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[1] We investigate the morphodynamic evolution of an arbitrarily tilted, coarse, mobile
bed under the action of a free surface water flow. The analysis is based on the
experimental observations of the evolution of a mobile bed from its initial, laterally
tilted configuration to the final laterally flat state, due to the presence of a lateral
component of bed load transport. Measurements of the bed topography at different times
allow one to reconstruct the flattening process. The experimental observations are
interpreted by means of a three-dimensional numerical hydromorphodynamic model
employing different relationships, linear and nonlinear, to evaluate bed load intensity and
direction. The analysis shows that the inclusion of nonlinear gravitational effects in the
description of the bed load leads to a more satisfactory description of the bed
evolution. This finding opens important issues on how the inclusion of the nonlinear
gravitational effects on the bed load can affect the morphodynamic evolution of complex
bed topography occurring in natural rivers. To investigate this point, an application to the
evolution of river bars is presented.

Citation: Francalanci, S., L. Solari, and M. Toffolon (2009), Local high-slope effects on sediment transport and fluvial bed form

dynamics, Water Resour. Res., 45, W05426, doi:10.1029/2008WR007290.

1. Introduction

[2] The evaluation of the sediment transport on an
arbitrarily sloping bed is a crucial aspects in any morpho-
dynamic model: when the bed is inclined in both longitu-
dinal and transversal directions, gravity plays an important
role in sediment dynamics and hence on bed load transport
[Parker, 1984; Sekine and Parker, 1992; Kovacs and
Parker, 1994; Nino and Garcia, 1994a, 1994b; Talmon et
al., 1995; Damgaard et al., 1997]. High bed slopes can be
found near river banks, along bar fronts, in river bifurca-
tions and in steep mountain streams.
[3] This problem has been recently investigated by

Seminara et al. [2002] and Parker et al. [2003] through a
nonlinear theoretical model which provided a vectorial
description of the bed load transport on arbitrarily sloping
beds at low Shields stress for local bed inclinations up to the
angle of repose of the bed material. In the work by Seminara
et al. [2002], it was theoretically shown that Bagnold’s
hypothesis, used by many models to estimate the average
concentration of bed load particles, is not valid. Recogniz-
ing this failure, Parker et al. [2003] formulated an alterna-
tive model for the bed load on arbitrarily sloping beds using
the experimental observations of Fernandez Luque and van
Beek [1976]. The model is based on an entrainment formu-

lation of the bed load, according to which at equilibrium the
flux of sediments entrained by the flow is equal to the flux
deposited. In this way, a dynamic rather than a static
[Bagnold, 1956] equilibrium of the bed interface is postu-
lated. Results suggest that linear formulations [Ashida and
Michiue, 1972; Engelund and Fredsoe, 1976; Wiberg and
Smith, 1985, 1989], devised for beds with small inclina-
tions, when applied to an arbitrarily tilted bed, can lead to
large underestimations of the intensity of the bed load
transport. Moreover, when the bed is laterally tilted, bed
load transport deviates from the direction of the applied bed
shear stress due to gravity. The evaluation of this deviation
is of great importance in various processes in which the
lateral component of bed load transport plays a primary role,
such as in the case of stream bank retreat, sediment sorting,
bed topography in river bends, and river bifurcation. Linear
formulations between the lateral component of bed load
transport and lateral bed slope have been derived by various
authors [Engelund and Fredsoe, 1976; Ikeda, 1982;
Struiksma et al., 1984; Sekine and Parker, 1992], but have
been limited to the case of small lateral bed slopes.
[4] In the experimental work of Francalanci and Solari

[2007] the average motion of particles saltating over a
nonerodible, artificially roughened, planar bed was studied.
The bed was arbitrarily inclined in both the longitudinal and
transverse directions. The nonlinear theoretical model of
Parker et al. [2003] was shown to provide an overall good
agreement with the experimental observations. Since such a
model is based on an iterative solution procedure, which can
greatly increase the computational cost of the morphody-
namic modeling, an interpolated equation for bed load
transport intensity and direction was then derived by
Francalanci and Solari [2008a].
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[5] In the present work, we investigate the morphody-
namic implication of the nonlinear formulation of bed load
transport given by Parker et al. [2003]. To this end, we
present an experimental study on the evolution of a mobile
bed from its initial, laterally tilted configuration, to its final,
laterally flat configuration, due to the gravity-driven lateral
component of bed load transport. The initial configurations
of the experiments presented in this paper are the same as
those for experiments carried out over arbitrarily tilted
nonerodible beds [Francalanci and Solari, 2007]. In the
latter experiments the averaged values of shear stress
profile, particle velocity, intensity, and the direction of bed
load transport were determined. In the new set of experi-
ments, the bed topography was measured at different times
from the beginning of the run, giving a temporal description
of the effect of sediment transport over an inclined bed. The
experimental observations are then interpreted by consider-
ing the corresponding numerical solutions obtained through
a three-dimensional model [Vignoli, 2005]. In order to
assess the effect of different closure relationships for bed
load transport, the numerical simulations have been repeated
using the classical linear formulations (e.g., the formula of
Meyer-Peter and Müller [1948]), the nonlinear formulation
obtained by Parker et al. [2003], and the latter’s linearized
version.
[6] A further point to be clarified is how the inclusion of

nonlinear gravitational effects (i.e., the effects of local high
slopes) in the description of the bed load affects the
morphodynamic evolution of the complex bed topography
occurring in natural rivers [Seminara, 1998]. To discuss this
point, we present an application to river bars, which
typically display high slopes along the bar fronts. The
above linear and nonlinear models are applied to study
the formation and evolution of river bars in a straight
channel. The differences among the results produced with
the different models are then highlighted in terms of overall

quantities (e.g., bar migration celerity and the maximum
longitudinal and transversal inclinations).
[7] The rest of the paper is organized as follows: the next

section states the problem of defining the appropriate
sediment transport relationship over arbitrarily sloping beds;
then, in section 3 the experimental setup is described and
the numerical model is introduced. In section 4 the exper-
imental observations are shown and compared with numer-
ical results and the role of the transport relationship is
highlighted. Finally, in section 5 the practical consequences
are discussed, with special focus on bed form dynamics.

2. Formulation of the Problem

[8] In the present work the focus is on the evaluation of
intensity and direction of the bed load as functions of the
longitudinal and transversal slopes of the bed. Two dimen-
sionless parameters have been shown to control the entrain-
ment condition and the intensity of bed load, both
interpreted in an average sense to rule out the intermittent
character of the turbulent processes. The parameters are the
Shields stress t* and the particle Reynolds number Rp,
defined in the form:

t* ¼ tj j
rs � rð ÞgD ; Rp ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s� 1ð ÞgD3

p
n

; ð1Þ

where rs is the density of sediments, r is the density of
water, s = rs/r is the relative density, D is the particle
diameter (assuming that the sediment distribution can be
described by a uniform size), n is the kinematic viscosity, t
is the average bed shear stress vector, and g is gravitational
acceleration. In the following, we will consider the bed load
transport vector per unit width, q, made dimensionless using
Einstein’s scale

Q0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s� 1ð ÞgD3

p
: ð2Þ

[9] Denoting unit vectors with a carat (̂ ), we consider a
Cartesian coordinates system (xt, yt, z), centered at a given
point P lying on the bed, with unit vectors (x̂t, ŷt, k̂),
respectively (see Figure 1 for notations). z is the vertical
axis, xt is the horizontal axis lying in the vertical plane (t ,
k̂), while yt is the horizontal axis orthogonal to the plane
(x̂t, k̂). Note that the directions of the bed shear stress and
of gravity provide the only two externally imposed
directions to the problem; in particular note that the
longitudinal axis xt may be at an arbitrary angle with the
channel axis. The streamwise inclination a of the bed at any
point P is defined as the inclination of the line resulting
from the intersection of the bed surface with the plane (x̂t,
k̂); similarly the corresponding transverse inclination 8 of
the bed at P is defined as the inclination of the line resulting
from the intersection of the bed surface with the plane (ŷt,
k̂). Note that these two lines are not in general orthogonal to
each other. It is useful to introduce also a bed tangent
reference system (̂s, ŝ � n̂) with the unit vector ŝ
corresponding to the direction of bed shear stress t and
the unit vector n̂ the upward normal to the bed.
[10] In the case of an arbitrarily (both longitudinally and

transversally) tilted bed, gravity affects both the condition
of the incipient motion and the bed load. The critical Shields

Figure 1. Notations.
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stress for the onset of sediment motion t*c on a tilted bed
appears to be smaller than t*c0 in the case of a flat bed; in
the limiting case of a bed inclination equal to the angle of
repose, t*c becomes zero. Seminara et al. [2002] showed
that the ratio t*c/t*c0 depends on the longitudinal and lateral
bed inclinations; similar results have also been obtained by
other authors [Kovacs and Parker, 1994; Dey, 2003].
[11] As regards the bed load vector, the presence of lateral

inclination makes the bed load deviate from the direction of
the bed shear stress; the angle between these two vectors is
here called the deviation angle y. In this case, the bed load
exhibits both a longitudinal component along ŝ and a
transversal component along (̂s � n̂).
[12] According to the nonlinear model of Parker et al.

[2003], here approximated with the interpolating equations
elaborated by Francalanci and Solari [2008a] (hereafter
referred to as the NLM), the intensity of the bed load and
the deviation angle take the following expressions:

qj j ¼ Aq a;8ð Þ �
t*
t*c0

� �2

þBq a;8ð Þ �
t*
t*c0

� �
þ Cq a;8ð Þ; ð3Þ

y ¼ Ay a;8ð Þ �
t*
t*co

� �By a;8ð Þ
ð4Þ

where the coefficients Aq, Bq, Cq, Ay and By are polynomial
functions of the local bed inclinations a and 8. In particular,
for a and 8 from 0� up to 25�, Aq, Bq, Cq, Ay and By fall in
the ranges (0, 0.017), (0, 0.041), (�0.022, 0.014), (0,
30.85), and (�0.48, �0.33), respectively. The negative
values of By suggest that, as expected, the deviation angle
decreases with t*.
[13] In linear formulations, strictly valid in the case of

gentle slopes, it is assumed that gravity slightly affects the
intensity and direction of the bed load with respect to the
case of bed load q0 due to a uniform flow over a flat bed; in
other words,

q ¼ q0 ŝþ tany n̂� ŝð Þ½ 
 ð5Þ

with

tany ¼ rffiffiffi
t

p
*
tan8; ð6Þ

where r is a constant.
[14] The linearized approximation of the Parker et al.

[2003] nonlinear model (hereafter the L-NLM) leads to the
following estimates:

r ¼
l0

ffiffiffiffiffiffiffiffiffit*c0
p

md0

ð7Þ

and

q0 ¼
A

md0

t* � t*c0
� � ffiffiffiffiffiffi

t*
p � l0

ffiffiffiffiffiffiffiffiffi
t*c0

p� �
: ð8Þ

In these expressions, l0 is a dimensionless coefficient that is
a function of the ratio between the critical Shields stress for

the cessation of the bed load motion and t*c0, A is a
constant taking into account the logarithmic velocity profile
near the wall, and md0 is the dynamic friction coefficient in
the case of a flat bed. The numerical values of the
coefficients used in the analysis are reported in section 4.
[15] Relationships of the same form as equation (8) have

been obtained by Ashida and Michiue [1972], Engelund and
Fredsoe [1976], and Bridge and Bennett [1992]. Linear
relationships between the lateral component of bed load and
the lateral bed slope, like equation (6), have been derived by
various authors [Ikeda, 1982; Engelund and Fredsoe, 1976;
Struiksma et al., 1984; Sekine and Parker, 1992]; results of
the various analyses differ in the forms taken by the
coefficient in the linear relationship r, which appears to fall
in the range 0.3 � 0.6 [Talmon et al., 1995]. Note that,
according to the linear models, the angle of deviation is not
affected by the longitudinal bed slope. This is in contrast to
the NLM (equation (4)) which shows instead that, for given
applied Shields stress and lateral bed inclination, y
decreases with the longitudinal bed inclination [Francalanci
and Solari, 2008a]. Moreover, according to the NLM y
decreases with t* at a lower rate than that predicted by the
LM (equation (6)).
[16] It can be seen that the NLM predicts a much faster

growth of the bed load intensity with t* than L-NLM (8).
Similarly, the rate of increase of q with the longitudinal and
transversal inclinations is much larger in the NLM
compared to L-NLM. The rest of the paper is devoted to
assessing the performance of the NLM, L-NLM, and usual
linear model by testing their ability to reproduce the
experimental observations of bed evolution of an initially
arbitrarily tilted bed.

3. Materials and Methods

3.1. Experimental Setup

[17] The evolution of the mobile bed was investigated in
a free surface laboratory flume. The experiments were
carried out in a tilting, recirculating flume, 10 m long,
0.365 m wide, and 0.45 m deep, equipped for clear water
flow rates up to 28 l/s and slope adjustment up to 5�. For
practical reasons, in the reach under investigation the flume
was narrowed and the employed width was 0.225 m. Water
flow was supplied at one end of the flume from a centrifugal
pump and the water discharge was monitored by an elec-
tromagnetic flowmeter.
[18] The sediment particles were fed at a constant rate by

means of a sediment feeder. These particles satisfied the
following requirements for the bed slopes investigated in
this study: mobility at low Shields stress; ratio of water
depth to particle size sufficiently high to allow particle
saltation, even in the case of high bed slope; and relatively
high friction angle. The selected material was represented
by steel particles with a density of 7850 kg/m3, shaped like
disks with almost uniform size of 3 mm maximum diameter
and 0.6 mm thickness. The use of steel particles with a
higher density, compared to the common fluvial sediments,
allowed one to perform sediment transport experiments on a
free surface laboratory flume with high local inclinations of
the bed and sufficiently high water depth. The nonspherical
shape allowed simpler particles disposition according to a
given transversal inclination. In spite of the differences, the

W05426 FRANCALANCI ET AL.: LOCAL HIGH-SLOPE EFFECTS

3 of 15

W05426



steel particles have been observed to show very reasonable
saltation dynamics compared to the natural sediments
[Francalanci and Solari, 2007, 2008b]: the average
saltation height is on the order of 1.5–3 times the particle
diameter, as reported by various authors [Abbott and
Francis, 1977; Lee and Hsu, 1994; Nino and Garcia,
1994a; Hu and Hui, 1996; Sekine and Kikkaua, 1992; Lee et
al., 2000], and the average particle velocity appears to be in
agreement with experimental values obtained by Francis
[1973] and Nino and Garcia [1994a], who have also
employed natural sediments. Moreover, the general good
agreement of Parker et al. [2003] model, devised for
spherical sediments, with the results of Francalanci and
Solari [2007] suggests that the shape of the particles has no
more than a second-order effect on the bed load transport.
[19] A sketch of the experimental setup is shown in

Figure 2. For each experiment, the mobile bed was initially
shaped according to a given longitudinal a and transversal
8 inclination. The mobile bed reach was 5 m long, and was
located between two 0.2 m fixed bed zones having the same
longitudinal and transversal inclination of the mobile bed at
the initial condition; in this way the mobile bed was initially
leveled with both the upstream and downstream fixed beds.
In order to maintain the same bed roughness of the mobile
bed, the steel particles were glued on the surfaces of the two
fixed bed zones. The employed setup was designed to
achieve an initial uniform flow over the fixed and mobile
bed.
[20] At the beginning and at the end of the experiments,

the bed elevation was measured along different cross
sections. These cross sections were located at intervals of
50 cm in the upstream part of the mobile bed and 25 cm in
the downstream part, where the equilibrium configuration
was reached, as shown in Figure 3. For each cross section,
the bed elevation was measured using a point gauge in 7
verticals, spaced about 3 cm apart (see Figure 2).

3.2. Experimental Procedure

[21] The experiments were conducted using different
longitudinal and transversal inclinations of the bed. At the

beginning of each experiment, the transversal slope of the
fixed bed was set and the mobile bed was shaped accord-
ingly. Then, the initial configuration of the bed elevation
was measured. After the preparation, the experiments were
performed according to the following procedure. First the
flow discharge was adjusted to the assigned value: during
this transient period the mobile bed was not allowed to
evolve by means of a fine grid. When the latter was
removed, the experiment started and the evolution of the
bottom topography was observed using a video recorder.
For each initial configuration, several experiments with
different durations were performed and the bed elevation
was measured at the end of each run, in dried condition. The
transient period at the end of the run did not influence the
dried bed configuration.
[22] The bottom topography at the end of each run was

taken to be representative of the configuration at that given
time in longer experiments; in this way, we were able to
reconstruct the temporal evolution of the bed topography by
considering separate runs. Additional data regarding the
flow velocity profiles, the applied bed shear stresses, and
the particle velocity were inferred from previous experi-
mental activity on nonerodible beds [Francalanci and
Solari, 2007].

3.3. Numerical Model

[23] In order to evaluate whether the proposed sediment
transport models can satisfactorily reproduce the experi-
mental observations, we employed linear and nonlinear
closure relationships in a three-dimensional numerical mod-
el. The adopted model, developed by Vignoli [2005], is
based on the semi-implicit procedure proposed by Casulli
and Cattani [1994], according to which the nonlinear
advective terms in the momentum equations are discretized
using a Lagrangian approach, while the pressure term and
the viscous terms are solved implicitly within an Eulerian
framework. The approach has been modified in this work to
account for the no-slip condition at the bed. The spatial
mesh is given by a staggered grid and consists of
rectangular boxes within a boundary-fitted approach.

Figure 2. Sketch of the setup for the mobile bed experiments.

Figure 3. Longitudinal plan view of the mobile bed reach. The numbers specify measuring cross-
section locations.
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Moreover, a suitable logarithmic vertical coordinate is
introduced such that the grid density decreases from the bed
to the free surface. This logarithmic vertical coordinate
follows the gradient of the velocity profile and hence
minimizes the numerical truncation errors, achieving better
accuracy with the same number of grid points. The bed
evolution is governed by the sediment continuity equation

(Exner equation) and is solved with a decoupled procedure
using the hydraulic variables obtained from the continuity
and momentum equations for the liquid phase. The resulting
numerical scheme has been shown to adequately represent
the hydrodynamics of fluvial systems and the role of
sediment transport in the development of bed topography
[Vignoli and Tubino, 2002; Francalanci et al., 2006;
Toffolon and Vignoli, 2007].
[24] The model considers a straight channel with vertical

banks, characterized by a cohesionless bed and constant
width B; x is the longitudinal axis, directed downstream
according to the average bed slope S, y is the transversal
axis, and z the vertical one, directed upward. The equations
are solved in dimensionless form, adopting suitable scaling
factors; that is, the planimetric coordinates are scaled to the
channel width B; the vertical coordinate, the local free
surface elevation h, the bed elevation h, and the flow depth
H are scaled to a reference flow depth H0; and the velocity
components are scaled to the reference flow velocity.
Furthermore a characteristic convective time scale T0 = B/U0

Table 1. Initial Experimental Conditionsa

Run Code a (deg) 8 (deg) Qw (l/s) Time (s)

Run 1 1.72 10 15.4 180–270–360–540
Run 2a 5 5 5.98 30–60–210
Run 2b 5 5 7.5 30–180
Run 3 5 10 7.02 30–60–150–210
Run 4 10 5 4.5 20–40–72

aLongitudinal bed inclination a, transversal bed inclination 8, water
discharge Qw, and duration of the run. The characteristic Froude numbers
are indicated in Table 2.

Figure 4. Configuration of the bed elevation for experimental run 2a in dimensionless variables.
(a) Initial configuration, (b) configuration after 30 s, (c) configuration after 60 s, and (d) configuration
after 210 s.
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Figure 5. Evolution of the bed elevation along the equilibrium cross section, averaged in the cross
sections from 1 to 10 located in the downstream end of the mobile bed, for the experimental runs.
(a) Run 1, (b) run 2a, (c) run 2b, (d) run 3, and (e) run 4.
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is introduced. The reference values U0 and H0 refer to
cross-sectional averaged velocity and depth of the uniform
flow, for a given discharge, bed slope and sediment size.
The simulation conditions are completely determined once

Rp and the following dimensionless parameters (aspect
ratio, dimensionless grain size, and Shields parameter) are
given:

b ¼ B=2

H0

; Ds ¼
D

H0

; t* ¼ Cf 0U
2
0

s� 1ð ÞgD ; ð9Þ

where Cf0 is the friction coefficient of the reference uniform
flow. The half width B/2 is used in the definition of b in
analogy with previous works on bed form development
[e.g., Colombini et al., 1987]. Hereafter a star (*) will
denote dimensionless variables.
[25] In dimensionless form, assuming shallow water,

hydrostatic pressure distribution and keeping only signifi-
cant turbulent flux, the Reynolds equations along the
longitudinal and transversal direction, the flow continuity
equation and the sediment continuity equation read:

@U*

@t*
þ U* @U

*

@x*
þ V*

@U*

@y*
þ 2bð ÞW* @U

*

@z*

� 2bð Þ
ffiffiffiffiffiffiffi
Cf 0

p @

@z*
n*T

@U*

@z*

 !
þ 1

F2
0

@H*

@x*
� 2bð Þ S

F2
0

¼ 0;

ð10Þ

@V*

@t*
þ U* @V

*

@x*
þ V*

@V*

@y*
þ 2bð ÞW* @V

*

@z*

� 2bð Þ
ffiffiffiffiffiffiffi
Cf 0

p @

@z*
n*T

@V*

@z*

 !
þ 1

F2
0

@H*

@y*
¼ 0; ð11Þ

@U*

@x*
þ @V*

@y*
þ 2bð Þ @W

*

@z*
¼ 0; ð12Þ

1� lp

� � @h*
@t*

þQ
@q*x

@x*
þ
@q*y

@y*

 !
¼ 0; ð13Þ

where (U*, V*, W*) denote the dimensionless velocity
components, S is the longitudinal channel slope, F0 = U0/ffiffiffiffiffiffiffiffi
gH0

p
is the Froude number of the reference flow, lp is the

bed porosity, and Q = Q0/(U0H0), where Q0 is the Einstein’s
scale for sediment transport given by equation (2). Hence
qx* = qx/Q0 and qy* = qy/Q0 are the longitudinal and lateral
components of the dimensionless bed load vector. More-

Figure 6. Comparison between the measured flow
velocity profiles and the simulated ones, taken at a distance
y* = y/B from the wall (run 2a). (a) y* = 0.22, (b) y* = 0.4,
and (c) y* = 0.58.

Table 2. Characteristic Parameters Used in the Numerical

Simulation of the Experimental Runsa

Run Code H0 (m) U0 (m/s) Cf 0 (�) F0 (�)

Run 1 0.050 1.37 11.3 1.95
Run 2a 0.021 1.30 9.7 2.87
Run 2b 0.024 1.41 9.9 2.93
Run 3 0.024 1.42 9.9 2.93
Run 4 0.014 1.41 9.1 3.81

aReference flow depth H0, reference flow velocity U0, and resistance
coefficient Cf 0. The Froude number F0 is indicated as a reference for the
experimental conditions.
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over, nT* = nT/(
ffiffiffiffiffiffiffi
Cf 0

p
U0H0) is the dimensionless structure

of eddy viscosity, where we have introduced the usual
Fickian closure for turbulent fluxes. The eddy viscosity nT
is evaluated according to Dean [1974] on the basis of the
local hydrodynamic values, with the assumption that the
slowly varying character of the flow field, both in space
and in time, leads to a sequence of quasi-equilibrium
states. The usual boundary conditions are assigned to the
flow field: the dynamic condition at the free surface
(imposing vanishing stresses), no slip at the bottom, and
the kinematic conditions at both vertical boundaries
(imposing continuity of the normal component of velocity
and surface displacement).

4. Results

[26] The experimental observations of the evolution of
the mobile bed are described and compared with the three-
dimensional numerical simulations obtained employing (1)
the nonlinear model by Parker et al. [2003] (NLM), here
approximated with the interpolating relationships (3) and (4)
proposed by Francalanci and Solari [2008a]; (2) its
linearized version (L-NLM) in the form given by (5) and
(6); and (3) an example of the linear models, which is here
implemented in the case (hereafter L-MPM) of the widely

employed classical bed load transport equation of Meyer-
Peter and Müller [1948], hereafter referred to as L-MPM.
The L-MPM is used in the form revised by Wong and
Parker [2006], coupled with the relationship (6) proposed
by Ikeda [1982] to estimate the transversal component of
the bed load transport.
[27] The bed load model is applied with the following

values of the main parameters, estimated by means of the
experimental results from a study of bed load over a
nonerodible sloping bed [Francalanci and Solari, 2007]:
dynamic friction coefficient in the case of a horizontal bed
md0 = 0.3, angle of repose of sediments f = 35�, critical
Shields stress for the onset of sediment motion on a flat bed
t*c0 = 0.03, and l0 = 0.7. The same values adopted by
Parker et al. [2003] are used for the remaining parameters,
based on the best fit with the experimental results of
Fernandez Luque and van Beek [1976]. The values here
adopted lead to A = 7.7 in equation (5) and r = 0.4 in
equation (6). For the purpose of comparison the latter value
is also maintained in the relationship of Ikeda [1982].

4.1. Experimental Observations

[28] The initial conditions for the experimental runs are
reported in Table 1. In particular, the longitudinal inclina-
tion of the bed varied from 1.72� to 10� and two transversal

Figure 7. Numerically simulated evolution of the dimensionless bed elevation h* in the cross section
(run 2a): comparison between (a) NLM, (b) L-NLM, and (c) L-MPM.

Figure 8. Numerically simulated evolution of the dimensionless longitudinal bed load transport qx* in
the cross section (run 2a): comparison between (a) NLM, (b) L-NLM, and (c) L-MPM.
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inclinations were chosen (5� and 10�). In order to relate the
initial conditions of the mobile bed with the complete set of
measurements collected during the nonerodible bed experi-
ments, the initial configurations of the present experiments
were the same as those of Francalanci and Solari [2007]. In
this way, the bed shear stress distribution, average flow
velocity profiles, particle velocity, and bed load transport
rate were already known at the beginning of each
experiment. The experimental runs 2b and 4 were
performed with a shorter mobile bed reach, namely 1.5 m
instead of 5 m; this was due, in the case of run 4, to the high
longitudinal bed inclination of 10� which did not allow for a
longer length. Moreover, an upper limit to the possible bed
inclinations was set by the need for the flow to wet the
entire cross section, in this way the bed flattening was only
produced by the lateral component of bed load transport and
not by other mechanisms related to mass failure of the bed.
[29] As a first example, the morphodynamic evolution of

the cross sections is shown in Figure 4 for run 2a at different
times until the equilibrium configuration was attained. After
30 s an erosion phenomenon was observed at the beginning
of the mobile bed due to the transition from fixed (laterally
inclined) bed to erodible bed. After 60 s, the mobile bed was
already close to the equilibrium configuration, which was
observed after 210 s. The local scour phenomenon in the

upstream part of the mobile bed increased because of the
difficulties in maintaining the sediment feeding in equilib-
rium with the bed load transport capacity, while in the
downstream bed the laterally flat equilibrium cross section
was observed. This local scour was confined to a narrow
region and did not affect the flattening evolution of the bed
in the downstream part of the mobile reach.
[30] We now focus on the downstream portion of the

mobile reach, where the scour formed in the transition from
fixed to mobile bed was not present. In particular, the
measured bed elevations in cross sections 1 to 10 (as
defined in Figure 3), located in the downstream end of the
mobile bed, were averaged and the most significant features
of the evolution are here summarized.
[31] Run 1 was performed with a relatively low longitu-

dinal inclination. The topography of the bed was obtained
for 4 different durations of the experiment. The first part of
the mobile bed was affected by a local erosion phenomenon,
but equilibrium was achieved at the end of the mobile bed
reach. The mobile bed reached the transversal equilibrium
configuration after about 540 s, as shown in Figure 5a.
[32] Run 2 was carried out with two different flow

discharges. The experimental results of run 2a and run 2b
are shown in Figures 5b and 5c, respectively. Run 2b
exhibited a faster bed evolution because of the stronger

Figure 9. Numerically simulated evolution of the dimensionless transversal bed load transport qy* in the
cross section (run 2a): comparison between (a) NLM, (b) L-NLM, and (c) L-MPM.

Figure 10. Numerically simulated evolution of the transversal bed inclination 8 in the cross section
(run 2a): comparison between (a) NLM, (b) L-NLM, and (c) L-MPM.
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intensity of the bed load transport associated with the larger
flow discharge.
[33] Run 3 was performed with a higher transversal

inclination than run 2. Under these conditions the mobile
bed reached the equilibrium configuration, after which a
slow, uniformly distributed erosion phenomenon was ob-
served in the equilibrium cross section (Figure 5d). This
change was due to a variation of the longitudinal bed slope
associated to the adjusted bed load discharge input.
[34] Run 4 was performed with a high longitudinal

inclination (a = 10�), with a mobile bed reach of 1.5 m
long. In this experiment the time evolution of the
phenomenon was very rapid and hence the bottom
topography was difficult to control and measure. The final
profiles along the cross section are shown in Figure 5e.

4.2. Numerical Results and Comparison

[35] We now consider the results of the three-dimensional
numerical model for the bed evolution, employing the
different closure relationships (NLM, L-NLM and L-
MPM) to evaluate the bed load transport. The numerical
model requires some parameters, which can be calculated if
the system geometry (width B, cross-sectional averaged
water depth H0, initial bed elevation h) and the particle
characteristics are known. Several closure relationships

have been proposed in the literature to estimate the
resistance coefficient Cf0 as a function of Ds and t*, but
this parameter remains somewhat uncertain. Here, Cf 0 is
calibrated by fitting the flow velocity profiles on a
nonerodible bed measured by Francalanci and Solari
[2007]. The measured flow velocity profiles along three
verticals at a distance 0.22B, 0.4B and 0.58B from the left
side wall, under the experimental conditions of run 2a
(initial longitudinal inclination a = 5�, transversal inclina-
tion 8 = 5�), are compared with the model estimates in
Figure 6. The agreement appears quite satisfactory espe-
cially in the proximity of the bed. Numerical simulations
were carried out for each of the experimental run conditions
(Table 2). Although Figure 6 includes only the results of run
2a, similar results were obtained for the other experimental
runs. The numerical results are expressed in terms of the
dimensionless quantities introduced in section 3.3.
[36] The modeled behavior of bed elevation in the cross

section is shown in Figures 7a–7c. Figures 7a–7c show that
the evolution according to Meyer-Peter and Müller [1948]
in the revised form proposed by Wong and Parker [2006]
(L-MPM) is slower than that predicted by both the NLM
and L-NLM. In particular, all the formulations correctly
predict that the final equilibrium configuration is laterally
flat and is reached asymptotically in time, but the NLM

Figure 11. Numerically simulated evolution of the deviation angle y in the cross section (run 2a):
comparison between (a) NLM, (b) L-NLM, and (c) L-MPM.

Figure 12. Numerically simulated evolution of the dimensionless bed shear stress t* = jtj/(rU0*
2) in the

cross section (run 2a): comparison between (a) NLM, (b) L-NLM, and (c) L-MPM.
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reveals that such a condition is attained in about one
minute, while the L-MPM predicts that the flattening
process occurs in several minutes. The observed bed
evolution displayed in Figure 5b shows that the bed had
already reached a flat configuration after 60 s. This finding
suggests that both the NLM and L-NLM provide a better
interpretation of the experimental observations than does
the L-MPM.
[37] This observation is due to the different behavior of

the bed load relationships. For the conditions of run 2a, the
intensity of the bed load in the longitudinal direction
according to the NLM is about twice that predicted by the
L-MPM (see Figure 8). Note that the L-NLM predicts a bed
load transport that is very similar, although slightly smaller,
than that obtained with the NLM; this is due to the fact that
the two models present significant differences only in the
case of high bed inclinations, both longitudinal and trans-
versal [Francalanci and Solari, 2008a].
[38] The transversal bed load transport (Figure 9) is the

highest in the initial configuration of the bed, then decreases
to zero when the bed is laterally flat. All the formulations
predict that qy* attains a maximum in the central part of the
cross section at the beginning of the experiment, and then
decreases during the experiment. The predicted decrease of
qy* is much faster for the NLM and L-NLM than for the
L-MPM.
[39] The transversal bed inclination 8 (Figure 10) is

highest in the initial configuration and then decreases.
Higher slopes are predicted toward the shallower part of
the cross section where qy* appears smaller. Note that, unlike
the NLM and L-NLM models, the L-MPM predicts that 8
slightly increases during the initial part of the experiment, at
least in a small portion of the entire cross section, which is
due to the very small values of qy* which prevent part of the
cross section from evolving.
[40] The deviation angle y (Figure 11) predicted by all

the formulations appears very similar at the beginning of the
run. During the flattening process y decreases from the
initial value to become zero and shows a maximum value
within the cross section due to the wall effects, which do not
allow lateral sediment transport. In the case of the NLM and
L-NLM the deviation angle progressively decreases in time

at similar rates, while the L-MPM predicts a y that first
increases in the shallower part of the cross section and then
trends to zero.
[41] The bed shear stress is similarly decreasing

(Figure 12), consistent with the time evolution of the
previous quantities, and at the end of the run it reaches a
value similar to the other formulations.
[42] Finally, the flattening time is estimated, defined as

the time required for the bed to reach the laterally flat
configuration. As the process is numerically asymptotic in
time, the bed is assumed to be nearly horizontal in the
transversal direction when the transversal inclination is less
then 10�7. A comparison between the experimental and
numerical flattening time is shown in Figure 13. It appears
that the flattening time is generally well predicted by both
the NLM and L-NLM, while it is generally overestimated
by the L-MPM. In the cases of run 3 and run 4 which
exhibited the shortest flattening times, the numerical pre-
dictions by both the NLM and L-NLM appear larger than
the experimental observations. This may be due to the
difficulties of estimating the flattening time because of the
lack of experimental observations at the early stages of the
experiment.

5. Discussion

[43] To further elucidate the gravitational effects on bed
load transport and river morphodynamics, we study the

Figure 13. Comparison of the flattening time obtained from the experiments (horizontal axis) with the
numerical results (vertical axis: NLM, L-NLM, and L-MPM formulations).

Table 3. Dimensionless Parameters for the Numerical Simulations

of Alternate Bars

Numerical Run b l Rp Ds t
*

1 18 0.2 11000 0.01 0.1
2 18 0.2 11000 0.01 0.15
3 18 0.2 11000 0.01 0.2
4 18 0.2 11000 0.02 0.1
5 18 0.2 11000 0.02 0.15
6 18 0.2 11000 0.02 0.2
7 18 0.2 11000 0.04 0.1
8 18 0.2 11000 0.04 0.15
9 18 0.2 11000 0.04 0.2
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impact of the sediment transport closure on the dynamics of
alternate bars, which are quite common in gravel bed rivers.
River bars can locally display relatively high bed inclina-
tions, especially along the riffle and the diagonal front;
therefore it can be expected that a nonlinear description of

gravitational effects on bed load transport can play some
role in the definition of this morphology. To investigate the
latter point, we employed the numerical model described in
section 3.3 to simulate the dynamics of alternate bars in a
straight channel. Different bed load formulations were used

Figure 14. Example of alternate bars at equilibrium condition in the case of the NLM formulation
(numerical run 8: Rp = 11000, b = 18, l = 0.2, Ds = 0.04, and t* = 0.15): (a) dimensionless bed
topography h*(x*, y*); (b) longitudinal bed profile h*(x*) at y* = 0, y* = 0.5 and y* = 1; and (c) lateral
bed profile h*(y*) at x* = 3.93 and x* = 7.85.

Figure 15. Alternate bars characteristics obtained from numerical simulations using different bed load
closures: (a) dimensional bar celerity and (b) comparison of the celerity obtained with the linear (vertical
axis: L-MPM and L-NLM) and nonlinear (horizontal axis: NLM) formulations.
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to account for the gravitational effects in both a nonlinear
and a linear manner. Numerical simulations were carried out
using the dimensionless parameters defined in (1) and (9)
for input data typical of gravel bed rivers [see, e.g., Parker
et al., 2007], namely t* = 0.1, 0.15, 0.2, bed sediment size
D = 2 cm in the range of gravel with the particle Reynolds
number Rp = 11000, and dimensionless grain size Ds = 0.01,
0.02, 0.04. The aspect ratio was fixed at a relatively high
value (b = 18) in order to assure bar growth in each
numerical experiment. The channel length L was chosen
such that the lowest dimensionless wave number for bars
was l = pB/L = 0.2. The numerical domain was discretized
using 128 cells along the longitudinal direction, 32 along
the transversal, and 50 along the vertical. Periodic boundary
conditions were imposed longitudinally. A summary of the

runs performed with the values of main parameters is
reported in Table 3.
[44] The simulations were started from an initially flat

bed, with imposed small-scale disturbances in the form of
five longitudinal and five transversal harmonics with dif-
ferent amplitudes in order to trigger the formation of bars.
The simulations proceeded until an equilibrium configura-
tion of the bed was reached or bar emersion occurred. Under
these conditions, the main characteristics of the bars were
calculated, namely bar height, celerity, maximum scour and
deposition, and maximum longitudinal and transversal
inclinations. As an example, the equilibrium bed configu-
ration of the numerical simulation run 8 achieved employing
the NLM, is shown in Figure 14. The displayed pattern is
typical of an alternate bar morphology, and is characterized

Figure 16. Alternate bars characteristics obtained from numerical simulations using different bed load
closures: (a) longitudinal inclination and (b) comparison of the maximum longitudinal bed inclination
obtained with the linear (vertical axis: L-MPM and L-NLM) and nonlinear (horizontal axis: NLM)
formulations.

Figure 17. Alternate bars characteristics obtained from numerical simulations using different bed load
closures: (a) transversal inclination and (b) comparison of the maximum transversal bed inclination
obtained with the linear (vertical axis: L-MPM and L-NLM) and nonlinear (horizontal axis: NLM)
formulations.
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by a sequence of steep consecutive diagonal fronts with deep
pools at the downstream face and gentler riffles along the
upstream face.
[45] To better illustrate the role played by the different

bed load formulations on the equilibrium bar patterns, in
Figures 15–17 the results obtained using the L-MPM and
the L-NLM are compared with corresponding quantities
obtained with the NLM.
[46] The celerity of migration of the bar pattern, evaluated

as the ratio of average space traveled by a bar wave over a
time step, is shown in Figure 15. In all the bed load
transport closures, bar celerity increased slightly with the
applied Shields stress, and also with higher values of Ds

(hence with shallower water depth compared to the fixed
dimensional sediment size). Comparing the three formula-
tions, it appears that the L-MPM systematically predicted a
much larger celerity than the NLM. This finding is, at least
qualitatively, in agreement with Lanzoni [2000] who found
that the experimental celerity of alternate bars was much
smaller than the one calculated using a linear bed load
formulation. However, note that in the work by Lanzoni
[2000] the bar celerity was calculated with a linear
hydromorphodynamic model, which is strictly valid only
for bars at their incipient formation; when the bars grow,
nonlinear interactions are likely to influence bar celerity
appreciably.
[47] Figure 16 shows a comparison of the maximum

longitudinal bed inclination exhibited by the alternate bars.
It appears that the NLM and the L-NLM give similar results,
while the L-MPM gives on average slightly higher values.
The data do not show any appreciable effect of the param-
eter Ds. In Figure 17 a comparison of the maximum
transversal bed inclination is reported. The trend of the data
seems to be related to the values of Ds: in the case of Ds =
0.01 the higher values of transversal inclinations are
predicted by the NLM, while for Ds = 0.04 the higher
values are predicted by the L-MPM. Note that the latter
formulation predicts values that are slightly influenced by
Ds, while the NLM and L-NLM predict values of
transversal inclination that increase with the applied Shields
stress and decrease with the parameter Ds. This behavior of
the longitudinal and transversal inclinations may be due to
the higher values of the intensity of the bed load transport
given by the NLM, which renders the bed topography less
steep.

6. Conclusions

[48] In the present work the effects of local longitudinal
and transversal high slopes on bed load transport is inves-
tigated, in order to analyze the gravitational effects on bed
load transport and on the dynamics of fluvial bed forms.
[49] Experiments were performed to observe the evolu-

tion of a mobile bed from an initial arbitrarily sloping
configuration to the final laterally flat equilibrium configu-
ration. In order to evaluate the bed load transport over an
arbitrarily sloping bed, the measured bed profiles were
compared with the results obtained from a three-dimension-
al numerical model employing three different closure rela-
tionships: (1) the classical bed load transport equation of
Meyer-Peter and Müller [1948] in the revised form
proposed by Wong and Parker [2006], coupled with the
linear relationship of Ikeda [1982] (L-MPM); (2) the

nonlinear formulation [Parker et al., 2003] (NLM); and
(3) its linearized approximation (L-NLM). Comparison
between experimental measurements and numerical results
suggests that the morphodynamic evolution is well captured
when the nonlinear effects on the bed load are included. In
particular, results suggest that the classical linear formula-
tion (L-MPM) leads to a significant underestimation of the
lateral bed load transport, which prevents the model from
adequately describing the bed evolution.
[50] These findings open important issues on the most

reliable closure relationships for sediment transport to be
used in morphodynamic studies. We have shown that the
inclusion of the nonlinear gravitational effects (i.e., the
effects of local high slopes) can affect the dynamics of
bed forms like bars by comparing the numerical results
obtained using the different formulations for bed load in a
straight channel. In fact, results obtained with the non-
linear model are significantly different (especially for the
average bar celerity) from those obtained with the linear
formulations.
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