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Polynomials with roots mod p for all primes p

Rolf Brandl, Daniela Bubboloni* and Ingrid Hupp

(Communicated by F. de Giovanni)

Abstract. Let f �X� be an integer polynomial of degree m with no linear factors, and assume
that its Galois group is the (most common) symmetric group Sn �nWm�. If f �X � has a root
modulo p for all primes p, then 3W nW 6.

1 Introduction

Let f �X� be a non-zero integer polynomial. We are interested in the roots of f �X �
modulo various primes p. Obviously, if f �X � has a monic linear factor, then the
congruence f �x�1 0 mod p has solutions for all p. However, there are polynomials
without linear factors which enjoy the same property. The ®rst example for this is due
to Hilbert. Indeed, let f �X � � �X 2 � 1��X 2 ÿ 2��X 2 � 2�, and let p be a prime. If
both congruences x2 1 2 mod p and x2 1 ÿ 2 mod p have no solutions, then 2 and
ÿ2 are non-squares modulo p. This implies that ÿ4 is a non-zero square modulo p,
whence the congruence x2 1 ÿ 1 mod p can be solved.

We shall be concerned with the question how many irreducible factors f must have
at least, and what can be said about the Galois group G of f over the rationals. Note
that the hypothesis on G in the theorem is a very mild one because, by [9], for almost
all f, we have that G is a symmetric group.

Theorem. Let f �X � be an integer polynomial, and assume that f has a root modulo p

for all primes p. If f is a product of l irreducible factors none of which is linear, then

l X 2. If l � 2 and the Galois group of f over the rationals is isomorphic to the sym-

metric group Sn, then 3W nW 6.

Thus the smallest interesting case is when f �X� is a product of two irreducible
factors over the integers. Here there is an example for this situation:

Example. Let f �X� � �X 2 � X � 1��X 3 ÿ 2�, and let p be a prime. If p2 1 mod 3,
then the order of the multiplicative group of Z=pZ is not divisible by 3. Hence 2 is a
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cube modulo p. If p1 1 mod 3, then there exists a primitive cube root of unity x

modulo p. This obviously is a root of the polynomial X 2 � X � 1, which is the third
cyclotomic polynomial. Note that the Galois group of f is S3.

All groups in this paper are ®nite. All unexplained notation is standard (see [6]).
Given a non-empty set W, we denote the symmetric group on W by Sym W.
When W � f1; . . . ; ng we use the simpler notation Sn. Similarly for the alternating
groups An.

Many questions about factorization of f �X� modulo p can be translated into
properties of the Galois group G of f �X� over the rationals. Using some results of
Frobenius, the following can easily be proved:

Lemma 1.1 (see [2, Lemma 2]). Let g�X� be an irreducible integer polynomial, and let

G be its Galois group over the rationals acting on the roots of g. Let p be a prime not
dividing the discriminant of the splitting ®eld of g. If g�X � � Q t

i�1 gi�X �mod p, where

the gi are irreducible modulo p, then G contains at least one permutation which is the

product of t disjoint cycles of lengths n1; . . . ; nt, where ni is the degree of gi.

Hence if f has a root modulo p for all primes p, then every permutation of G has at
least one ®xed point on the set W of the roots of f (note that this is not the natural
action of Sn on n symbols). Choose one element oi in each orbit of G on W, and let
Ui be the stabilizer of oi. Then G is the set-theoretic union of the conjugates of
U1; . . . ;Ul , where l denotes the number of irreducible facors into which f �X� splits
over the rationals. As f �X� has no linear factor, all Ui are proper subgroups of G.
Now the case l � 1 when f �X � is irreducible can easily be eliminated:

Proposition 1.2. Let f �X� be an irreducible integer polynomial of degree > 1. Then

there exists a prime p such that the congruence f �x�1 0 mod p cannot be solved.

Proof. Otherwise, by the above discussion, there would exist a proper subgroup U of
G such that G �6

g AG
U g. However this implies that G � U , a contradiction.

In this paper, we analyse the case when l � 2. To do this, we ®rst introduce a def-
inition. The ®nite group G is called coverable, if there exist two proper subgroups
U1;U2 of G such that G is the set-theoretic union of the G-conjugates of U1 and U2.
This notion was introduced by the second author in [3]. Coverings by one subgroup,
under the action of the whole automorphism group A of G, have been discussed by
the ®rst author [1] and Praeger et al. (see [7], [8]) in the more general context where
Inn�G�WAWAut�G�.

2 Some small values for n

In this section we record some basic facts on coverings of symmetric groups, some
examples that can be covered by conjugates of two proper subgroups, and some
which cannot.
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If the element s A Sn decomposes into a product of disjoint cycles s1; . . . ; sk of
lengths l1; . . . ; lk X 2, we will say that the type of s is t � �l1; . . . ; lk�. Observe that we
omit the lengths equal to 1. If a subgroup U of Sn contains at least one permutation
of type t, we shall write t A U . Otherwise, we write t B U . For example, �n� B U means
that U does not contain any cycle of length n.

It is well known that two elements of Sn are conjugate if and only if they are of the
same type. This proves the following basic result:

Lemma 2.1. Let G � Sn, and let U1 and U2 be proper subgroups of G. Then U1 and U2

de®ne a covering of G if and only if each type of permutation appears at least once

either in U1 or in U2.

As a ®rst application of (2.1), we present some symmetric groups that can be
covered by the conjugates of two proper subgroups:

Remark 2.2. The groups Sn are coverable for 3W nW 6.

Proof. The covering of S3 is obvious. In the case of S4 we can choose for U1

the stabilizer of one point, and for U2 a Sylow 2-subgroup of S4. For G � S5, let
U1 � Gf1;2g and U2 � NGh�12345�i. Then U2 contains permutations of the types [4],
[5], �2; 2�. Moreover U1 contains permutations of the types [2], [3], �2; 3�. Hence, by
(2.1), the subgroups U1 and U2 de®ne a covering of G.

For G � S6, let U1 be the stabilizer in G of the partition f1; 2; 3g, f4; 5; 6g and let
U2 � S5. Then U1 contains the permutation (142536) of type [6], and therefore also a
permutation of type �2; 2; 2� and one of type �3; 3�. Moreover U1 contains the per-
mutation �14��2536� of type �2; 4�; hence for each type of ®xed-point-free permuta-
tion, the subgroup U1 contains at least one representative. On the other hand U2

contains representatives for each type of permutation with at least one ®xed point,
and again (2.1) applies.

To prove that a given group cannot be covered, it is often possible to show that
one of the subgroups U1;U2 has to be primitive. In many cases, the following can be
applied:

Lemma 2.3 ([10], 13.9). Let G WSn be a primitive group, and let p a prime such that

pW nÿ 3. If G contains a p-cycle, then G XAn.

Lemma 2.4. The groups S7 and S8 cannot be covered.

Proof. Let U1 and U2 de®ne a covering of S7. Without loss of generality, let U1

contain a 7-cycle. Then, as 7 is a prime, U1 is primitive and, by (2.3), we get �2� B U1.
However U2 cannot be primitive, because otherwise, since �2� A U2, by 2.3 again, we
would have U2 � S7. This implies that U2 is not transitive, and therefore we can
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assume that

U2 � Symf1; . . . ; ag � Symfa� 1; . . . ; 7g

where a denotes the minimal length of an orbit of U2. Obviously, 1W aW 3.

If a � 1 or a � 3, then U2 contains no permutations of type �2; 5�, and hence there
exists m A U1 of this type. Consequently the transposition m5 belongs to U1, and we
can again appeal to (2.3) to conclude that U1 � S7.

If a � 2, we have that U2 � Symf1; 2g � Symf3; 4; 5; 6; 7g contains no permuta-
tions of types [6] and �3; 4�. Therefore U1 contains at least one permutation of type [6]
and one permutation m of type �3; 4�. Then U1 0A7, m4 A U1 is a 3-cycle, and (2.3)
leads to the contradiction U1 � S7.

Next, let U1 and U2 de®ne a covering of S8 where U1 contains a 7-cycle. If U1 is
not transitive, then we may assume that U1 � S7 and U2 contain all types of permu-
tations with no ®xed points. In particular, U2 contains at least one permutation of the
types [8], �5; 3� and �3; 3; 2�. Since U2 is transitive and 5 divides jU2j, we conclude that
U2 is primitive. As U2 contains a transposition, by (2.3), we obtain that U2 � S8.

Hence U1 is transitive, and indeed 2-transitive. We observe that U1 contains nei-
ther 3-cycles nor 5-cycles. Namely, if we assume the contrary, then by (2.3), we must
have U1 � A8; yet this implies that U2 contains all types of odd permutations, and in
particular U2 contains an 8-cycle and permutations of the types �3; 4� and [6]. Hence
U2 is 2-transitive and, since it contains transpositions, we deduce that U2 � S8.

In particular, U1 contains no permutation of the types �3; 5�, �3; 4� and �2; 5�. Hence
U2 contains at least one permutation of these types. Next observe that U2 cannot be
transitive, because otherwise the stabilizer �U2�1 would contain permutations of the
types �3; 4�, �2; 5�, and U2 would be 2-transitive. Hence, since at least one transposi-
tion belongs to U2, we would have U2 � S8.

This means that U2 admits two orbits of lengths 3 and 5, and we may assume that

U2 � Symf1; 2; 3g � Symf4; 5; 6; 7; 8g:

Then U1 contains a 6-cycle and is 3-transitive. But it is well known that a k-transitive
group of degree n, with k > n=3 contains An (see [6, p. 154]). Then U1 XA8 and,
since U1 contains also odd permutations, we arrive at U1 � S8, a ®nal contradiction.

3 The general case

The main idea in excluding the groups Sn for large n will be to show that if U1, U2

de®ne a covering of Sn, then one of these subgroups is necessarily primitive and
contains a cycle of relatively small prime length. We can then appeal to (2.3). The
arithmetic source for such a cycle is the following result that is a slight generalization
of Bertrand's postulate:
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Lemma 3.1. For every integer nX 8, there exists a prime p such that n=2 < pW nÿ 3.
If nX 9 and n B f10; 14g, then we can choose p such that n=2 < pW nÿ 4.

Proof. Let p�x� denote the number of primesW x. If xX 4000, then [4] implies that

p�2x� ÿ p�x� > log 2

log 30
� x

log 2x
> 10:

Hence the result is clearly true for nX 8000. A direct check of the remaining cases
proves the statement.

The previous result will be used in the following context:

Lemma 3.2. Let U be a transitive subgroup of Sn containing a cycle of prime length p

such that n=2 < pW nÿ 3. Then U XAn.

Proof. Let D be a non-trivial block of imprimitivity. By the transitivity of U, the
cardinality jDj is a proper divisor of n. Hence jDjW n=2 < p. However in this case
the cycle of length p cannot act faithfully, a contradiction. Thus the action of G is
primitive, and (2.3) yields that U XAn.

Lemma 3.3. Assume that the symmetric group Sn is covered by the conjugates of its

proper subgroups U1 and U2. If nX 8, then neither of these subgroups is the alternating

group An.

Proof. By way of contradiction, assume that U1 � An. Here, (2.1) implies that U2

contains an odd permutation of every possible type. If n is even, we must have
�n� A U2, so that U2 is transitive. Let p be a prime such that n=2 < pW nÿ 3. Then
� p; 2� is an odd permutation type, so that � p; 2� A U2. As p 6� 2, this implies that
� p� A U2. By Lemma (3.2), we have that U2 contains An. As U2 contains odd per-
mutations, we arrive at the contradiction U2 � Sn.

Now let n be odd. Then �nÿ 1� A U2 and �nÿ 2; 2� A U2. Again, this yields that U2

is transitive. As in the ®rst case, U2 contains a cycle of length p, and as above, we
arrive at the contradiction U2 � Sn.

The following concludes the proof of the Theorem:

Proposition 3.4. Let nX 9. Then Sn is not coverable.

Proof. By (2.1), we may assume that �n� A U1, so that U1 is transitive. Let p be a
prime such that n=2 < pW nÿ 3. If � p� A U1, then U1 contained An by (3.2). This,
however, contradicts (3.3). Hence we have � p� A U2. Now consider permutations of
type � p; nÿ p�. If U1 would contain one of these, then taking powers, it would follow
that � p� A U1. But this is a contradiction to (3.2) and (3.3). Hence we must have
� p; nÿ p� A U2.
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If U2 were transitive, we would have a contradiction by (3.2) and (3.3) again. So
U2 is not transitive. As � p; nÿ p� A U2, we obtain that U2 has precisely two orbits of
length p and nÿ p, respectively. In particular, we have �nÿ 1� B U2, whence by (2.1),
we have �nÿ 1� A U1. As �n� A U1, we obtain that U1 is 2-transitive, and therefore U1

is primitive.
First, let n be odd. As �nÿ 2; 2� B U2, we must have �nÿ 2; 2� A U1. As nÿ 2 is odd,

by taking a suitable power, we conclude that �2� A U1, and (2.3) gives the contradic-
tion U1 XAn.

Finally, let n be even. For n B f10; 14g, by (3.1), we can choose the above prime p

such that n=2 < pW nÿ 4. Since � p� 2; 2� B U2, we obtain that � p� 2; 2� A U1. As
p� 2 is odd, by taking a suitable power, we obtain that �2� A U1. But this is a con-
tradiction as above.

Let n � 10. Then p � 7 and U2 cannot contain any permutation of type �5; 4�. Thus
�5; 4� A U1, and taking its fourth power yields that �5� A U1, a contradiction.

If n � 14, then p � 11. An analogous argument yields �9; 5� A U1, and �5� A U1,
another contradiction. The proof is complete.

4 Further results

Using similar methods, one can prove an analogous result for the alternating groups.
Here, a number of additional subcases have to be considered. For the sake of brevity
we omit the proof of the following:

Theorem ([3], [5]). The alternating group An is coverable if and only if 4W nW 8.

Using [6, p. 193], it can be seen that the simple groups PSL�2; p f � can be covered
by the normalizer U1 of a Sylow p-subgroup and a dihedral group U2. An inspection
of the maximal subgroups of the Mathieu groups shows that M11 and M12 can indeed
be covered. For M11, we can take U1 � PSL�2; 11� and U2 �M10, while for M12, the
subgroups U1 �M11 and U2 �M10 : Z2 yield a covering.

Neither the Suzuki groups Sz�q� nor the sporadic groups M22, M23, M24, Co1, Co2,
Co3, J1, J2, J3, Suz, HS, McL, He, HN, O'Nan, Ly and Ru admit a covering. Details
may be found in [5].

Added in proof. The ®rst author now has found a classi®cation of groups with a
covering by two cyclic subgroups.
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