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Abstract 
 
The problem of ranking and evaluation in multidimensional ordinal datasets is one of the most 
important issue in applied statistics, particularly in the socio-economic field.  
Unfortunately, dealing with ordinal variables raises many conceptual and methodological issues, 
particularly when consistent and meaningful indicators are to be defined out of qualitative data.  
Methodological difficulties rise particularly when single ordinal indicators are to be aggregated into 
a composite indicator, to get unidimensional scores for comparing and ranking statistical units.  
Basically, it can be asserted that the issue of ranking and evaluation in an ordinal setting is still an 
open problem, since the statistical methodologies, applied in the common practice or proposed at 
theoretical level, are unsatisfactory in many respects. 
Motivated by these issues and by the relevance of the topic, in this paper, we introduce new tools 
for addressing the construction of indicators for ranking and evaluation purposes in an ordinal 
context, with the aim to overcome the main problems of the classical composite indicator approach. 
The proposed methodology draws upon Partial Order SET (POSET) theory, a branch of discrete 
mathematics providing concepts and tools, fitting very naturally the needs of ordinal data analysis. 
POSET theory provides useful technical tools for addressing the evaluation problem. But more 
important than this, it helps reformulating the ranking and evaluation problem in such a way that 
satisfactory solution to the issues outlined above can indeed be worked out, fully respecting the 
qualitative features of data. 
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1. Introduction 
 
The present debate on well-being measurement is clearly pointing out that a valuable evaluation 
process has to take into account many different and complementary aspects, in order to get a 
comprehensive picture of the problem and to effectively support decision-making. Assessing well-
being requires sharing a conceptual framework about its determinants and about society and needs 
the identification of the most consistent and effective methodologies for building indicators and for 
communicating purposes. From a statistical perspective, one of the critical points concerns the 
preservation of the true nature of the social economic phenomena to be analyzed. This calls for an 
adequate methodological approach. 
 
Several socio-economic phenomena have an intrinsic ordinal nature (e.g. material deprivation, 
democratic development, employment status, and so on) and correspondingly there has been an 
increasing availability of ordinal datasets. Nevertheless, ordinal data have been often conceived as 
just a rough approximation of truly numerical and precise, yet non observable, features, as if a 
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numerical latent structure would exist under ordinal appearances. As a result, the search for 
alternative statistical procedures has been slowed down and many epistemological, methodological 
and statistical problems regarding ordinal data treatment are still open and unsolved. 
 
1. Methodological approaches: between objectivity, subjectivity and arbitrariness.  
The epistemological research of the last century has focused on the role of the subject in knowledge 
production and has clearly showed how pure objectivism cannot account for the knowledge process, 
even in scientific disciplines. This is particularly evident when observing and analysing socio-
economic phenomena. Given the complexity and the nuances of socio-economic issues, data can 
often be considered as a (fragmented) ‘’text” to be ‘’read” by the researcher, in search for a ‘’sense” 
and a structure in it. This ‘’sense structuring” process is not an arbitrary one, but necessarily 
involves some subjectivity. To make an example, think about the issue of defining poverty 
thresholds in deprivation studies, both in a monetary and in a multidimensional setting, with the 
consequences that different choices have in the final picture. Admittedly, in many applied studies 
subjectivity is generally felt as an issue to be removed and many evaluation procedures are designed 
to accomplish this task. Ironically, removing subjectivity is not an objective process and often 
produces arbitrary results. Thus, it is important to distinguish between a necessary ‘’objectivity” of 
the research methodology (e.g. observation and data collection procedures) and an unavoidable 
‘’subjectivity” related, for instance, to the definition and choice of the conceptual framework and 
the analytical approaches. The real methodological issue is not removing subjectivity; rather, it is 
building a sound statistical process, where subjective choices are clearly stated and their 
consequences can be clearly worked out in a formal and unambiguous way. 
 
2. Ordinal data: between accuracy and ambiguity. A great part of the methodological and statistical 
efforts has been dedicated to the issue of making measures quantitatively more precise. In practice, 
this has often been turned in applying multivariate statistical tools to ordinal data, after 
transforming, or interpreting, them in cardinal terms, through more or less sophisticated scaling 
procedures. These procedures may sometimes lead to useful results, but they are often quite 
questionable, not being consistent with the intrinsic nature of data. De facto, the efforts for getting 
more precise measures have the effect of frequently forcing the true nature of socio-economic 
phenomena. On the contrary, it could be wise to realize that the great part of socio-economic 
phenomena is characterized by nuances and ‘’ambiguities”, which are not obstacles to be removed, 
but often represent what really matters. 
 
3. Ordinal data: technical issues. Transformed or not in quantitative terms, ordinal data are 
generally submitted to traditional statistical tools, typically designed for quantitative data analysis 
and usually based on the analysis of linear structures. The results are quite arbitrary and 
questionable, since the data are forced into a conceptual and technical framework which is 
ultimately poorly consistent. Although these problems are well-known, and new methodologies are 
continuously being developed, they are still unsolved. Basically, it can be asserted that the issue of 
ranking and evaluation in an ordinal setting is still an open problem, even from a pure data 
treatment point of view. 
 
Motivated by these issues and by the relevance of the topic, in this paper we introduce new tools for 
ranking and evaluation of ordinal data, with the aim to overcome the main problems of the classical 
methodologies and, particularly, of the composite indicator approach. We address the evaluation 
problem through a benchmark approach. Each statistical unit in the population is described in terms 
of its profile, which is defined in terms of the sequence of scores on the evaluation dimensions; 
profiles are then assessed against some reference sequences, chosen as benchmarks, to get the 
evaluation scores. We address the comparison of profiles to benchmarks in a multidimensional 
setting by using tools and results from partially ordered set theory (POSET theory, for short). 
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Indeed, through POSET tools, sequences of scores can be assessed without involving any 
aggregation of the underlying variables, since the evaluation is performed by exploiting the 
relational structure of the data, which involves solely the partial ordering of the profiles. The 
remainder of the paper is organized as follows.  
 
Section 2 gives a brief account of the composite indicator approach, highlighting its main 
criticalities, particularly in the ordinal case. Section 3 introduces a few basic concepts from POSET 
theory. Section 4 describes the basic evaluation strategy and the procedure to compute the 
evaluation scores. Section 5 tackle the problem of ‘’weighting” evaluation dimensions. Section 6 
concludes. The aim of the paper is primarily methodological, leaving to forthcoming works the 
systematic application of the evaluation procedure to real data. 
 
 
2. The composite indicator approach and its critical issues 
 
Addressing the complexity of socio-economic phenomena for evaluation aims is a complex task, 
often requiring the definition of large systems of indicators. Frequently, the complexity of the 
indicator system itself leads to the need of computing composite indicators in order to (Noll, 2009): 
- answer the call by ‘’policy makers” for condensed information; 
- improve the chance to get into the media; 
- allow multi-dimensional phenomena to be synthetized; 
- allow easier comparisons across time; 
- compare cases (e.g. nations, cities, social groups. . . ) in a transitive way (e.g. through rankings). 
 
Despite its spreading, the composite indicator approach is currently being deeply criticized as 
inappropriate and often inconsistent (Freudenberg & Nardo, 2003). Critics point out conceptual, 
methodological and technical issues, especially concerning the difficulty of conveying into 
unidimensional measures, all the relevant information pertaining to phenomena which are complex, 
dynamic, multidimensional and full of ambiguities and nuances. The methodology aimed at 
constructing composite indicators is very often presented as a process needing specific training, to 
be performed in a scientific and objective way. Actually the construction procedure, even though 
scientifically defined, is far from being objective and aseptic. Generally, it comprises different 
stages (Nardo et al., 2005; Sharpe & Salzman, 2004), each introducing some degree of arbitrariness 
to make decisions concerning: 
 
- the analytical approach to determine the underlying dimensionality of the available elementary 

indicators and the selection of those to be used in the evaluation process; 
- the choice of the weights used to define the importance of each elementary indicator; 
- the aggregation technique adopted to synthesize the elementary indicators into composite 

indicators. 
 
Indicator selection. Selecting the indicators to be included in the composite represents a 
fundamental stage in the construction process since it does operationally define the latent concept 
that the composite is supposed to measure. Selection criteria should consider (Nardo et al., 2005) 
the issues of reducing redundancies, allowing both comparability among statistical units and over 
time and should be oriented to obtaining politically relevant results. From a statistical point of view, 
indicator selection often involves a principal component analysis or a factor analysis, to reveal 
correlations and associations among evaluation variables and to perform some dimensionality 
reduction. Irrespective of the statistical tool adopted, dimensionality reduction raises some relevant 
questions, concerning its consequences on the composite indicator construction. If the concept to be 
measured turns out to be actually unidimensional, computing a single composite indicator could be 
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justifiable. But when concepts are truly multidimensional, then singling out just one, albeit 
composite, indicator is very questionable. The nuances and ambiguities of the data would in fact be 
forced into a conceptual model where all the features conflicting with unidimensionality are 
considered as noise to be removed. Moreover, synthetic scores could be biased towards a small 
subset of elementary indicators, failing to give a faithful representation of the data.  
 
Weighting variables. When constructing composite indicators, particular attention is paid to the 
weighting process, which gives different importance to the elementary indicators forming the 
composite. The necessity of choosing weights based on objective principles is frequently asserted 
(Nardo et al., 2005; Ray, 2008; Sharpe & Salzman, 2004), leading to a preference for statistical 
tools like correlation analysis, principal component analysis or data envelopment analysis, to 
mention a few. However, adopting purely statistical methods in the weighting process must be 
carefully considered. Removing any control over the weighting procedure from the analyst, gives a 
possibly false appearance of objectivity that is actually difficult to achieve in social measurement 
(Sharpe & Salzman, 2004). Moreover, since defining weights is often interpreted in the perspective 
of identifying personal and social values, the procedure should necessarily involve individuals’ 
judgments. If indicators concern societal well-being, their construction turns out to be not just a 
technical problem, being part of a larger debate aimed at obtaining a larger legitimacy. In this 
perspective, the weighting issue can be even considered as a leverage of democratic participation to 
decisions. For example, Hagerty and Land (2007) stresses that building composite indicators should 
take into account and maximize the agreement among citizens concerning the importance of each 
elementary indicator. Choosing consistent weighting criteria is thus a critical issue, largely 
subjective and possibly data independent. 
 
Aggregating indicators. Further criticisms concern the aggregation process (Munda & Nardo, 
2008), needed to get unidimensional scores out of multidimensional data, and which raises 
methodological difficulties when dealing with ordinal data. The process is in fact quite controversial 
since: 
 
– the indicators to be aggregated are rarely homogeneous and need not share common antecedents 

(Howell et al., 2007); 
– the aggregation technique might introduce implicitly meaningless compensations and trade-offs 

among evaluation dimensions; 
– it is not clear how to combine ordinal variables, using numerical weights. 
 
Even using scaling tools, turning ordinal scores into numerical values, is not satisfactory; it forces 
the nature of the data and is not definitely a clear process, since different choices of the scaling tools 
may imply very different final results. Composite indicators represent the mainstream approach to 
socio-economic evaluation, yet the discussion above shows how many critical issues affect their 
computation. The difficulties are even greater when ordinal variables are dealt with, since statistical 
tools based on linear metric structures can be hardly applied to non-numeric data. In a sense, 
socioeconomic analysis faces an impasse: (i) implicitly or not, it is generally taken for granted that 
‘’evaluation implies aggregation”; thus (ii) ordinal data must be scaled to numerical values, to be 
aggregated and processed in a (formally) effective way; unfortunately (iii) this often proves 
inconsistent with the nature of the phenomena and produces results that may be largely arbitrary, 
poorly meaningful and hardly interpretable. Realizing the weakness of the outcomes based on 
composite indicator computations, statistical research has focused on developing alternative and 
more sophisticated analytic procedures1, but almost always assuming the existence of a cardinal 
latent structure behind ordinal data. The resulting models are often very complicated and still 
affected by the epistemological and technical issues discussed above. The way out to this impasse 



 5 

can instead be found realizing that evaluation need not imply aggregation and that it can be 
performed in purely ordinal terms. This is exactly what POSET theory allows to do. 
 
 
3. Basic elements of partial order theory 
 
A partially ordered set (or a POSET) P = (X, <) is a set X (called the ground set) equipped with a 
partial order relation <, that is a binary relation satisfying the properties of reflexivity, antisymmetry 
and transitivity (Davey and Priestley, 2002): 
 

1. x < x for all x in X (reflexivity); 
2. if x < y and y < x then x = y (antisymmetry); 
3. if x < y and y < z, then x < z  (transitivity). 

 
If x < y or y <  x, then x and y are called comparable, otherwise they are said incomparable (written 
x || y). A partial order P where any two elements are comparable is called a chain or a linear order. 
On the contrary, if any two elements of P are incomparable, then P is called an antichain. A finite 
POSET P (i.e. a POSET over a finite ground set) can be easily depicted by means of a Hasse 
diagram, which is a particular kind of directed graph, drawn according to the following two rules: 
(i) if s < t, then node t is placed above node s; (ii) if s < t and there is no other element w such that s 
< w < t (i.e. if t covers s), then an edge is inserted linking node t to node s. By transitivity, s < t (or t 
< s ) in P, if and only if in the Hasse diagram there is a descending path linking the corresponding 
nodes; otherwise, s and t are incomparable. 
 
 
4. Representing and evaluating ordinal data through POSETs 
 
Let v1,…,vk be k ordinal evaluation variables. Each possible sequence s of scores on v1,…,vk 
defines a different profile. Profiles can be (partially) ordered in a natural way, by the dominance 
criterion given in the following definition: 
 
Definition 1. Let s and t be two profiles over v1,…,vk we say that t dominates s (written s ◄ t) if 
and  only if vi(s) ≤ vi(t) for all i = 1,…,k and there is an index j such that vj(s) ≤ vj(t)  where vh(s) 
and vh(t) are the scores of s and t on vh. 
 
Clearly, not all the profiles can be ordered based on the previous definition; as a result, the set of 
profiles gives rise to a POSET (the profile POSET). Figure 1 reproduces the Hasse diagram of a 
profile POSET built on 5 binary variables, referring to the ownership of 5 different goods (0 – 
ownership; 1 – non-ownership). The top node (i.e. profile 11111) represents complete deprivation; 
on the opposite, the bottom node (i.e. profile 00000) represents no deprivation at all. 
 
Since ordinal phenomena cannot be measured against an absolute scale, the evaluation scores to be 
assigned to the profiles are computed comparing them against some reference profiles selected as 
benchmarks. With reference to the deprivation POSET of Figure 1, let us assume that profile 01000 
represents a “certainly non-deprived” configuration, so that its deprivation score is set to 0 (the 
minimum deprivation degree). As a consequence, also profile 00000 will be scored as 0. At the 
opposite, suppose that both profile 01110 and profile 11001 represent deep deprivation 
configurations, receiving deprivation score 1 (the maximum deprivation degree). Then, also profiles 
11110, 01111, 11101, 11011 and 11111 will get score 1 (since they dominate 01110 or 11001). The 
set W of profiles receiving score 0 and the set D of profiles receiving score 1 are depicted as black 
nodes in the Hasse diagram of Figure 1. As it can be seen, benchmarks share a role similar to that of 
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thresholds in classical evaluation studies, as explained in mode details in Fattore et al. (2011). Thus, 
we will call w = (01000) and d = (01110, 11001) the inferior and the superior threshold 
respectively. 
 

 
Figure 1. Hasse diagram of the deprivation POSET built on 5 binary variables. 

 
Profiles not belonging to D or W are not “certainly deprived”, neither “certainly non-deprived”, so 
they will consistently be assigned deprivation scores in (0,1). The scores are computed based on the 
“position” of the profiles in the profile POSET, with respect to the benchmarks. To perform such a 
computation, the notion of linear extension of a POSET is to be introduced. A linear extension of a 
POSET P is a linear ordering of the elements of P which is consistent with the constraints given by 
the partial order relation. For example, if P is composed of three elements x, y and z, with y < x, z < 
x and y || z, only two linear extensions are possible, namely z < y < x and y < z < x, since x is 
greater than both y and z in P. The set of all the linear extensions of a POSET P comprises all the 
linear orders compatible with P and identifies uniquely the partial order structure (Neggers & Kim, 
1998; Schroeder, 2003). Profiles in D are ranked, in any linear extension of the profile POSET, 
above at least one element of the superior threshold d. Similarly, profiles in W are ranked, in any 
linear extension of the profile POSET, below at least one element1 of the inferior threshold w. All 
other profiles are ranked, in the linear extensions, over elements of d, below elements of w or in 
between the thresholds, with different frequencies, depending on their position in the profile 
POSET. If a profile s is ranked, in a linear extension, over elements of d, in that linear extension it 
receives score equal to 1; if it  is ranked below elements of w, it receives score equal to 0; if it is 
ranked in between, it receives score 0.5, to account for the assessing uncertainty. Averaging2 over 
the set of all the linear extensions of the profile POSET, the final evaluation score is computed for 
profile s and, similarly, for any profile in P. The corresponding evaluation function for the POSET 
depicted in Figure 1, given the thresholds w = (01000), d = (01110, 11001), is reported in Figure 
2(a). As it can be seen, the evaluation function is not just a function of the number of deprivation in 
the profile. The scores reproduce the nuances of deprivation more faithfully than a simple counting 
approach as in Cerioli and Zani (1990) and this shows how the POSET approach is effective in 
extracting information out of the data structure. 
 

                                                 
1In general, any threshold can be composed of more than one profile, even if in the example discussed in the text the 
inferior threshold reduces to a singleton. 
2 The choice of a simple average can be maintained based on the classical axiomatic theory of means. 
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Figure 2. Evaluation functions for the original (a) and the extended (b) deprivation POSET, given 
the thresholds w = (01000) and d = (01110, 11001). Profiles are ordered on the x axis, according 

to increasing deprivation scores. 
 
 
5. The “weighting” problem 
 
The methodology introduced in the previous paragraph assumes the evaluation dimensions to share 
the same relevance. As a matter of fact, some asymmetry among the dimensions is only implicitly 
introduced when the thresholds are identified. As a legacy of the composite indicator methodology, 
the problem of accounting for the relevance of the evaluation dimensions is usually tackled using 
numerical weights, even in an ordinal setting (Cerioli and Zani, 1990; Lemmi & Betti, 2006). As a 
matter of fact, an alternative and more consistent solution comes from POSET theory. However, 
before introducing it, the weighting problem must be carefully reconsidered. Generally, weighting 
schemes are introduced in order to improve the informative content of the analysis and to reduce 
ranking ambiguities (often weights are computed through a principal component analysis, so as to 
maximize the variance, i.e. the informative power of the final index). Ambiguity reduction is the 
key to address the weighting problem also in an ordinal setting. The profile POSET P, built as 
described in Section 4, comprises only those comparabilities which are implied by the purely 
logical ordering criterion stated in Definition 1. Still, many ambiguities, i.e. incomparabilities, 
remain in P, since the ordering criterion is not enough informative to ‘’resolve” all of them. Adding 
information to the evaluation procedure should therefore yield a reduction of the set of 
incomparabilities in the profile POSET. This idea can be formally stated, through the concept of 
extension of a partial order. 
 
Definition 2. Let P1 = (X, <1) and P2 = (X, <2) be two POSETs over the same ground set X. If a <1 b 
implies a <2 b, for any a, b in X, then P2 is called an extension of P1. 
 
Therefore, “weighting” the profile POSET means extending it according to some exogenous 
criterion, suggesting which incomparabilities must be turned into comparabilities. Unfortunately, 
when new comparabilities are added to a POSET, the resulting set P’ is in general not a POSET, 
since transitivity need not be fulfilled. To restore transitivity, all the comparabilities implied by 
those added to P must be also added. This way, the required extension of the profile POSET is 
obtained as the so-called transitive closure P* of P’. It is important to realize that the transitive 
closure of P’ is the smallest POSET comprising the comparabilities of P and those added to it. In 
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general, other extensions of P exist comprising P’, but all of them would contain comparabilities not 
implied by P’. In this sense, choosing one of them would be arbitrary. 
With reference to the deprivation example, let us suppose that goods 2, 3 and 4 are considered as 
more important than goods 1 and 5, so that possessing (say) good 1 does not compensate for not 
possessing good 4. Based on this assumption, some incomparabilities of the original deprivation 
POSET P can indeed be turned into comparabilities and added to P itself. Through the transitive 
closure device, the minimal extension P* of P can be readily3 obtained; its Hasse diagram is 
depicted in Figure 3, together with sets D and W. As it can be seen, the extended POSET comprises 
much less incomparabilities that the original profile POSET, that is, it is much more informative on 
the relative deprivation degree of the profiles. The evaluation function is then computed using the 
same procedure described previously. The rank distributions of the profiles over the set of linear 
extensions is affected by the addition of information to the profile POSET, resulting into a much 
more polarized evaluation function, as it can be seen in Figure 2(b). As expected, the added 
information has reduced the ambiguity of the original partial order, resulting in a much steeper 
evaluation function. 
 

 
 

Figure 3. Hasse diagram of the extended deprivation POSET built on 5 binary variables. 
 
 
6. Conclusion 
 
In this paper, we have outlined a new methodology for evaluation purposes in multidimensional 
systems of ordinal data. The methodology draws upon POSET theory, so as to overcome the 
conceptual and computational drawbacks of the standard aggregative procedures, which involve 
composite indicators. Poset tools allow to describe and to exploit the relational structure of the data, 
so as to compute evaluation scores in purely ordinal terms, avoiding any aggregation of variables. 
The effectiveness of the partial order approach is particularly evident in the way the ‘’weighting” 
problem is addressed and solved, avoiding the introduction of numerical weights in the 
computations. Although simplified, the examples discussed in the paper show how the methodology 
can be applied in practice and to real datasets. The software routines needed for the computations 
can in fact be easily implemented through standard programming languages. As any novel proposal, 
our methodology can be improved in many respects and extended in many directions, both at 
theoretical and applied level. These are interesting perspectives for future research. 
 

                                                 
3 Computing the transitive closure is a trivial task, using the matrix representation of POSETs (Patil and Taillie, 2004). 
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