§) = {a € K : §(a) = 0} is a subfield
of K, known as the constant field. The constant field of K is algebraically closed in K. In the case of
T-derivations, more is true:

Lemma 2.3. Suppose that (M,d) = T° and let C be the constant field of (M,6). Then C' is the underlying

set of an elementary L-substructure of M.

Proof. Since T has definable Skolem functions, it suffices to show that C is dcly-closed in M. Given an
L(0)-definable function f : M™ — M be a tuple ¢ € C™, we need to show that f(¢) € C. By passing to a
subtuple, we may assume that ¢ is dcly, ())-independent, so f is C! on some L((})-definable open neighborhood
of ¢. Then df(¢) = Js(¢)d6c =0, so f(c) € C. O

The following is a useful test to see if § is a T-derivation:

Lemma 2.4. The following are equivalent:

(1) (M.8) ET°,

(2) d¢ =0 forallc € dely(0) and 6 f (u) = Jp(@)du for all dclp, (0)-independent tuples u and all L(D)-definable
functions f which are C* in a neighborhood of .

Proof. Clearly (1) implies (2), as the constant function x — ¢ is L(f))-definable for each ¢ € dclg (). Now
suppose (2) holds, fix an L()-definable C'-function f : U — M with U open and fix a tuple 4 € U. If
each component of @ is in dclz(0), then f(u) € delp(0), so §f(a) = IJ;(u)du = 0 by (2). If there is some
component of @ which is not in delz((), then let @’ be a maximal delz, ()-independent subtuple of @ and fix
an L(0)-definable map ¢ such that g(@’) = @. As @’ is dclg ()-independent, there is an open set V' containing
@' such that g is C! on V and such that g(V) C U. We have

0f(a) = 0(fog)@) = Jyog(u)ou' = Jy(g(u))dg(@)ou" = Iy(u)ig(a’) = Jyp(u)ou
as required, where the second and fourth equality use (2) and the dcly ()-independence of u'. O
By Lemma 24 the zero map (denoted by 0) is the only T-derivation on P. Thus, we have the following:
Corollary 2.5. (P,0) is the prime substructure for T°.

It is not true in general that any derivation on M is a T-derivation, see Lemma 2.10] However, this is true
when T = RCF. To prove this, we first need to establish two preservation results for compatibility.
4



Lemma 2.6. Let U C M™, V C M™ be L(())-definable, open sets. Let f: U — M be a C', L({))-definable
function and let g : V — U be a C', L(D)-definable map. If § is compatible with f and g, then & is compatible
with the composition f o g.

Proof. For u € V, we have
0f(g(@) = Iy(g(@)d(g(m) = Is(g(w))(Tg(w)dn) = Jsoq(w)du. 0

Lemma 2.7. Let f: V — M™ be an L(M)-definable Cl-map on V.C M™*™ in variables (Z,7) and suppose
that 0 is compatible with f. Let g : U — M™ be an L(M)-definable map on an open set U C M™ such
that T'(g) € V. Suppose that for all u € U we have f(ﬁ,g(ﬂ)) = 0 and that the determinant of the matriz
g—g(a,g(ﬂ)) is nonzero. Then g is C* and § is compatible with g.

Proof. The map g is C! by the implicit function theorem. Define the map h: U — K" by h(z) = f(z, g9(z)),
so h(u) is identically zero on U. We have

%(a,g<ﬂ))+a—g(a,g(m)%(a> = Ju(a) = 0,

thus,

of ,_ ,_ L of ., ..

a—g(u, (u))Jg(u)éu —%(u,g(u))é
We also have of of

2 (w.gta)su+ L (w.gtw)dg(a) = shia) = 0

We therefore have of of

a—g(ﬁ,g(ﬁ))isg(ﬁ) = a—g(ﬁ,g(a))JQ(a)M.
It remains to use the invertibility of g—g (a,g(w)). O

Proposition 2.8. If § is a derivation on M, then § is an RCF-derivation on M.

Proof. By quantifier elimination for RCF (in the language Lying of ordered rings) and by Lemma 27 it
suffices to show that ¢ is compatible with every polynomial in Z[X]. By repeated applications of Lemma 2G|
this amounts to showing that ¢ is compatible with addition, multiplication and the maps = +— nz for n € Z.
These facts all follow readily from the definition of a derivative. 0

The proof of Proposition 2§ can often be adapted to check whether a derivation on M is a T-derivation, at
least when T" admits quantifier elimination in some natural language. If T" also has a universal axiomatization
then checking whether or not a derivation is a T-derivation is even more simple since each L((})-definable
function is given piecewise by L-terms. We give two examples below:

Lemma 2.9.

(1) Let Ry, be the expansion of the real field by restricted analytic functions and let Toy be its theory. Let
M = Tuy and let § be a derivation on M. Then (M,8) = TS if and only if § is compatible with every
restricted analytic function (restricted to the open unit disk).

(2) Let Ranexp be the expansion of Rayn by the total exponential function and let Tan exp be its theory. Let
M = Ton exp and let § be a derivation on M. Then (M, 6) = Tfn)exp if and only if § is compatible with

every restricted analytic function and with the exponential function.
Note that in (1) and (2) above, the model M necessarily contains R.

Proof. For (1), let L., be the language of ordered fields extended by function symbols for each restricted
analytic function. Let L}, extend L,, by function symbols for multiplicative inversion and each nth root.
As § is a derivation, it is compatible with addition, multiplication, multiplicative inversion, and nth roots.
Therefore, if § is compatible with every restricted analytic function then ¢ is compatible with every L} -term
by repeated applications of Lemma By [18) Corollary 2.15], each Lan(0)-definable function is given
piecewise by L} -terms.

5



For (2), let Lay exp be the language of ordered fields extended by function symbols for the exponential function
and each restricted analytic function. Let L extend Lan,exp by a function symbol for the logarithm
function. If § is compatible with exp, then

ox dexp (log(z)) exp (log(z))dlog(x)

— = - = " = Jlog(x)

for all z > 0, so § is also compatible with log. By [18, Corollary 4.7], each Lay exp(0)-definable function is
given piecewise by L7, .. -terms. By the same reasoning as above, if ¢ is compatible with every restricted
analytic function and with the exponential function then ¢ is a T}y, exp-derivation. O

*
an,exp

Lemma 2.10. There is an o-minimal theory T 2 RCF, a model M = T and a derivation 6 on M such
that 6 is not a T'-derivation.

Proof. Let £ € R be transcendental over Q and let M be the smallest real-closed subfield of R containing &.
Set L = Lying U {{} where £ is a new constant symbol, so M admits a natural expansion to an L-structure
M where € is interpreted in the obvious way. Let T be the complete L-theory of M, so T is o-minimal.
Basic facts about derivations tell us that there is a derivation 6 on M with 6§ = 1. However £ € dcl(0), so
if 0 were a T-derivation, we would have 6§ = 0 by Lemma [2.4] O

Lemmas and 210 raise a natural question (suggested by the anonymous referee), which is open at this
time:

Question 2.11. Let Rqx, be the expansion of the real field by the total exponential function and let 7oy, be
its theory. Let M = Tex, and let 6 be a derivation on M which is compatible with the exponential function.
Is 0 necessarily a Texp-derivation on M?

An anwer to Question 2.11] likely requires an understanding of the definable closure in models of Tyyp.

Lemma 2.12. Suppose that (M,d) = T°. Let k > 0 and let f be an L(M)-definable C*-function on an
open set U C M™. Then there is a unique L(M)-definable C*~'-function fl): U — M such that

f(a) = fa) + Js(w)ou
for allw € U. Moreover, if f is L(A)-definable where A C ker(8), then fl¥l =0

Proof. Tf such a function fl% exists, then it is uniquely determined by f1%(a) = df(a) — J;(u)du. We show
existence: fix a € M™, an L())-definable function F such that f = Fz and an L()-definable set W such
that W5z = U. By replacing W with the subset

{3‘: € W : W5 is open and Fj is C* on W5 for all 7 € wm(W)},
we may assume that F' and W satisfy the hypotheses of Corollary [A.4l Thus, we can conclude that @
is contained in an L({))-definable C*-cell D C M™ such that Flwamxmmy is C*. By replacing W with
W N (D x M"), we may assume that F is C*¥ on W. Take an open set W 2 W and a C*-function G =
G(z,y) : W — M such that Glw = F|w, so Gz(u) = f(u) for all w € U. Since G is L((})-definable, we have
for w € U that

5f(a) = 6G(a,u) = Ja(a,u)(éa,on) = fa)+ I (u)da,
where fl0(y) := 2% (a, y)da. Clearly, f° is a C*~!-function and if 6a = 0 then fI% = 0. O

T
As is the case for derivations, one can extend a T-derivation 6 on M to N =1 M by specifying the values
of § on a dclz-basis for N over M.

Lemma 2.13. Suppose that (M,8) = T°. Let N =p M and suppose that N = M(A) where A is a
dcly, (M)-independent subset of N. Then for any map s : A — N, there is a unique extension of 6 to a
T-derivation on N (also denoted by 0) such that da = s(a) for all a € A.

Proof. We need to determine the value of df(a) for each n, each L(M)-definable function f : N™ — N

and each n-tuple @ of distinct elements from A. Since @ is a dcly (M )-independent tuple, f is C' on some

open L(M)-definable open neighborhood U of a. By Lemma [ZT2 there is an L(M)-definable function
6



fP1: U — M such that §f(a) = f19(a) + I ;(@)du for all w € UM. For § to satisfy the uniqueness condition
in this lemma, we only have one choice, so we set

6f(a) = fP@)+Js(@)s(a).

Clearly, da = s(a) for each a € A. This assignment is also well-defined, for if f and g are L(M)-definable
functions such that f(a) = g(a) for some tuple a of distinct elements from A, then by L(M )-independence
of @, there is some L(M)-definable open neighborhood of @ on which f = g and thus, on which fl% = g9l
and Jf = Jg.

We claim that ¢ is a T-derivation. We need to show that dg(a) = J,(a)du for all 4 € N™ and all L((})-
definable C!-functions g : U — N where U is an open neighborhood of %. Take an n-tuple a of distinct
elements from A and an L(M)-definable map f : N™ — N™ such that @ := f(a) and take an open L(M)-
definable set V' containing @ such that f is C! on V and such that f(V) C U. Set h := go f and set 5 := s(a).
By definition, we have

Sg(a) = oh(a) = ha)+Ju(a)s, ou = 6f(a) = f¥a)+JIs(a)s. (2.1)
For all Z € VM| we have that
Wl(z) + In(@)0z = oh(x) = dg(f(2)) = Io(f(@))(fPN @) + I (2)0).

Using also that J,(Z) = Jgof(Z) = Jo(f(2))JI £(Z), we see that hil(z) = Jg(f(a_:))f[‘;] (z) for all z € VM. As
every object we’ve considered since (2I) has been L(M)-definable, we have by elementarity that

WPla) = J,(f@) @) = J@)fC%a),  In@) = Iy(f(@)Is@) = Jg(@)ds(a).
This along with the identities in ([2) gives that
dg(@) = Jg(@)f (@) + Iy(@Is@s = Jg(a)ou. 0

2.2. Examples of T-derivations. Given any M |= T, the map § : M — M which takes constant value 0
is a T-derivation. In this subsection, we explore some nontrivial T-derivations.

Example 2.14 (Power series). Let R((£2)) be the field of formal power series with coefficients in R, exponents
in Q and well-ordered support. By [I8, Corollary 2.1], R((t?)) admits a canonical expansion to a model of
Tan where restricted analytic functions are defined via Taylor series expansion. Let d—dt be the usual formal
derivation on R((t9)). Since . commutes with infinite sums, it is compatible with restricted analytic

functions. By Lemma [Z0] & is a Ty,-derivation on R((¢2)).

Example 2.15 (Surreal numbers). Let No be the class-sized ordered field of surreal numbers. Then
No admits a canonical expansion to a model of T,y exp; see |16l Theorem 2.1]. Berarducci and Mantova
have defined a derivation D on the surreal numbers which is compatible with the exponential function and
commutes with infinite sums [5l Theorem 6.30]. Thus, D is a Ty exp-derivation, again by Lemma 291

Example 2.16 (Transseries). Let T be the ordered field of logarithmic-exponential transseries and let %
be the usual derivation on T (see [3] for a detailed definition). By [I9, Corollary 2.8], T admits a canonical
expansion to a model of Tyy exp and by Lemma [2Z0] % is a Tyan exp-derivation on T.

Example 2.17 (Hardy fields). Let R be an arbitrary o-minimal expansion of the real field in a language
L. Let T be the elementary L-theory of R. We define an equivalence relation on L(R)-definable functions
f,9: R — R by setting f ~ g if there is some a € R such that fl(4 o) = 9l(a,00)- If f ~ g, we say that f and
g have the same germ at infinity. We let [f]~ be the equivalence class of f and we set
M = {[fl~: f:R— Ris L(R)-definable}.
There is a natural expansion of M to an L-structure M. For example, if R is an n-ary relation symbol in
L, we interpret R in M by
MER([fil~, .-, [fal~) = RER(fi(x),..., fa(z)) for all sufficiently large =

where this is well-defined by o-minimality. Under this expansion, we have R < M, where R is identified
with the germs of constant functions, see [18]. Now we define 6 : M — M by setting

S[fl~ = [~
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We note that above, f may not be everywhere differentiable, but it is differentiable at all sufficiently large
x so it makes sense to talk about the germ of f’. Then (M, d) is a Hardy field and it is easy to check that ¢
is a T-derivation on M (just use the chain rule from elementary calculus).

Remark 2.18. Let (M, d) be as in any of the four examples above. Then the constant field of (M, )
is R and the pair (M,R) is a tame pair, as defined in [I7, Section 5]. In [4, Section 2], the authors
construct derivations on the real exponential field. These derivations can be taken to be T,x,-derivations,
but we are not sure if these derivations are necessarily Texp-derivations, see Question [ZT1l Also relevant to
Question [ZTT] are the “FE-derivations” used by Kirby to study exponential algebraicity in [22].

2.3. The Lie algebra of T-derivations. Let Dety(M) be the set of T-derivations on M. Given d,e €
Dery(M) and ag,a2 € M, one can easily check that a6 + age € Devy (M), so Deryp(M) naturally has the
structure of an M-vector space. In this subsection, we show that it has the structure of a Lie algebra. We
define a Lie bracket on Derr (M) by

[0,e] := de—e&d
(where de is the composition of ¢ with €). It is routine to verify that this operation formally satisfies the Lie
bracket axioms, so we only have to ensure that [4,¢] is indeed a T-derivation.

Lemma 2.19. If §,e € Derp(M) then [§, ] € Derp(M).

Proof. Set 7 := [d,¢]. By Lemma [Z4] we only need to check that v(¢) = 0 for all ¢ € dcl () and that
vf (@) = J¢(w)yiu for all dely (0)-independent tuples 4 € M™ and all L(())-definable functions f which are C!
in a neighborhood of 4. The fact that y¢ = 0 for all ¢ € dclg () follows from the fact that ¢ = ec = 0. Fix
f and a dcly, (0)-independent tuple 4. By dcly-independence, we may assume that f = f(7) is C? in an open
neighborhood U of 4. We have

n

n 82
sef(@) = 8(Iy(a Za( >auJ+Jf( Voeu = Z (9yl(9fyj( Youieu; + J ;(@)det.

Likewise, we have

w)eudu; + Jy(u)eou.

edf(u z”:

ij=1 33/15%
so by symmetry of second derivatives, we have
Vf(@) = bef(@) —eof(a) = Ip(a)den—Ip(@esn = Ip(a)ya. O

Let K be a subfield of M. We say that § is a T-derivation over K if (c) =0 for all c € K.
Lemma 2.20. The set of T-derivations over K is a Lie sub-algebra of Dery(M).

Proof. Set L(K) extend L by constant symbols for each ¢ € K and let Tk be the complete L(K)-theory of
M. Clearly, any Tk-derivation on M is a T-derivation over K. Conversely, if § is a T-derivation over K
then 0 is a Tk-derivation by the “moreover” part of Lemma 212 Thus, the set of T-derivations over K is
exactly the Dery, (M), which is a Lie sub-algebra of Dety(M). O

3. THE 0-CLOSURE OPERATOR

Let (M, d) = T°. In this section, we develop a d-closure operator on M. First, some notation: given a € M,
we define the jets of a:

35 (a) == (a,da,...,0"a), 95°(a) := (8'a)icw-
Givena € M™, BC M™ and o € NU {c0}, we set
95(@) = (33(ar),....8%(an)),  33(B) = {93(b):be BY.
For simplicity of notation, we let ggl(a) be the empty tuple and we let J; 1(B) be the empty set.
Definition 3.1. Given a € M and B C M, we say that a is in the d-closure of B, written a € cf‘;(B), if
rk;, (35°(a)|d5°(B)) < Ro.

This section is devoted to showing that (M, cf‘s) is a finitary matroid and exploring the corresponding rank
function.
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3.1. Quasi-endomorphisms. In this subsection, we fix a set X and a closure operator ¢/ : P(X) — P(X)
such that (X, cf) is a finitary matroid. Let rk denote the associated cardinal-valued rank function. We say
that a map ¢ : X — X is a quasi-endomorphism of (X, /) if

rk(0A|ABéB) < rk(A|B)

for all A, B C X. Fix a quasi-endomorphism §. Throughout this subsection, A, B and C' denote subsets
of X and a, b and ¢ denote elements of X. We continue to use the J§ and J§° notation introduced in the
beginning of this section. Though we are working with an abstract finitary matroid, the example to keep in
mind is of course the case where (X, cl) = (M, dcly) and where ¢ is a T-derivation on M.

We define ¢/’ : P(X) — P(X) as in Definition B}
a€cl’(B) = 1k (IF()|IF(B)) < No.
Note that c/(B) C cf°(B) and that J3°(B) C cf’(B).
Lemma 3.2. The following are equivalent:
(1) a € cl°(B),
(2) 1k (3%(a)|35°(B)) < n for some n,
(3) 6"a € cl(I3 " (a)d(B)) for somen
(4) there are n and m such that §*a € CK(Hg’_l(a)Hg”"'k(B)) for all k > n.
Proof. Suppose that (1) holds and set n := rk (J5°(a)|d5°(B)). Then rk (% (a)|d5°(B)) < n.
Now suppose that (2) holds and let n be least such that rk (g% (a)|d5°(B)) < n. We have that
& (33 IO (B) = n
by minimality of n. Thus, 6"a € cé(ﬂg_l(a)wgo(B)).
Suppose that (3) holds. As cf is finitary, there is some m such that 6"a € cf(3% ' (a)d5*t"(B)). Set
B’ = 37 ()37 (B), so 6"a € cl(B'). Since § is a quasi-endomorphism, we have that
k(6" a|6"aB'6B") < rk(6™a|B’) = 0

so 6"tla € cl(0"aB'§B’). Since §"a € cl(B'), we have that 6"aB'0B’ C cl(J5 ' (a)d5t" "1 (B)), so 6"+ €
(33 (a)d7 T H(B)). By induction, we have that 6*a € cf(g5~*(a)d7 ™ (B)) for all k > n.

The final implication, (4) implies (1), is clear. O
We will use the following fact frequently, often without mentioning it. It follows from (3) of Lemma
Fact 3.3. a & cl°(B) if and only if 33°(a) is cl (95°(B))-independent.

Proposition 3.4. (X, cl?) is a finitary matroid.

Proof. Tt is clear that if A C B then A C ¢/’°(A) C ¢/°(B). The fact that cf® is finitary follows from (3) of

Lemma and the fact that cf is finitary. We will show that cf’ (cﬂ‘;(B)) = c¢l°(B). Fix a € cf° (CK‘S(B))
and fix a finite set C' C ¢’ (B) such that a € ¢/°(C). Then

tk (35°(a)[35°(B)) < 1k (35°ald5"(C)) + xk (35°(C)|35°(B)).
Since C' is finite, both summands on the right side of the above inequality are finite.

It remains to show that c/’ satisfies the exchange property. Fix a, b and B such that a € c/°(Bb) \ ¢/°(B).
By (2) of Lemma 32 there is a natural number n such that rk (9% (a)|d5° (Bb)) < n. Since c/ is finitary, we
may find a natural number m such that rk (g5 (a)|d5°(B)J5" (b)) < n. We have
tk (35 (0)35 (a)|33°(B)) = 1k (85 (a)|35" ()35 (B)) + 1k (35" (0)|35°(B)) < n+m+1.  (3.1)
On the other hand,
rk (35" (6)35 ()|35°(B)) = vk (35" (0)I5 ()35 (B)) + 1k (35 (a)|35°(B))
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Since a & ¢’ (B), we have rk (9%(a)|33°(B)) = n+ 1. This gives us
tk (35 (0)35 (a)|33°(B)) = 1k (85" (b)|35 (a)35° (B)) +n + 1. (3-2)
Combining (3 and B.2)), we get
rk (35 (0)[35 ()35°(B)) < m,

so b € cl’(Ba), again by (2) of Lemma 32 O

As (X, cf?) is a finitary matroid, it has an associated rank function which we call the d-rank and which we
denote by rk®. The next proposition gives a method of computing the §-rank of finite sets:

Proposition 3.5. Let A be finite and suppose that 0B C B. Then

rk’(A|B) = lim M

In particular, this limit exists.

Proof. Given a finite set A and an element a, set

k k k
r(A) = khj& . (ié—(l-AlﬂB) ’ r(ald) = klggo - (36 (Z)—l-gi (A)B)

(assuming that these limits exist). We prove this proposition by induction on |4|. Clearly, rk®(0|B) = r(0)) =
0. Fix A and suppose that r(A) = rk’(A|B). We want to show that r(Aa) = rk’(Aa|B) for some arbitrary
a € X\ A. Note that r(Aa) = r(A) +r(a|A) = rk°(A|B) 4+ r(a|A) by our induction hypothesis, so it suffices
to show that r(a|A) = rk’(a|AB).

If a ¢ cl°(AB), then rk (3%(a)|d%(A)B) = k+1 for each k by (2) of LemmaB2, so r(a|A) = 1 = rk’(a|AB).
Suppose that a € ¢/’ (AB). By (4) of Lemma B2 there are m and n such that 6*a € (33 (@) *(A)B)

for all £ > n. For these k, we have
rk (HgnJrk(a)wgnJrk(A)B) < rk (Hgfl(a)wgwk(A)B) +rk ({5k+1a, ce 5k+ma}|3(§n+k(A)B) < n+m.

Therefore, we have that

k m+k m+k AB
r(a|A) = lim rk (95" (@)l (4) B) < lim _ntm 0 = rk°(a|AB).
It remains to note that r(a|A) > 0. O

Corollary 3.6. If A is finite and 6B C B, then

rk’(A|B) = lim rk (0¥ 4|75 (A)B).

k—o0
Proof. Note that rk (J¥(A)gB) = Zﬁ:o rk (6™ A|J3 " (A)B). Since § is a quasi-endomorphism, we have that
rk (6" 1 4|37 (A)B) < rk (6"A|d3 ' (A)B). This means that the map
n — rk (6" A|gF(A)B) :N —» N
is decreasing, so it is eventually constant. From this, it easily follows that
rk (35 (A)| B)

k n—1
k (0" A A)B
; L Shootk (5413 (4)B)

_ ke p|qk—1
= khﬂnolork (6% A1757 1 (A)B).

The result then follows from Proposition 3.5 O
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3.2. The d-closure in models of 7. In order to apply the results to the previous subsection to (M, d) =
T°, we need to show the following:

Lemma 3.7. If (M,d) = T°, then § is a quasi-endomorphism of (M,dcly).

Proof. Fix A;B C M and let A’ C A be a dcl;(B)-independent set such that A C del(A’B). If we can
show that A C dclp(A’BJA'dB), then we would have that

rky (SA|ABSB) < |64'| < |A'| = tkp(A|B).

Thus, by replacing B with A’B, we assume that A C dclz(B) and we will show that dA C dclg(BdB).
Given a € A, we may write a = f(b) for some b from B and some L({))-definable function f. By passing to
a subtuple, we may assume that b is dclz (())-independent. Therefore, there is an open, L((})-definable set U
such that b € U and such that f|y is C'. Then we have da = J;(b)db, so a € dcly,(BSB). O

We summarize the results from the previous subsection in this context below:

Corollary 3.8. If (M,§) = T°, then (M,cf‘;) is a finitary matroid and for any finite set A C M and any
B C M with 6B C B, we have

5 T rkr, (3§(A)|B) T k k—1
rk°(A|B) = kli)ngo — a1l - klg{)lorkL (6% 41351 (A)B).
where Tk’ is the rank function corresponding to el

4. GENERIC T-DERIVATIONS

In this section, we show that 7' has a model completion and we study the properties of this model completion.
For the remainder of this section, we fix a model (M, d) = T°.

Definition 4.1. We say that the T-derivation ¢ is generic if for every n and every L(M)-definable set
A C M™if dimy, (m,(A)) = n then there is some a € M such that g% (a) € A. Let T2 be the L°-theory
extending T° by the axiom scheme which asserts that ¢ is generic.

4.1. Expanding models of 7' and T° to models of TZ. In this subsection, we show that (M, §) extends
to a model of Tg. We also investigate which models of 7" admit an expansion to a model of Tg.

Lemma 4.2. Let N be an elementary extension of M with vk, (N|M) = n. Let A C N1 be an L(M)-
definable set with dimy, (m,(A)) = n. Then there is b € N and an extension of § to a T-derivation on N
such that J§(b) € A.

Proof. We claim that there is some dcly, (M )-independent tuple @ € N™ such that a € m,(A). We construct
a coordinate by coordinate. Fix ¢ € {1,...,n} and suppose we have already chosen a dcly, (M )-independent
tuple @’ = (a1,...,a;—1) € mi—1(A). We need to find a; € N\ dcl, (Ma') with (@, a;) € m;(A). We have that
7;(A)a is an open interval with endpoints r1 < ro € dcl (Ma'). Take b € N \ dely (Ma') with b > 0. Set

1

a; = 7’1+71

+b

T2—T1
Then a; ¢ dely,(Ma') and r1 < a; < ro, as required.
With the claim proven, we may assume that N = M(a) for some a € N with a € m,(A). By definable
choice, there is an L(M)-definable map f : m,(A) — N such that T'(f) € A. By Lemma [2T3] there is a

unique extension of § to a T-derivation on M(@) such that da; = a;11 for i € {1,...,n — 1} and such that
da, = f(a). Then J§(a1) € A. O

Proposition 4.3. Let N be an elementary extension of M and suppose that vk, (N|M) = |N| > |T|. Then
there is an extension of § to a T-derivation on N such that (N, 8) | TS

Proof. Set k := |N| and take a dcl (M )-independent set B C N such that N' = M(B). Then |B| = &
by assumption. Let Bj, Ba, ... be disjoint subsets of B of cardinality « such that J,., Br = B. We will
construct L°-structures (N, d) = T9 such that

° (./\/'0,5) = (M,é) and Nk+1 :Nk<Bk+1> for k > 0;
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° (Nk,é) - (Nk+1,5) and Uk(/\fk,(S) E Tg.
Suppose that we have already constructed (N, d). Let ((4,, np))p<
such that A C N;'*' is an L(INy)-definable set with dimy, (m,(A4)) = n. Let (B,),<x be an enumeration of
pairwise disjoint finite subsets of Byy1 such that |B,| =n, and J,_, B, = Bg+1. We define ((Ny,p,6))
as follows:

e set (/\/’k70,5) = (Nk,(S);

e if pis a limit ordinal, set (N, ) :== U, . ,(N,y,9);

o set Ny pi1 := Ni p(B,) and use Lemma2l to extend § to a T-derivation on Ny, ,41 such H?” (b) e A,

for some b € Ny py1.

Finally, set (Nj11,0) := U, (Ni,p, ).

We note that |J, N = N, so we define 6 on N by (N,d) = [J,(Ni,d). We claim that § is generic. Let
A C N be an L(N)-definable set with dimy, (7,(A)) = n. Then A is L(N})-definable for some k, so there
is b € Ni41 such that J3(b) € A. O

.. be an enumeration of all pairs (4, n)

P<K P<K

Corollary 4.4. (M,6) can be extended to a model of T,.

Proof. Let N be an elementary extension of M with rky(N|M) = |N| > |T| (such an extension exists, if
|N| > |M]| then rkz (N|M) = |[N|). Now apply Proposition .3 O

Corollary 4.5. Any N |= T with vk, (N) > |T| admits an ezpansion to a model of TS. In particular, if T
is countable and has an Archimedean model then there is an expansion of R to a model of Tg.

Proof. Apply Proposition 3] with (P,0) in place of (M, §). If T is countable and has an Archimedean model
then by [I7, Corollary 2.17], there is a unique expansion of R to a model of T'. Since T' is countable, we have
rky, (R) = |R]. O

Corollary generalizes a result of Brouette, who showed that R admits a derivation making it a closed
ordered differential field [8].

Remark 4.6. We would conjecture that a partial converse to Corollary holds as well: if a model
N | T admits an expansion to a model of T2, then rky(N) > Ro. This is true for 7 = RCF, since by
results of Rosenlicht [29], any sequence of distinct elements (a,,) in a differential field of characteristic 0 with
al, = a3 — a2 # 0 are necessarily algebraically independent. One can easily show that infinitely many such
elements must exist in any model of Tg. It remains to note that the dclz-rank and the transcendence degree
agree when 7" = RCF.

4.2. The model completion of T°. In this subsection, we show that Tg is the model completion of 7.
We have already shown in Corollary B4 that every model of T extends to a model of Tg. It remains to
establish an embedding lemma.

Lemma 4.7. Let (M,8) C (N,0) E T, let (M,5) C (M*,8) = TS and suppose that (M*,8) is [N|*-
saturated. Then there is an Lo-embedding ¢ : (N, 8) — (M*,8) over (M, ).

Proof. Take a € N\ M. We note that M(J5°(a)) is closed under § by Lemma 22, so it is a model of
T°. Without loss of generality, we assume that N = M<3§°(a)>, as the general case follows by transfinite
induction. We first consider the case that a € CZ‘;(M ). By Lemma B2 there is some minimal n such that
N = M(F2 " (a)). Let f: M™ — M be an L(M )-definable function such that 6"a = f(d3 ' (a)). We need
to find b € M* such that
(1) 6"b = £(3;~}(5)) and
(2) 3371 (b) € BM for every L(M)-definable set B with g7~ '(a) € BV.
If we can do this, then we can construct the embedding ¢ by sending g%~ *(a) to g3~ '(b). By saturation,
we may relax condition (2) and show that such a b exists for an arbitrary L(M)-definable set B. Fix
such a set B and set A := I'(f|g). By minimality of n, the tuple g5 '(a) is decl;(M)-independent, so
dimy, (7, (A)) = dimg(B) = n. Since (M*,§) = TZ, there is some b € M* with J}(b) € A.
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Now consider the case that a & c¢f’(M). We need to find b € M* such that Jn(b) € AM for every n and
every L(M)-definable set A with J%(a) € AN. If we can do this, then we can construct the embedding ¢
by sending J§°(a) to J5°(b). Again by saturation, it suffices to do this for an arbitrary n and an arbitrary
L(M)-definable set A. If J%(a) € AN, then dimp(A) = n + 1 since J?(a) is dclp(M)-independent. Since
(M*,68) = T, there is some b € M* with J2(b) € A. O

We can now prove our main theorem:

Theorem 4.8. Tg is the model completion of T®. If T has quantifier elimination and a universal azioma-
tization, then Tg has quantifier elimination.

Proof. The fact that Tg is the model completion of T follows from Corollary -4, Lemma B0 and Blum’s
criterion (see the proof of Theorem 17.2 in [30]; Lemma [T shows that 79 has the stronger embedding
property in that proof, allowing us to bypass the assumption that T is universal). If T' has quantifier
elimination and a universal axiomatization, then each L()-definable function is given piecewise by L-terms.
The statement that § is compatible with a given L-term ¢ is universal, so 7% has a universal axiomatization.
Thus, TZ, has elimination of quantifiers, by [30, Theorem 13.2]. O

Theorem allows us to prove that T2 has an alternative axiomatization:

Corollary 4.9. The following are equivalent

(1) (M) | T¢.

(2) For each n and each L(M)-definable set X C M>", if dimp, (7, (X)) = n, then there is a € M™ with
(a,0a) € X.

Proof. Suppose that (M,d) = T¢ and fix an L(M)-definable set X € M?" with dimy, (m,(X)) = n. Since

7, (X) has nonempty interior, there is an extension N =7, M which contains a dclz,(M)-independent tuple

b € 7, (X)N. By definable choice, there is an L(M)-definable map f : 7, (X) — M™ such that T'(f) € X. By

Lemma [ZT3, there is a unique extension of § to a T-derivation on M (b) such that 6b = f(b). Since (M, )
is existentially closed in M(b) by Theorem [1.8] there is a € m,(X) such that éa = f(a). Then (a,da) € X.

For the other direction, fix an L(M)-definable set A C M"™*! with dimy, (m,(A4)) = n. Define X C M?" by
X = {(@y) e My =z fori=1,...,n—1and (z,y,) € A}.

Then 7, (X) = m,(A) and (a,da) € X if and only if J%(a1) € A for any a = (a1,...,a,) € M". O

Corollary 4.10. Tg is complete.

Proof. By extending L by function symbols for all L())-definable functions and by extending T correspond-
ingly, we may assume that 7" has quantifier elimination and a universal axiomatization. Thus, Tg has
quantifier elimination, so it suffices to show that it has a prime substructure. This follows from Corol-
lary 251 O

Despite the fact that Tg has a prime substructure, it does not have a prime model. To prove this, we first
show that each LO-formula is equivalent to a formula of a special form.

Lemma 4.11. For every L°-formula ¢ there is some m and some L-formula ¢ such that
T - Vr(e(@) o 37 @),

Proof. Again by extending L, we may assume that 7" has quantifier elimination and a universal axiomati-
zation. Then Tg has quantifier elimination, so we may assume that ¢ is quantifier-free. Let e(¢) be the
number of times in ¢ that § is applied to a term that is not of the form 6*z;. We proceed by induction on
e(p). If e(¢) = 0 then we are done. If e(¢) > 0, then ¢ is of the form

p(z) = ¥(7,0/(05(@)))

for some n, where f(7) is an L(())-definable function and where 9 is an L°-formula. Let D be an L(()-

definable C!-cell decomposition for f (see Appendix [Al for a precise definition). Then for each D € D, there

is an L())-definable C!-function fp, defined in an open neighborhood of D, such that the fp(y) = f(y) for
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all j € D. Define f by settlng f( )i =J,(9) whenever gin D. Then f is L(0)-definable and 6 () = f(7)07
in any model of T°. Set ¢/ ( (:f: ( 2(2))6(d3(2))). Then e(¢’) < e(y) and

T° + Yz (p(z) < ¢'(2)). O

Note that m and ¢ in the lemma above are not unique. The following corollary was established for "= RCF
by Singer in [32]. Our proof is essentially the same.

Corollary 4.12. Suppose that T is countable. Then Tg does not have a prime model.

Proof. Note that Tg is also countable. We use the fact that if the isolated types are not dense in the unary
type space S1(T%), then T2 does not have a prime model (see [30, Proposition 32.1]). Given an L°-formula
o(x), we let [p(z)] denote the clopen subset of S1(T2) consisting of all unary types containing ¢. We claim
that [0x = 1] contains no isolated types. Suppose towards contradiction that [¢)(x)] is a basic clopen set
contained in [dz = 1] which isolates a type. By Lemma LTIl we may assume that ¢(x) is of the form
w(H T(x )) for some m, where 1 is a quantifier-free L-formula. Since ¥ (x) implies that dx = 1, we may
replace dx by 1 and 5’“:10 by 0 for all k& > 1. Thus, we may assume that ¢ (z) is actually an L-formula, so
1 defines a finite union of points and open intervals. Since [¢] is assumed to isolate a type, the set defined
by 1 is just one point. However, this point lies in dcly(f)) in any model of T, so ¥ (z) implies §(x) = 0, a
contradiction. 0

Using Lemma 11} we have a nice description of L(M)-definable sets:

Corollary 4.13. Let (M,0) = T¢ and let B C M with B C B. Then for any L°(B)-definable set A C M™,
there is some m and some L(B)-definable set A C M™™+1) such that
= {zeM":J(z) e A}.

Proof. Take a tuple b from B and an L°-formula v (z, 7) such that A = ¢(M,b). By Lemma ETIl we have
some m and some L-formula ¢ such that

(M,0) = VI(p(@,b) < (35 (), 33 (1))
Set A := (M, J(b)). O
4.3. Distality and NIP. Distal theories were introduced by Simon [31] as a subclass of NIP theories. The
goal in this section is to show that T is distal. Fix a monster model (M, §) = T,
Definition 4.14. T}, is distal if whenever b is a tuple from M and (@;);c; is an L?(f))-indiscernible sequence
from M such that
(1) I =11 + (c¢) + Iz where I; and I are infinite without endpoints and
(2) (@i)ier,+1, is L°(b)-indiscernible,
then (@;);er is L‘s(l_))—indiscernible.

Theorem 4.15. Tg is distal.

Proof. Fix an infinite linear order I = I + (¢) + I where I; and I are infinite without endpoints and take an
L°()-indiscernible sequence (@;);c from M™ and a tuple b € M™ such that (a@;)ier, +1, is L? (b)-indiscernible.
Let o(Z1,...,%p, ) be an LO-formula. It suffices to show that
M = (@i, a,,b) < @(@j,...,a;,,b)
for any indices i1 < ... < i, and j; < ... < j, in I. By Lemma [.T1] there is some m and some L-formula @
such that
TE b Va1 .. Yo, (e(@1, . Z00 §) < @37 (21), - .., 35 (Zn), 35°(7))).

Since (a;)icr is L°(0)-indiscernible, we have that (J7*(a;))._, is also L°(0)-indiscernible so, in particular,

iel

(a5 ))l ; is L(0)-indiscernible. Likewise, since (@;)icr, +1, 13 L (b)-indiscernible, we have that (J7" (&i))iel
is L( 3”(1_7 ) 1nd1scern1b1e Since o-minimal theories are distal, we have that
M ': @(36 ((_11'1),...,35 (ain)agé (b)) H(Z)(ggn(ah),73?(6_143"),33”(6)) U
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It is well-known that distality implies NIP (see [10, Remark 2.6]).
Corollary 4.16. Tg has NIP.

The following negative result was first shown by Brouette [8], who constructs a type of dp-rank > Xy. Our
proof, which was suggested to us by Itay Kaplan, differs from the proof in [g].

Proposition 4.17. Tg is not strongly dependent.

Proof. A NIP theory is strong if and only if it is strongly dependent, so we will show that Tg is not strong.
By [, it is enough to find formulas @i (z,y) and parameters b, from M such that

(i) ©r(M, by) Nk (M, b,) = 0 for all k and all m # n and

(i) Mg ok (M, byx)) # 0 for any function f: N — N.
Let ¢ be the formula

or(z,y) = y<dfr<y+1

and let (b,,) be any increasing sequence such that b,,11 — by, > 1 for all m. Then clearly, ¢k (,b,,) and
¢k (z, by) are incompatible for all k and all m # n. Fix a function f : N — N. By saturation, (0, ¢ (M, by (x))
is nonempty so long as any finite intersection ), ., @& (M, b f(k)) is nonempty. Set

A= () by + 1) X (byay by +1) %X (b by + 1)
Then m,(A) is open and so there is b € M with J3 (b) € A. Thus, b € <, wx (M, brky)- O

Remark 4.18. When T' = RCF, Theorem was first noticed by Chernikov and has been employed
to construct a distal extension of the theory of differentially closed fields of characteristic zero, see [2].
Corollary .16l was shown in [26].

4.4. Dense pairs and closed ordered differential fields. Let R = RCF. In [32], Singer axiomatizes
the theory of closed ordered differential fields as follows:

Definition 4.19. (R, ) is a closed ordered differential field if § is a derivation on R and if the following
holds for each n > 0 and each each P,Q1,...,Q € R[X1,...,X,]: if X,, does not appear in any of the Q;
and if there is @ € R™ such that
OP
P(a) = 0, 87(&) #0, and each Q;(a) > 0,
then there is b € R such that P(J3(b)) = 0 and Q;(J%(b)) > 0. Let CODF be the L-theory axiomatizing
closed ordered differential fields.

Singer goes on to show that CODF is the model completion of ordered differential fields and, thus, of real
closed ordered differential fields. Note that by Lemmas and 2.8 ¢ is an RCF-derivation if and only if
it is a derivation, so RCFJG is the model completion of real closed ordered differential fields as well. By the
uniqueness of model completions, we have the following:

Proposition 4.20. (R,§) = RCFY, if and only if (R,0) = CODF.
The fact that Singer’s axioms are equivalent to our more geometric axioms was first shown in [26].

In [I4], van den Dries introduced the theory of dense pairs of o-minimal structures:

Definition 4.21. (N, P) is a dense pair of models of T if N' = T and if P(N) is the underlying set of
a proper dense elementary substructure of A". Let T9"¢ be the L U {P} theory axiomatizing dense pairs of
models of T

If (M,d) = TS, then the constant field C is dense in M. To see this, let I C M is an open interval. By
the axioms of Tg, there is some ¢ € I with 6c = 0. By Lemma 23] C is the underlying set of an elementary
L-substructure of M. Thus (M, P) |= T9°"¢ where P is interpreted to pick out C. Note that (M, P) is a
reduct of (M, §) in the sense of definability. In [21], Hieronymi and Nell show that dense pairs are not distal.
However, since distality is not preserved under reducts, the question remains open as to whether models of
Tdense have distal expansions. In light of Theorem EI5], we are able to give a partial answer:
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Corollary 4.22. There is a distal theory extending T,

It is worth noting that we do not have a method of expanding a given dense pair to a model of Tg. Indeed,
by Remark EE6 and the fact that there are models (A, P) = RCF” with rky, (N) < R, there are dense pairs
which do not admit an expansion to a model of Tg. Moreover, while dense pairs are defined for o-minimal
theories extending the theory of divisible ordered abelian groups, Corollary is only a statement about
o-minimal theories extending the theory of ordered fields.

In the case that T = RCF, Corollary .22 was first observed by Cubides Kovacsics and Point [T1]. They
study the expansions of dp-minimal fields by generic derivations and they show that distality is preserved in
these expansions, using a method quite similar to ours. All o-minimal theories are dp-minimal, but Cubides

Kovacsics and Point do not require that their derivations are T-derivations and so the only common theory
considered in this article and [I1] is CODF.

In [I4], van den Dries goes on to study the induced structure on P(N) when (N, P) = T9%¢. He shows
that the only new sets introduced are the traces of L(N)-definable sets. We can show that if (M, d) = TS
then the induced structure on the constant field is nothing more than this:

Lemma 4.23. Let (M,6) be a model of T and let C be its constant field. For every L°(M)-definable set
A C C", there is an L(M)-definable set B C M™ such that A= BnNC".

Proof. By Corollary T3] there is some m and some L(M )-definable set A C M™m+D) guch that
A= {zeM":Jz) e A}
Since A C C™, 6*a = 0 for any a € A and any k > 0. Thus,
A=C"nN {3‘:6 M™: (21,0,0,...;22,0,0,...;...;2,,0,0,...) E[l} O

5. GEOMETRIC AND TOPOLOGICAL PROPERTIES OF TJ

In this section, we establish a dimension theory for models of Tg and a cell decomposition result. We show
that Tg has T as its open core and we use this to analyze the definable closure in models of Tg. We also
show that T eliminates imaginaries. For the remainder of this section, let (M, §) be a monster model of T},
and let (M, d) be a small elementary substructure of (M, d).

5.1. Dimension in models of 7. In [20], the first author introduces the notion of an existential matroid
and shows how these matroids induce a dimension function on definable sets. In this section, we apply these
results.

Lemma 5.1. Let B C M. If c/’(B) = B then (B,d|p) = TJ.

Proof. Since dcl(B) C ¢/°(B) = B, we have that B <7 M. Since 6B C ¢/°(B) = B we also see that B is
closed under 8, so (B, d|p) = T°. Fix n and some L(B)-definable set A C M"*! with dimp, (7, (4)) =n. We
need to show that there is some a € B such that J%(a) € A. By definable choice, there is an L(B)-definable
function f : m,(A) — M such that T'(f) C A, so we may replace A by I'(f). As (M,6) |= TS, there is some
a € M such that J}(a) € A. Thus, §"a € dcly, (37" (a)B) so a € c’(B) = B. O

The converse of Lemma [5.1] does not hold as ¢’ (M) # M. To see this, let C' be the constant field of M.
Then C C ¢f’(M), but by saturation, |C| > |M]|, so C is not contained in M.

Proposition 5.2. (M, cl®) is an existential matroid.

Proof. (M, c°) is a finitary matroid and, by [20, Lemma 3.23] and Lemma B} ¢/’ satisfies existence. It
remains to show that ¢/’ is nontrivial and that cf® is definable. To show that ¢l is nontrivial, we use
saturation to find some a € M such that J3°(a) is del(0)-independent. Then a ¢ cf° (), so c(0) # M. To
show that ¢’ is definable, it is enough to show for any a € M and B C M that if a € cf’(B) then there is
an L%(B)-definable set A such that a € A C ¢f’(B). To see that this is true, we use (3) in to find some
L(0)-definable function f such that 6"a = f(J}(a),d5" (b)) for some n,m and some tuple b from B. Then
the L°(b)-definable set
A = {:c eM:§"x = f(H?(I),Hg”(l;))}
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contains a and is contained in CE‘S(B). U
We now define a dimension function on the algebra of L°(M)-definable sets:
Definition 5.3. Let A C M” be a nonempty L?(M)-definable set. We set
dim®(A) := max { rk®(a|M) :a e A}
and we call this the J-dimension of A. For completeness, we set dim®(()) := —oo.

By [20, Theorem 4.3], this §-dimension satisfies the following axioms in [13]:
(D1) dim®({a}) = 0 for each a € M and dim®(M) = 1;

(D2) dim®(AU B) = max { dim®(A), dim‘s(B)} for LO(M)-definable sets A, B C M";
(D dim® is invarient under permutation of coordinates.

(D

3)
4) If A C M™*'is LO(M)-definable, then the sets
A = {zeM": dim®(A;) = i}
are L (M)-definable for i € {0,1} and dim® {(zy) e A:z e A}) = dim® (A;) + 1.
By [13, Proposition 1.7], this dimension does not change if we pass to an elementary extension of M, so this

dimension does not depend on the choice of M and is invariant under elementary embeddings. We collect
some consequences below, all of which are from [13]:

Corollary 5.4. Let AC M™ and B C M"™ be L°(M)-definable sets. The following hold:
(a) dim®(M™) = n;
(b) dim’(A x B) = dim’(A) + dim®(B);
(¢) If m =n and A C B, then dim®(A) < dim’(B);
(d) If A is finite and nonempty, then dim®(A) = 0;
(e) f:A— M™is an L°(M)-definable map, then for each i € {0,...,m}, the set
By = {zeM":din’(f (z)) =i}

is L(M)-definable and dim’ (f1(By) = dim®(B;) + . In particular, §-dimension is preserved under
definable bijections.

Finite sets are not the only sets of 6-dimension 0. For example, the constant field of (M, §) has d-dimension
0. To see this, we fix a € M with da = 0. Then for all k, the dclz-rank rky, (3%(a)|M) = 0 if a € M and
rkz, (J%(a)|M) =1 otherwise. In either case, we have by Corollary B8 that
rky, (35 (a)| M)

K (a|M) = lim —2~ "7 — .

B Sy
5.2. Cell decomposition. In [7], Brihaye, Michaux and Riviere prove a cell decomposition result for defin-
able sets in closed ordered differential fields. As they remark in the final section of this paper, the only results
that they use are quantifier elimination for CODF, o-minimal cell decomposition for real closed ordered fields
and the fact that the graph of z — J§(z) is dense in any model of CODF. Thus, their results also apply to
our case in light of the following lemma:

Lemma 5.5. J7(M™") is dense in M"Y for any (M, ) = TY.

Proof. Let Uy,...,U, C M™*! be basic (hence definable) open sets. Then by the axioms of Tg, there is some
a; € M such that J§*(a;) € U; for each i = 1,...,n. Thus, §§*(a) € Uy x - -- x U, where @ = (a1,...,a,). O

Brihaye, Michaux and Riviere say that a set D C M™ is a d-cell if there is m and an L(M)-definable cell
D C M™m+1) guch that .
D = {zeM":J5(z)c D}.
Note that D is L°(M)-definable. They call D as above a source cell for D. T hey assign to D a binary
sequence (21;...;1,) € {0,1}", which they call the §-type of D, as follows: let D be a source cell for D and
let
(i1,07i1,1; e ail,m;iQ,Ov ey 7;2.,m; e ;in,07 LN 7in,m)
17



be the binary sequence associated to D. For k = 1,...,n,set 4 :=11if ¢y ; =1 forall j =0,...,m and set
x, := 0 otherwise. In Lemma 4.5 of [7], it is shown that this d-type is well-defined, i.e., it is independent of
the choice of m and D. A §-cell decomposition of M™ is a finite collection D of disjoint d-cells such that
UD = M™ and such that {m,_1D : D € D} is a d-cell decomposition of M"~1.

Theorem 5.6 (Brihaye, Michaux, Riviere, Theorem 4.9). For any B C M with §B C B and any L°(B)-
definable sets Ay,...,A, C M™ there is an L°(B)-definable §-cell decomposition D of M™ partitioning
A, LA,

Brihaye, Michaux and Riviere use their cell decomposition theorem to define a dimension function (which
they also call the d-dimension) on each L°(M)-definable subset A of (M, §). They go on to show that this
dimension is equal to the maximum differential transcendence degree of a point contained in AM. Their
argument can be adapted with virtually no change in proof to show that this dimension is equal to our
d-dimension:

Proposition 5.7 (Brihaye, Michaux, Riviere, Theorem 5.23). Let A C M™ be an L°(M)-definable set and
let dim®(A) be as in Definition 53 Then

dim®(4) = max {ir+-- +1, : A contains a 6-cell of 5-type (i1;...;%,)}.

As in the o-minimal case, this maximum is always realized in any d-cell decomposition partitioning A. This
correspondence gives us another way to compute the J-dimension of certain sets. For example, the constant
field C of (M, ) is of the form

C = {zeM:(z,0z) € M x {0}}.
Thus C is a d-cell since M x {0} is a cell. The binary sequence associated to M x {0} is (1,0), so the §-type
of C'is (0) and dim®(C) = 0.

5.3. Open core. Using a theorem of Dolich, Miller and Steinhorn [12], Point shows that CODF has o-
minimal open core [27]. While Point’s proof works in our case as well, we can gather more information about
the definable open sets by using a criterion developed by Boxall and Hieronymi [6]. To use this criterion, we
note that for each open U C M" and each u € U, the set

{(d,g) € M : a; < b; for each i and @ € (ay,by) X -+ X (apn,by) C U}

clearly has nonempty interior, so “Assumption (I)” in [6] is satisfied in our setting. For the remainder of
this subsection, let @ € M"™ and let B C M be a small set with B C B. Set

Ep(alB) = {beM":tp,(b|B) = tp,(alB)}, Eps(alB) = {beM" :tp.s(b|B) = tpys(alB)}.

Lemma 5.8. Suppose that vk’(a|B) = n and let X C M" be an L°(B)-definable set containing a. Then
there is an L(B)-definable open set A C M"™ such that a € A and X N A is dense in A.

Proof. By Corollary EI3, there is some m and some L(B)-definable set X € M™(™+1) such that
X = {zeM":Jy(z) e X}.
Let A C X be an L(B)-definable cell containing J7*(a). Then A must be open, since rk®(@/B) = n. Let
7 MM+ M™ be the projection map which maps
(10,115 s TLm; 2,05« L2m} -3 Ln0s- s Tnom) > (L1,0;22.0}---5Tn,0)-
Then 7 (g5 (z)) = @ for all z € M", so
X = 7#(IPM")NX) 2 7(FFM") N A).

By Lemma[55 we have that §5*(M™) is dense in M1 so g7 (M™) N A is dense in A. This gives us that

X Nm(A) is dense in 7(A), so we may set A := 7(A). O

Lemma 5.9. 1k’ (a|B) < n if and only if @ is contained in some L (B)-definable set of of 8-dimension < n.
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Proof. One direction follows immediately from our definition of §-dimension. For the other direction, suppose
that rk’(a|B) < n. Then there is some k € {1,...,n} and some m such that

§™ay, € delp ({35 (ar), ..., 35 (ak—1),d5" "(ar)} U B).

Let f: MFm+D=1 _ M be an L(B)-definable function such that

£33 (1), 35" (ar—1), 35" (ar)) = 6™ (ax).
Then a is contained in the set

A = {zeM": J7"(z) € T(f) x M~ Rm+DY
It remains to note that dim®(A4) < n — 1. O
Lemma 5.10. rky(a|B) = n if and only if Z(a|B) is open if and only if E1(a|B) is somewhere dense.
Proof. If tkr(a|B) = n, then any L(B)-definable set X containing @ contains an open neighborhood of a.
Let (X;)icr be a list of all L(B)-definable sets containing a, so Zr,(a|B) = [,c; Xi. Fix b € Z(a|B). Since
I is small and since (), 1, Xi contains an open neighborhood of b for each finite Iy C I, we can use saturation

to find an open neighborhood U of b contained in (V;c; X;. Thus, b is in the interior of =z (a|B). This shows
that 2 (a|B) is open and this of course implies that Zp,(a|B) is somewhere dense.

Now suppose that rkz,(a|B) < n and take some L(B)-definable set X containing a with dim,(X) < n. Then
X is nowhere dense and = (a|B) C X, so Zr(a|B) is nowhere dense. O
Lemma 5.11. If 1k°(a|B) = n, then Zps(a|B) is dense in 21 (a|B).

Proof. Fix b € Zp(a|B). We need to show that if U C M™ is an open set containing b, then Z,s(a|B) N U is
nonempty. By saturation, it suffices to show that U N X # () for any L°(B)-definable set X C M” containing
a. By Lemma 5.8 there is an L(B)-definable open set A C M™ such that @ € A and X N A is dense in A.
Since b € Z1(a|B) C A, the intersection U N A is nonempty and open, so U N X is nonempty by density of
XNAin A. O

Proposition 5.12. TS has T as its open core. More precisely, any open L°(B)-definable set is L(B)-
definable.

Proof. Let A,, be the set of all @ € M™ such that =, (a|B) is somewhere dense and let A/, be the set of all
a € A, such that Eps(a|B) is dense in =, (a|B). By [0, Theorem 2.2], the proposition follows if we can show
that A’ is dense in M™. Set

D = {aeM" :1k’@a|B) = n}.
If @ € D, then rky(a|B) = n and so D C A,, by Lemma [5.I00 By Lemma [5.11] we even have that D C A/,
so it is enough to show that D is dense in M". By Lemma [5.9) we have that

D = M™"\ | J{X CM": X is L°(B)-definable and dim’(X) < n}

Let U C M™ be a basic open set. By saturation, it suffices to show that U \ X # () for an arbitrary
LY(B)-definable set X of d-dimension < n. However, this follows easily from the fact that dim®(U) =n. O

We list below two standard consequences of having o-minimal open core. See [12] for proofs:
Corollary 5.13. Tg eliminates 3°° and every model of Tg 1s definably complete.
Moreover, we can use Proposition [5.12] to analyze the definable closure in models of Tg:
Corollary 5.14. Let A C M. Then

delps(A) = delg (35°(A)).
Thus A is dclps-closed if and only if (A,8|a) = T°.

Proof. Since J5°(A) C dclps(A) and since delzs(A) is delz-closed, we have dcly, (35°(A)) C delys(A). For

the other direction, fix a € dclzs(A). Since {a} is closed and L°(A)-definable, we have that {a} is L(J3°(A))-

definable by Proposition 5121 O
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As is usual, this allows us to understand the L°(B)-definable functions:

Corollary 5.15. For any L°(B)-definable function f : M™ — M there is m, k and L(B)-definable functions
fiyeoos fro s MY s M such that for each & € M", there is some i € {1,...,k} such that

@) = fi(35(=)).

5.4. Elimination of imaginaries. In this subsection, use the fact that Tg has T as its open core and the
fact that T eliminates imaginaries to show that Tg eliminates imaginaries. This proof was communicated
to us by Marcus Tressl. In [27], Point used that CODF has o-minimal open core to prove that CODF
eliminates imaginaries. Our method differs slightly, but her method also works in our case. Yet another
proof of elimination of imaginaries for CODF can be found in [9].

Fix an L°(M)-definable set A C M™. We need to find a canonical base for A, i.e. a tuple @ such that
each Lo-automorphism o : (M, ) — (M, d) fixes A setwise if and only if o fixes @ componentwise. Let o be
an arbitrary L?-automorphism of (M, §). By Corollary EEI3} there is some m and some L(M )-definable set
B C M™(m+1) guch that

= {zeM":7}(z) € B}.

By Proposition 12 we have that J7*(A) is L(M)-definable, where J7*
J3'(A). By replacing B with BN J7"(A), we arrange that that J§"(A)
other L?(M)-definable sets:

Ad = {z e M J7(z) € I7(A)}, "= {ze M": 7 (z) € J7(A) \ B}
Note that AU A™ = A°! and that AN A™ = . Note also that J§"(c(b)) = o(J5"(b)) for all b € M".

(A) denotes the topological closure of
C B C J7*(A). We associate to A two

Lemma 5.16. dimp, (J7'(A")) < dimz (35 (A)).

Proof. Set By := J7*(A) \ B, so J5*(A™) C By. Since B = J7*(A), we have that dimz,(By) < dimp,(J7*(A)).
Since the dimension of an L(M)-definable set doesn’t increase when we take its closure, we get that

Lemma 5.17. o(A) = A if and only if o(A?) = A% and o(AT) = AF.

Proof. Suppose that o(A) = A. Then o (J5"(A)) = J7*(A) and so o (J}7*(A)) = 3" (A). We have
be A% = 77(b) € I7(A) < o(35(b)) € 0(I7(A)) <> o(b) € A,

since J7(A) is o-invariant. Thus, o(A") = A and so o(A") = o(A'\ A) = A1\ A = A", For the other
direction, we use that o(A4) = o(A\ AT) = o(A%) \ o(AT). O

Lemma 5.18. If A= A, then A has a canonical base.

Proof. We first note that since J5'(A) is L(M)-definable and since T eliminates imaginaries, there is a
canonical base a for J§*(A). We claim that a is also a canonical base for A. We need to show that

0(A) = A = o(I7(4) =37 (A).

First, if 0(A) = A then o(J7*(4)) = J7*(A) and so U(Hm( )) = 37 (A). Now, suppose that o(J5'(A)) =
J7(A) and fix b € A. Then J7*(b) € J5*(A) and so o(J7*(b)) € o (3" A)) =Jm(A),soa(b) € A=A O

Theorem 5.19. TS eliminates imaginaries.

Proof. By Lemma [5.17 it is enough to find canonical bases for A and for A™. By Lemma [5.18] there is

a canonical base for A°. By Lemma EI0, we have dimg (J7*(A")) < dimg(J7*(A)), so by induction on

dimp, (d7*(A)), we may assume that there is a canonical base for A™ as well. O
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6. SEVERAL COMMUTING T-DERIVATIONS
Let A = {61,...,0,} be a set of unary function symbols, let L* = L U A and let 7> be the L? theory
extending T' by the following axiom schema:
(i) each ¢; is an T-derivation;
(ii) each 0; and §; commute.

The goal of this section is to show that T has a model completion. When 7' = RCF, this was shown by
Riviere [28]. Riviere’s proof relies heavily on properties of differential polynomials, so we have to prove this
another way. For the remainder of this section, we fix a model (M, A) | T4,

6.1. The monoid of derivative operators. We use the notation in [23] and denote by O the free abelian
monoid generated by A. That is

0 = {6?---6;17 :el,...,ep20}.
We denote the identity element 67 ---d) by id. We view each § € © as a function a +— 6a : M — M in

the obvious way and, for a tuple a € M™, we let 6a := (fay,...,0a,). To each § = 5§ --- 5§, € O, we set
ord(f) := Y7 | e; and we associate to 6 the tuple (ord(f),ei,...,e,) € N'TP. We put a (total) ordering

< on O by setting 6 < ¢ if the tuple corresponding to 6 is less than the tuple corresponding to ¢ in the
lexicographic order on NP, We note that (©, <) has order type w.

We put another (partial) ordering < on © by setting 6 < ¢ if there is £ € © with £0 = ¢. Note that if 6 < ¢
then 6 < ¢, but the reverse does not hold. Both (0, <) and (O, <) are (partially) ordered monoids. We
use < to denote the non-strict version of <. We note that (0, <) is in fact a lattice and for 0,¢ € O, we
let 8V ¢ and 6 A ¢ denote the <-supremum and <-infimum of 6 and ¢, respectively. For any finite subset
P C O, we let \/ P denote the <-supremum all € P, respectively. We let Pr(¢) denote the set of immediate
<-predecessors of §. Then Pr(6) is finite and nonempty so long as 6 # id.

For each 6 € ©, we introduce new variables 3¢, ..., 4% and 2?. We use y; and z in place of y}d and 2'4. Given
J C ©, we denote by y/ the (possibly infinite) tuple of multivariables (y?)gcs and we define z/ analogously.
We also set § := (y1,-..,yn) and set v’ = (y{,...,y)). Given a € M, we set a’ := (fa)pec; and given a
tuple b € M", we set b7 := (b{,...,b)). We let J* = J \ {id} and for ¢ € O, we let

¢J = {o0:0€J}, J¢ = {0cT:0<¢}, T :={0cJ:0<¢}

We view each subset J of © as an ordered subset with ordering <. For example if .J is finite, then 27 - 2%/

Y ocs 29299 We often write a definable function f as a function of infinitely many variables, i.e. f = f(7®).

Of course, this just means that there is some finite set J C © such that f only depends on the variables 5.

Lemma 6.1. Let (N,A) D (M, A) and let A C N be a dclp(M)-independent set with N’ = M{A). Then
(N,A) = T2 if and only if Sea = da for all 5,6 € A and for all a € A.

Proof. One direction is trivial. For the other, fix §,e € A. Then ~ := de — &6 is a T-derivation on N by
Lemma 219 so we need to show that ~y is trivial. Any element in N is of the form f(a) where f is some
L(M)-definable function and where @ is a tuple from A. Since @ is dely,(M)-independent, there is some open
set U containing @ such that f is C! on U. We have that

vf@ = fO@)+3Is(a)va.
By the assumption that § and € commute on A, we have that ya = 0 and since M C ker(vy), we also have
that f01 = 0 by Lemma2I2l Therefore, vf(a) = 0. O

Lemma 6.2. Let k > 1. Given § € A and an L(M)-definable C*-function f : U — M with U C M™ open,
there is an L(M)-definable C*~'-function function f° :U x M™ — M such that:
(1) If (M, 8) 2 (N,6) = T? and @ € UV, then
f(a) = f°(a,ou).
(2) If k > 2, then
(@9 .57.9%) = () @55 57)
for all e € A.
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(3) If g: V — U is an L(M)-definable C*-map with V. C M™ open, then for h:= f o g, we have
W@y = (9@).9°5.9°)
where ¢° = (g3,...,92).
Proof. We define f? by
@) = 0@+ 35
Then (1) follows immediately from Lemma 212l For (2), fix ¢ € A and suppose that f is C* for some k > 2.

By the proof of Lemma 212 there is an L({))-definable C*-function F(Z,y) with open domain and a tuple @
such that F(a,u) = f(u) for all @ € U. By the proof of Lemma 219 we have that

@055 - (F)°@.57,7°.5°) = Ir(a,p)(bea - eba, 5 —5°) = 0.
As for (3), let F' and a be as above and take an L((})-definable C¥-map G with open domain and a tuple b

such that G(b, @) = g(u) for all w € V. By shrinking the domain of G, we may assume that the range of G
is contained in the domain of F. Then F(a,G(b,u)) = h(u) for all u € V. We have

K(y,7°) = Jr(a Gb,9))(0a,Ic(b,5)(6b,7°))

— O @am)ia+ 5 (@.aw) (5o 000+ 57 )
= fP9@) + 35 (9@) (4" @) + I, @)5°) = f(9),9° 5. 9)). =

6.2. Coherent conditions. Let P C ©* be a (possibly empty) set of pairwise <-incomparable elements.
We set

B = {9€®:ﬂ<9forsomeﬂ€P}.

Then P is precisely the set of <-minimal elements of B, hence finite by Dickson’s Lemma. We set I := ©\ B.
A condition (on M) is a tuple C = (P,U, (f3)gep) where P is as above such that:

(i) U € M! is a nonempty, open, L(M)-definable set and
(ii) each fg: U — M is an L(M)-definable continuous function which only depends on the variable 29 if
0 < p.

Given a € M, we say that a satisfies C if a! € U and if Ba = fs(a’) for all 8 € P. We note that all but
finitely coordinate projections of U are not all of M, so this is a finitary statement even though I may be
infinite. We think of a condition as describing the algebraic dependencies among components of the tuple
a®: the tuple a’ is seen as being independent and a® is seen as being bounded. The dependencies of the
components of a? are uniquely determined by requiring that Sa = fz(a’) whenever 3 € P. Of course,
most conditions simply can not be satisfied in a model of T2, so we must put some extra compatibility
requirements on our conditions.

Fix a condition C. We will assign to each 6 € © an L(M)-definable open set Uy C M, a set Qg of L(M)-
definable continuous functions on Uy and a distinguished function gg € Qy. We require that the following
properties are satisfied:

e Uy is a dense open subset of U and Uy C Uy whenever 0 < ¢,

e cach h € Qg only depends on the variable z? if ¢ < 6.

e cach (y is finite.
We define Qy, Uy and gy inductively. For J C O, we let g; = (g¢)pecs, assuming that each g, has been
defined. Set Ujq := U and set Qg := {2}, so gia = z. Suppose that Uy, Q4 and g4 are defined for each ¢ < 0
and let #’ be the immediate <-predecessor of 6.
(1) If 0 € I, set Up := Uy and set Qg := {29}, so gy = 2°.
(2) If 6 € P, then we have a distinguished function fp given by the condition C. Set Uy := Uy and set

Qg :={folu, }, 50 go := folu,-
(3) If @ € B\ P, then Pr(f) N B is nonempty and finite. Set

Ug := {u€Uy:gyisC" atuforall ¢ €Pr(d)NB}
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Then Uy is a dense open subset of Up. Now fix ¢ € Pr(6) N B, so § = §¢ for some § € A. Set
J =159 = <% 50 g4 only depends on z7. Then §J < ¢ = 6, so gs; has already been defined. We
define gg.4 : Ug — M by
R gg(zlagéJ(Zl))'
We set Qg := {gg.4 : ¢ € Pr(0) N B} and we let gg be an arbitrary element of €.
Definition 6.3. We say that C is coherent if g is a singleton for all § <\/ P.
Proposition 6.4. If C is coherent, then Q¢ is a singleton for all 6.

Proof. Suppose towards contradiction that there is § € © such that {2y is not a singleton. Let # be <-minimal
with this property. Then 6 is in B\ P and there are distinct ¢1,¢2 € Pr(0) N B such that go ¢, # go,4,. We
first claim that there is ¢9 € Pr(0) N B such that ¢g A ¢; € B for i = 1,2. Since ¢ and ¢o are elements of
B, there are 51,32 € P such that 8; < ¢; for i = 1,2. If 81 = B, then ¢1 A ¢a = (1 so we are done (let
¢o := ¢1). Thus, we assume that 8; and (2 are distinct. Since S1, B2 < 6 and since 6 > \/ P, we have that
b1V B2 < 0. Therefore, there is ¢ € Pr(0) with 81 V B2 < ¢o. It remains to observe that ¢g A ¢; = i, so
oo N ¢; € Bfori=1,2.

We will now show that gg ¢, = g6,4,- Fix 6,6 € A such that § = d¢g = e¢1 and set v := ¢g A ¢1. Then
¢o = ey and ¢1 = . Set J := [<7, s0 edJ < 0 and, by minimality of 6, we have that Q, is a singleton
whenever « is in in §J, ¢J or €§J. We set

Vo= {ﬂEUglg,Y is C? at @ and g¢s7, g-y are C* ata}.

Then V' is an open dense subset of Up and since both gg 4, and gg,¢, are continuous, it suffices to show that
they are equal on V. We work in V for the remainder of the proof. We have

9o = Yooy = g»ay(zlaga‘](z]))
and so, by Lemma B2 (3), we have g (2, 2°") = (¢5)° (27, ges (27), 2°7, g2, (27, 2°T)). Thus,

90.60(z") = (65)°(z",9:5(2"), 950 (21), 925z, 955 (1)) = (95)° (27, 90 (2"), 955 (27), gesa (21)).
Likewise, we have
90.6,(z") = (90)° (2", 955 (2"), ges (2"), ges.s (1)),
and so gg.6, = 90,4, by Lemma[6.2] (2). The same argument shows that gg ¢, = g9.4,, & contradiction. [

Lemma 6.5. If C is coherent, then gso(z') = g5(2%, gs1(21)) for all 6 € © and all § € A.

Proof. This follows from Proposition B4l if & € B. If § € I, then gg(z!) = 2% so g (2!, 2°7) = 299, Thus
96(2", 951(2")) = gse (7). O

6.3. The model completion of T2. We say that A is a set of generic commuting derivations if
every coherent condition on M is satisfied by some a € M. Let T@ be the L*-theory extending T2 by the
axiom scheme which asserts that A is a generic set of commuting derivations. This subsection is dedicated
to showing that T@ is the model completion of T%. We need two lemmas.

Lemma 6.6. Any model of T® can be extended to a model of Té.

Proof. Let C = (P, U, (fg)gep) be a coherent condition on M and let I, B C © and (Uy)sco, (g9)sco be as
in the previous subsection. We will construct a model (N, A) = T? extending (M, A) such that there is
a € N satisfying C. First, let N =1, M be an elementary extension which contains a dcly (M )-independent
tuple ay := (ag)ger with ay € UN. We may assume that N = M(ar). Using Lemma 213 we extend each
§ € A to a T-derivation on A such that
dag = gsolar)

for all # € I. Since a := ajq satisfies C, it remains to show that our extended T-derivations commute. Let
d,e € A and 6 € I be arbitrary. By Lemma [6] it suffices to show that deag = edag. We have eap = geo(as)
and so deag = gge(aj, day) Since day = gsp(ar) for each ¢ € I, we have

seag = g% (ar,gsr(ar)) = gseo(ar)

by Lemma [6.5l Likewise, edag = gseo(ar). O
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Lemma 6.7. Let (M,A) C (N,A) | T4, let (M,A) C (M*,A) = T& and suppose that (M*,A) is
|N|*-saturated. Then there is an L®-embedding ¢ : (N, A) — (M*, A) over (M, A).

Proof. We may assume that N = M (a®) for some a € N\ M. Let 6y,61,...,0,,... be the enumeration of
© with respect to <. We build an increasing chain of subsets I,, C O as follows:

e Set IO = {90} = {ld}

e If I,, has already been defined and if 6, 1a & dclp(Ma!*), then set I,,11 := I, U{0,}. If 6,110 €

dely (aln), then set Ip,411 := I,,.

Set I :=|J, I,. By construction, we have that a! is a maximal del;, (M )-independent subtuple of a®. If
0 & I then 60 & I for all § € A, so I is <-downward closed. Set B := © \ I and let P be the (finite) set
of <-minimal elements of B. If §,, € P for some n, then 6,, & I,,, so we have 6,,a € dcly(Ma'"). We let
fo, : M — M be an L(M)-definable function such that 6,,a = fj, (a’») and we view fp, as a function
on all of M!. Note that the quantifier-free L®-type of a over (M, A) is completely characterized by the
L(M)-definable sets which contain a! and by the fact that Sa = fz(a!) for g € P.

Let U C M! be an L(M)-definable set with af € U N Then U has nonempty interior, so by shrinking U
we may assume that U is open and that fg is continuous on U for all § € P. Thus, (P, U, (f@)ﬂep) is a
condition on M which is satisfied by a, but this condition may not be coherent. We resolve this issue as
follows: let (Q)sce be as in the previous subsection. A quick inductive argument shows that a = h(a?) for
any § € © and any h € Q. Thus, all of the functions on Qg agree at a’ and, by the dcly, (M )-independence
of a!, they all agree on some L(M )-definable open set Uy C U. Set

Vo= ﬂ Up.
o<\ P

Then (P, v, (fg)ﬁep) is a coherent condition on M which is satisfied by a and, as (M*, A) = T4, it is also
satisfied by some element of M*. Since U was arbitrary, we may use the saturation of (M*, A) to find some
b € M* such that b is contained in exactly the same L(M)-definable sets as a’ (in their respective models)
and such that 8b = fz(b') for B € P. O

Arguing as in the proof of Theorem g we have the following:

Theorem 6.8. TC% is the model completion of T®. If T has quantifier elimination and a universal azioma-
tization, then TC% has quantifier elimination.

We can immediately reprove some of our previous results in this more general setting. The proof of the
following is virtually the same as the proof of Lemma 1Tt

Lemma 6.9. For every L™-formula ¢ there is some finite J C © and some L-formula ¢ such that
T8 + V(o) < ¢(57)).

We may substitute the above lemma in place of Lemma [£TI1]lin the proof of Theorem to show:

Proposition 6.10. TC% is distal.

One potentially interesting structure is the reduct (M, Py, ..., P,) of a model (M,A) | T&, where P; is
interpreted to pick out the constant field ker(d;). We have (M, P;) = T4°"¢ for each i, but to our knowledge,
no work has been done on (M, Pi,..., P,).

6.4. Dimension in models of Té. In this subsection, we define and examine the A-closure in analogy
with the -closure in §31 Given B C M and J C ©, we set B’ := {b’ : b € B}.

Definition 6.11. Given a € M and B C M, we say that a is in the A-closure of B, written a € CEA(B),
if a® is not dcly(B®)-independent.

The next fact follows from the finitary nature of dcly:

Fact 6.12. a € CKA(B) if and only if there is some finite J C © such that

tky(a’|B®) < |J|.
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We can examine the A-closure by induction on |A|. The following lemma serves as an induction step:
Lemma 6.13. Let 6 € A and set A := A\ {8}. Then ¢ is a quasi-endomorphism of (M, ct™0).

Proof. Fix A, B C M. Making the same reduction as in Lemma B.7 it suffices to show that if A C clPo (B)
then dA C CEAD(B(SB). Fix a € A and let ©g C O be the submonoid of © generated by Aj. Since
a € cl®°(B), there is some finite .J C O such that

tky (a’|B®) < |J].
Since ¢ is a quasi-endomorphism of (M, dcl;,) by Lemma B.7] we have that
rky, (6(a”)|a’B®5(B®)) < |J|.
Since § commutes with all § € O, we have §(a”’) = (§a)’. Likewise, §(B®°) = (§B)®°, so
rk;, ((6a)’|a”(B6B)®°) = rky;, ((6a)’|(BSB)®°) < |J|.
Thus, da € cl*°(BSB). 0

Proposition 6.14. (M, CEA) is a finitary matroid.

Proof. By induction on |A]. Fix § € A and set Ag := A\ {6}. Then by our induction hypothesis, (M, ct*°)
is a finitary matroid and by Lemma [6.I3] 0 is a quasi-endomorphism of (M, céAU). Fix a € M and B C
M. We claim that a ¢ c/®(B) if and only if J°(a) is cf™° (d5°(B))-independent. To see this, let O
be as in the proof of Lemma Then J5°(a) is cl2° (95°(B))-independent if and only if J5°(a)®° is
delg, (35°(B)®0)-independent if and only if a® is dcly (B®)-independent, as J5°(a)®® = a®. Thus, we may
apply Proposition Bl to (X, cf) = (M, cf*°) to deduce that (M, cl?) is a finitary matroid. O

We can leverage this to define a dimension function as in §5.11 Let (M, A) be a monster model of T4 and
suppose that (M, A) is a small elementary substructure of (M, A).

Lemma 6.15. Let B C M. If ct®(B) = B then (B, Al|) = TS, where Alp = {6|p : 6 € A}.

Proof. Since dcly,(B) C ¢/*(B) = B, we have that B <;, M. Since 6B C ¢/*(B) = B for each § € A, we
have that (B, A|p) = T°. Let C = (P,U, (fs)sep) be a coherent condition on B. We first consider the case
that P # ). Since (M, A) |= T4, there is some a € M which satisfies C. If 8 € P, then a® = fz(a’) where I
is as in §6.20 Thus, a® is not dely, (B)-independent so a € c/*(B) = B.

Now consider the case that P = (). Since U is an open L(B)-definable subset of M® there is some <-closed
subset J C © and some open L(B)-definable subset V' C M’ such that U = V x M®\Y. Let 8 be the
<-minimal element of © \ J, set fz := 0 and set C’ := ({B},V, fﬂ). Since \/{S} = S, we have that C’ is
coherent. By the previous case, C' is satisfied by some a € B. Then a® € U, so a satisfies C. O

Let tk® be the rank function associated to ¢/*. By the proof of Proposition (.2 (with Lemma [G.T0]in place
of Lemma [5.1]) and by the remarks after Definition [5.3] we have the following.

Proposition 6.16. (M,CEA) is an existential matroid in the sense of [20]. Thus, we have a dimension
function on the algebra of L™(M)-definable sets given by

dim®(4) := max { rk®(@lM):a e A}
for each nonempty L™(M)-definable set A C M"™. This dimension function satisfies the azioms in [13].
Using this dimension function, one can make the obvious changes in §5.3] to show the following:

Proposition 6.17. T@ has T as its open core. More precisely, for B C M, any open L™(B)-definable set
is L(B®)-definable.
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APPENDIX A. CF-CELLS AND C*-FUNCTIONS

In this section, we establish a fiberwise result about definable families of C*-functions, which generalizes
Corollary 6.2.4 in [I5]. Given a C'-manifold X and a point ¢ € X, we let TzX denote the tangent space of
X at c.

A CF-cell is a special type of definable C¥-submanifold of M™ with an associated binary sequence (i1, ... ,i,) €
{0,1}™. The cells and their sequences are defined by induction on n:
(i) A (1)-cell in M is an open interval and a (0)-cell is a singleton.
(i) Given an (iy,...,in)-cell D C M"™ and an L(M)-definable C*-function f : D — M, I'(f) is an
(i1, ..+ ,in, 0)-cell and the following are (i1, ...y, 1)-cells:
e {(Z,y)eDxM:y< f(2)};
e {(Z,y)eDXxM:y> f(2)};
e D x M;
Given an L(M)-definable C*-function g : D — M with f(Z) < g(Z) on D, the set

{(z.y) e Dx M: f(z) <y <g(2)}
is also an (i1, ..., 4n, 1)-cell.

Note that a C*-cell is open if and only if it is a (1,...,1)-cell. We call the binary sequence associated to a
CF-cell D the type of D. We refer to C%-cells just as cells.

The inductive construction of C*-cells makes them very easy to work with. For example, the next lemma
fails for Cl-submanifolds in general, but it holds for C!-cells.

Lemma A.1. Let D C M™% be a C'-cell. Then
Wm(Ta,ED) = Ta(mmD)
for all (a,b) € D.

Proof. We first handle the case n = 1. Fix a € M™ and b € M with (a,b) € D and set D’ := m,,D. Let
(41, -+ yimsy im41) be the type of D. If iy, 411 = 1, then T5 D = Tz D' x M, proving the lemma. If 4,41 = 0,
then D = I'(g) for some L(M)-definable C!-function g : D’ — M. Take an L(M)-definable C!-function
G :U — M with U D D’ open and with G|p = g. Let P C M™*! be hyperplane

{(z,y) e M™ 1y = Jc(a)z}.
Then T;, ;D = (T, D' x M)NP and 7,,, (T, 5 D) = Ta D' as desired. The general case follows easily by induction

on n. O

One of the most useful tools in the study of o-minimal fields is the C*-cell decomposition theorem below.
See [15] for the cases k = 0 or 1. A C*-cell decomposition of M™ is a finite collection D of disjoint C*-cells
such that [ JD = M™ and such that {m,_1D : D € D} is a C*-cell decomposition of M"~1.

Proposition A.2 (C*-cell decomposition).
(i) For any L(M)-definable sets Ay, ..., A, C M™ there is a C*-cell decomposition D of M™ partitioning
Ar, ..., Ay, t.e. each D € D is disjoint from or contained in each A;.
(ii) For every L(M)-definable map f : A — M™ with A C M™, there is a C-cell decomposition of M™
partitioning A such that the restriction f|p is C* for each cell D € D contained in A.
(iii) Given an L(M)-definable map f : A — M™ with A C M", let A' := {z € A: Iy is defined at z}.
Then A\ A’ has empty interior.

If D is a cell decomposition as in (i), we say that D partitions A;,..., A, and if D is a cell decomposition as

in (i), we say that D is a C*-cell decomposition for f. By taking refinements, we can always find a C*-cell

decomposition for f which partitions A;,..., A,. Suppose that f and each A; are L(B)-definable for some

B C M. Then by passing to the elementary substructure with universe dcly, (B), we see that we can take an

L(B)-definable C*-cell decomposition D for f which partitions Ay, ..., A4, (i.e. each cell is L(B)-definable).
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A.1. Definable families of C*-functions. In this subsection, fix B C M and an L(B)-definable function
F:U — M where U C M™*". Set U’ := m,,(U) and suppose that U, is open in M" for each a € M™.

Lemma A.3. Suppose that there is a dcly,(B)-independent tuple a € U’ such that F; : Uz — M is C'. Then
there is an L(B)-definable open cell D C U’ containing a such that F|ynpxam) is Ct.

Proof. We view F' as a function of the variables Z = (x1,...,2n) and § = (y1,...,yn). Set
A= {z€U :F;isC' on Uz}

Then a € A, so by [I5, Corollary 6.2.4], there is a definable set A" C A containing a such that the function
F and the map %—g are continuous on U N (A’ x M™). Take an L(B)-definable C'-cell decomposition D for F’
partitioning A’ x M™. Let D' C D be the cells in D which are contained in U and which intersect {a} x M™.
We let D be the common projection of these cells onto M™ and we claim that D satisfies the conditions in
the statement of the lemma. Since D contains the independent tuple a, it must be open and contained in
A’, so both F' and ‘?9—1; are continuous on U N (D x M™). It remains to show that the map %—g is continuous
onUN(Dx M™).
For each d € {0,1,...,n}, we let D), be the set of all cells in D which have codimension at least d in the
ambient space M™+". We set Uy := |JD);. We remark that Uy is open for each d and that U, = |JD' =
UN(D x M™). We will show by induction on d that %—g is continuous on Ug. The d = 0 case follows by our
choice of cell decomposition. Fix d > 0 and suppose that %—g is continuous on Uy_1. Let C € D’ be a cell of
codimension d. After a permutation of variables, we may assume that C’ := 7., 1,,—4(C) is open and that C
is of the form

C ={xy):(@y)eC andy’ =Gz,7)}
where ' = (Y1, -, Yn—a), 7' = (Yn—ds1,---,Yn) and where G : ¢’ — M is an L(B)-definable C'-map. We
will show that ‘?9—1; is continuous at each point in C. Note that any point in C is contained in a small open
ball which only intersects C' and cells of codimension larger than d.

Define the function F' by
F(z,9) = F(z,9,9"+G(,9)) - F(z,¥.G(z,7)).

This function is defined on C” x (—¢,¢)? for some sufficiently small positive ¢ € M. By replacing F by F,
we may assume that
C = {(z,9): (z,7) € C" and j’" =0}

and that the restrictions of F', %—g and g; to C' are all identically zero. Thus, it remains to show that

oF _
li ~— (z, 7/, 7 = 0
Jim =@, 5)

for all (z,y’) € C’'. By [15, Lemma 6.4.2], it suffices to show that

_oF,_ o

for an arbitrary L(B)-definable curve v : (0,1) — (—¢,¢)? with limit v(¢) — 0 as t — 0. Fix (a,b') € C" and
for each t, set
ft = F(d, BI, ’y(t))

By [24] there exists an L(B)-definable C? Verdier stratification V of M™ "1 which is compatible with both
I'(F) and with C' x M (Loi works in an o-minimal expansion of R, but his proof generalizes with minor
changes to any o-minimal structure expanding an ordered field). Let X € V be the submanifold containing
(a,b',0,0) and X’ € V be the submanifold such that (EL, b, y(t), ft) € X' for ¢ sufficiently small. Note that
X C X'\ X’ and that

Ta,b/,’y(t),ftX/ C F(Dt)
where Dy : M™T™ — M is the linear function given by

OF , . . OF, .
Dt(ﬁva) - % (C_L, b 77(t))u + 8_g(a’a b ,’y(t))l}
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Since the projection m, X contains @, it must be open, so Ty (7, X) = M™. By Lemma [AJ] we have that
T (Ta 5 .0.0X) = Ta(mmX), 50 (Th 5 50X)a # 0 for each u € M™. Let 4p € M™ be arbitrary and take

A € M7 and vy € M"~¢ such that (Ao, (,0,0) € T, 3 o0X and such that |(Aio,v(,0,0)|| = 1. By the
Verdier condition, we have that

. .
tlgr(l) 5(Ta’5,76’0X’ TaJ;I)’Y(t))ft'X) =0,

where
S(V,V'y =  sup d(v,V)
veV,||v]|=1
is the distance between vector subspaces V,V' C M™. Thus, for every sufficiently small ¢, we can find
iy € M™ and v € M™ such that H(ﬂt,ﬁt,Dt(ﬂt,@))H =1 and such that as t — 0, we have

Uy — Ao, v — (g,0), Dy (¢, v¢) — 0.
Note that 5 oF oF
}g%a_g(aal;/a ( ))T)t = a_g(&al;/a())(aéa()) - a_g,(avl;/vﬁ)l_)o - ()7
so we have
. L OF, (. OF, .
%L{%Dt(ut, ) = ,P_I)% %(a, v, y(t)u, = (%1_{1(1) T (a,b ,’y(t))) Aty = 0.
Since g is arbitrary, this shows that %—g (d, v, W(t)) —0ast—0. O

Corollary A.4. Suppose that F, is C¥ on U, for all @ € U'. Then there exists an L(B)-definable C*-cell
decomposition D of M™ such that F|ynpxar s C* for each D € D.

Proof. This follows from [I5] Corollary 6.2.4] if k = 0, so we assume k > 1. We proceed by induction on m.
If m = 0, the result is clear. Assume now that m > 0 and that we have already proved the result for every
m’ < m. Define

A = {zeU : Flunwxmn) is C" for some open neighborhood V of z}.

By Lemma [A3] applied to F and all its derivatives of order < k — 1, we see that A is L(B)-definable and
that dimz (U’ \ A) < m. Let D be a C*-cell decomposition for F' partitioning A. If D € D is contained
in A, then Flynpxar is C* by definition. If D € D is disjoint from A, then set d := dimz (D) and fix
an L(M )-definable C*-diffeomorphism g : M® — D. Set Up := {(z,§) € M : §j € Uy} and define
H:Up — M by
H(z,y) = F(g(2).9).

Since d < m, we may apply our induction hypothesis to H and take an L(B)-definable C*-cell decomposition
{D1,...,D,} of M? such that Hl|ypnpixmmy = Fluag(py)xmmy is C*. We refine D by replacing D with
C*-cells refining g(Dy), ... ,g(D,). Repeating this process for each cell D € D which is not contained in U,
we arrive at the promised decomposition D. g
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