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Introduction

The Standard Model (SM) of particle physics is a G = SU(3)C ×SU(2)I ×U(1)Y gauge
theory that describes the strong and electroweak interactions of the known subatomic
particles at an impressive level of accuracy. The validity of the SM has been established
during the last 30 years. The experimental facilities that played a major role in validating
the model are SPS at CERN, where the W and Z bosons were first observed, HERA,
where the proton structure was studied in detail, LEP and SLC, where accurate tests of
the SM were performed, and the Fermilab Tevatron, where the top quark was discovered.

Despite its success, the SM has some well known problems. In particular the mech-
anism that gives masses to the particles remains to be understood. Gauge boson mass
terms are forbidden because they violate gauge invariance. Moreover, contrary to what
happens in vector theories like QED and QCD, also fermion mass terms are not permit-
ted: the SU(2)×U(1) electroweak sector is in fact a chiral theory: left and right handed
fermions couple differently to the gauge group. The most accepted/accredited solution
to this problem is based on the concept of Spontaneous Symmetry Breaking mechanism
(SSB), which is borrowed from statistical mechanics. Through SSB the Lagrangian re-
mains gauge invariant but the gauge symmetry is broken by the vacuum.

There are several possibilities to realize SSB: the standard one, which is implemented
in the minimal version of the SM, is to introduce a complex scalar SU(2) doublet endowed
with a symmetry breaking potential. Three out of the four degrees of freedom go to give
mass to the W and Z bosons, leaving the photon massless, and the fourth remains in
the spectrum and is the so called Higgs boson [1]. More involved models imply the
existence of more than one Higgs doublet, and thus more than one Higgs boson exist in
the spectrum. It is clear that such Higgs boson(s) plays a central role in giving masses
and couplings to SM particles, therefore the corresponding experimental search is one of
the most important tasks of modern high energy particle physics. In the minimal version
of the SM, on which we will focus in this thesis, the important unknown parameter is the
Higgs boson mass MH , which, together with fermion masses, completely determine the
Higgs sector.

iii



Introduction iv

Even if the Higgs boson is not yet observed, if it exists, it must manifest itself in loop
corrections. In particular, it will affect the self energies of the W and Z bosons, and thus
precision electroweak data provide indirect information on the Higgs mass, as it happened
for the top quark. As a consequence, a precise knowledge of the electroweak parameters
(such as gauge boson masses MW ,MZ , Weinberg angle θw), can be used to constrain the
Higgs mass. The top mass appears quadratically in the radiative contributions. For this
reason the top mass was predicted with good precision before its discovery. Unfortunately
the Higgs mass enters only logarithmically at one-loop order, and it is difficult to obtain
stringent constraints. The present electroweak data [2] suggest that the Higgs boson
should be light (MH ∼< 200 GeV).

Up to now the Higgs boson has not yet been observed. LEP experiments have put
a lower limit to the Higgs mass at MH > 114.4 GeV [2]. Tevatron experiments recently
excluded the SM Higgs in the mass region 156 GeV < MH < 177 GeV andMH < 108 GeV
[3]. Higgs searches are being currently carried out at the ATLAS and CMS experiments
at the LHC; their preliminary combined results exclude at 95% CL a SM Higgs boson
in the mass range 141 GeV < MH < 476 GeV [4]. Very recently (13 December 2011),
in a seminar held at CERN, the ATLAS and CMS experiments presented the status
of their searches for the Standard Model Higgs boson [5]. The main conclusion is that
the Standard Model Higgs boson is most likely to have a mass constrained to the range
116 − 130 GeV by ATLAS and 115 − 127 GeV by CMS. Some excesses have been seen
by both experiments in the mass region around 125 GeV, but these are not yet strong
enough to claim a discovery.

The main production mechanism of the SM Higgs boson at hadron colliders is the
gluon-gluon fusion process. At the leading order (LO) in the QCD perturbative expansion
the process occurs through a heavy-quark loop [6]. The computation of QCD radiative
corrections is important to have a reliable estimate of the production rate, but it is
complicated since already at next-to-leading corrections (NLO) it involves the evaluation
of two-loop diagrams. Despite this fact, the NLO corrections to the total cross section
have been computed already about 20 years ago [7, 8, 9] and found to be very large
(80-100%), thus casting doubts on the reliability of the perturbative expansion. In the
past ten years the next-to-next-to-leading order (NNLO) has been computed [10, 11, 12,
13, 14, 15] and the corrections turn out to be moderate (10-25% at LHC); thus, now, the
predictions for the total cross section appear to be under control.

The decay of the Higgs boson is driven by the strength of its interaction with other
particles, that grows with the particle mass itself. Thus the decay into heavy parti-
cles (W±, Z0, t, b) will be dominant when kinematically allowed. Unfortunately QCD
backgrounds may give the same observable final state. In order to distinguish Higgs
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boson events from the background, a good knowledge of both signal and background
cross sections is needed, and this applies not only to total rates, but also to differential
distributions.

One of the most important distribution in Higgs boson production is the transverse-
momentum (qT ) spectrum of the Higgs boson. A precise knowledge of this observable
can help to improve and optimise the search strategies and the statistical significance in
the data analysis.

The first part of my PhD activity was mostly devoted to the study of this distribution
in QCD perturbation theory. To study the transverse momentum distribution for Higgs
production, it is convenient to separate the qT spectrum in the high (qT ∼MH) and small
(qT � MH) regions. In the large-qT region, the perturbative expansion is controlled by
the small expansion parameter αs(M2

H), and the calculations based on the truncation of
the series at a fixed-order in αs are theoretically justified. Here perturbative fixed-order
predictions are available up to NLO. The bulk of events, however, is expected to lie in
the small transverse momentum region, where the emission of collinear and soft radiation
from incoming partons enhances the coefficients of the perturbative expansion by powers
of the logarithmic terms ln

(
M2
H/q

2
T

)
. Therefore αs(M2

H) ln
(
M2
H/q

2
T

)
∼ 1 and the validity

of the perturbative expansion is spoiled. To solve this problem, the logarithmic terms
have to be resummed to all orders in αs. For the Higgs boson, this resummation has been
explicitly done up to the next-to-leading-logarithms (NLL) [16] and the next-to-next-to-
leading-logarithms (NNLL)[17, 18, 19, 20, 21]. In order to obtain a reliable theoretical
prediction over the entire transverse momentum spectrum, the resummed and fixed order
calculations have to be consistently matched, to avoid double counting. Such a calculation
up to NNLL+NLO has been performed, and is implemented in the code named HqT [22].
This program provides the most advanced perturbative information available at present
for this observable and, for this reason, it is currently used to correct (reweight) the
transverse momentum spectrum generated with Monte Carlo event simulations in the
Tevatron and the LHC analysis. In the first version of HqT an approximation is used in
the resummed component at NNLL accuracy. We have made available a new updated
version of the code named HqT2.0 [23] that implements the exact expressions of the
coefficients controlling the resummation at full NNLL accuracy.

The results of perturbative QCD computations at hadron colliders usually depend on
two unphysical scales, the renormalization and factorization scales. The central values of
these scales are chosen to be the hard scale of the process, and variations of the scales
around the central value are used to estimate perturbative uncertainties. In the new
version of HqT, besides the usual dependence on renormalization and factorization scales,
we have also implemented the exact dependence on an auxiliary scale (resummation
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scale) introduced through the resummation procedure. Independent variations of these
three scales allow a more reliable assessment of the theoretical uncertainties affecting the
resummed Higgs transverse momentum spectrum.

The program HqT computes the inclusive transverse momentum spectrum of the Higgs
boson, but such spectrum is not directly measurable at the experiments. In fact, the Higgs
boson is an unstable particle that (after its production) will decay into the final state
that will be observed in the detectors. It is thus important to extend the program HqT

to include the most relevant Higgs decay modes. The second part of my PhD activity is
devoted to the inclusion of such decays, in particular the decay into two photons and into
WW and ZZ to leptons. These decays are the most useful for the Higgs boson searches
in the gluon fusion production mode, because they are expected to provide the most clear
signatures in the detectors. The calculations of such decays can be implemented in an
extension of HqT that allows us to retain the full kinematical information of the decay
products. In particular I worked to obtain such program that allows to apply arbitrary
cuts on the momenta of the final particles. This is essential in order to correctly take
into account the effects of the geometrical acceptances of the detectors.

This thesis is organized in two main parts.

The first part is a general introduction on high energy physics with particular empha-
sis on Higgs physics. In Chapter 1, I will give a concise review of the Standard Model,
with particular emphasis on the Spontaneous Symmetry Breaking mechanism and the
Higgs field. Then in Chapter 2, I will discuss some technical aspects concerning the
Standard Model, perturbation theory and the parton model. In Chapter 3, I will treat
the general features of Higgs boson production and decay at hadron colliders and the
related search strategies. Then in Chapter 4, I will discuss the most relevant differential
distributions concerning Higgs boson production and decay, with particular emphasis on
the fixed order failure in describing the small transverse momentum region and the all-
order resummation of the logarithmically enhanced terms that spoil the convergence of
the fixed order expansion.

The second part of this thesis the main results of my work are presented. In Chapter
5, I discuss the upgrade of HqT and the related phenomenological studies. In Chapter 6, I
present the new code HRes that includes the Higgs decay in the di-photon and four-leptons
channels, with detailed studies of observables on the Higgs decay products.

In Appendix A, I report the list of acronyms used in the thesis and in Appendix B
the explicit expression of the coefficients entering transverse momentum resummation at
NNLL accuracy.
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The results presented in this thesis are the subject of two publications. The pre-
dictions for the Higgs boson transverse momentum spectrum and detailed study on the
theoretical uncertainties are presented in

Transverse-momentum resummation: Higgs boson production at the Tevatron and the
LHC, Daniel de Florian, Giancarlo Ferrera, Massimiliano Grazzini, Damiano Tommasini;
JHEP 1111 (2011) 064, arXiv:hep-ph/1109.2109.

A detailed analysis of the impact of transverse momentum resummation in the Higgs
boson production and decay will be presented in a forthcoming paper:

Transverse momentum resummation for Higgs boson production and decay, Daniel de
Florian, Giancarlo Ferrera, Massimiliano Grazzini, Damiano Tommasini, in preparation1.

1PS: the final published paper is Higgs boson production at the LHC: transverse momentum resum-
mation effects in the H->2gamma, H->WW->lnu lnu and H->ZZ->4l decay modes., Daniel de Florian,
Giancarlo Ferrera, Massimiliano Grazzini, Damiano Tommasini; JHEP 1206 (2012) 132, arXiv:hep-
ph/1203.6321.





Chapter 1

Overview on the Standard Model

The mathematical framework for describing the physics of subatomic particles is provided
by relativistic quantum field theory. Using this framework, we can properly describe the
elementary particles and their interactions combining the features of quantum mechanics
and special relativity. In order to describe the interactions and the field dynamics we
introduce the gauge principle: a gauge theory is a field theory in which the Lagrangian
is invariant under a continuous group of local transformations; for each group generator
there is a corresponding gauge field. Gauge theories can be spontaneously broken: in this
case the local symmetry of the Lagrangian is preserved, but it is broken by the vacuum,
and thus it is not respected in the spectrum of the physical states.

Among the models that it is possible to build using the framework of relativistic
quantum field theory, gauge principle and SSB, an excellent description of available data
is provided by the so called Standard Model of elementary particles (SM). In this chapter I
will give a short overview of the Standard Model [24, 25, 26, 27, 28, 29, 30] with particular
emphasis on the SSB mechanism leading to the Higgs boson [1, 31, 32, 33].

1.1 Main features of the Standard Model

The Standard Model of elementary particles is a non-abelian gauge theory based on the
symmetry group SU(3)C×SU(2)I×U(1)Y . The subscripts stand for Colour, Isospin and
Hypercharge, respectively, and the related gauge fields are eight gluons interacting with
the SU(3)C colour quantum number, three weak fields interacting with the SU(2)I isospin
quantum number and an abelian field that interacts with the U(1)Y weak hypercharge.

The matter fields consist of three generations of fermions together with their corre-
sponding antiparticles: (e, ν̄e, u, d), (µ, ν̄µ, c, s) and (τ, ν̄τ , t, b); for each fermion gener-
ation there are one charged lepton, one neutrino, one positive-charged quark and one
negative-charged quark.

1



Chapter 1: Overview on the Standard Model 2

The group SU(3)C is the gauge group of the Quantum Chromo Dynamics (QCD),
i.e. the strong interacting sector of the SM. The QCD Lagrangian density is

LQCD = −1

4
F aµνF

aµν + i
∑

r

q̄irα (γµ)αβ(Dµ)ij q
jβ
r + h.c., (1.1)

where qirα are the quark fields, r is the quark flavour index (r = 1, 2, 3), i, j are the colour
indices in the fundamental representation of the group SU(3)C , the greek indices α, β, µ
are Lorentz indices, γµ are the Dirac matrices defined by the relation {γµ, γν} = 2gµν

and gµν is the metric tensor. The field strenght tensor F aµν for the gluon field Gaµ is

F aµν = ∂µG
a
ν − ∂νGaµ − gsfabcGbµGcν , (1.2)

where a = 1, . . . , 8 is the colour index in the adjoint representation of the group SU(3)C ,
gs is the QCD coupling constant and the constants fabc are the structure constants of
SU(3) and define the Gell-Mann matrices λa

[λa, λb] = 2ifabcλc. (1.3)

In the Lagrangian (1.1), the quadratic term in the field tensor leads to three and four-
point gluon self-interactions whereas the covariant-derivative

(Dµ)ij = δij∂µ + igsG
a
µ(λa/2)ij (1.4)

leads the quark-gluon interactions.
The group SU(2)I ×U(1)Y is the gauge group of the electroweak sector (EW), which

has a Lagrangian density

LEW = −1

4
BµνB

µν − 1

4
W i
µνW

iµν + i
∑

r

(
ψ
r
L γµD

µ
L ψ

r
L + ψ

r
R γµD

µ
R ψ

r
R

)
+ h.c.; (1.5)

from now on, for simplicity, we omit the Lorentz and colour indices in the fermion fields
ψ. W i

µν , Bµν are the field strength tensor for the W i
µ Weak Isospin and Bµ Hypercharge

gauge fields (i = 1, 2, 3) and now r is the fermion family index (r = 1, 2, 3)

Bµν = ∂µBν − ∂νBµ, (1.6)

W i
µν = ∂µW

i
ν − ∂νW i

µ − gεijkW j
µW

k
ν , (1.7)

where g is the SU(2) gauge coupling and εijk is the fully antisymmetric tensor.
A relevant feature of the electroweak sector is the fact that it is a chiral theory, that is

fermions couple differently in their right-handed and left-handed components; they trans-
form as singlets and doublets under SU(2)I , respectively, and they have different U(1)Y
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charges. By the use of γ5 ≡ iγ0γ1γ2γ3, one can define the left and right components of
the fermionic fields

ψL ≡
1− γ5

2
ψ ψR ≡

1 + γ5

2
ψ (1.8)

and one can construct the weak-isospin left doublets: lepton LL and quark QL,

LL =

(
(νl)L
lL

)
QL =

(
q+
L

q̂−L

)
, (1.9)

where the index l runs over the leptons e, µ, τ , the index q+ runs over the positive-charged
quarks u, c, t and q̂− over d, s, b (the negative-charged ones). The negative-charged quarks
are expressed in the electroweak basis (q̂) that is connected to the mass eigenstates basis
(q) via the CKM matrix V (q̂i = Vijqj).

Experimentally we know that all the left-handed fermions have a right-handed coun-
terpart, except neutrinos [34, 30].

The interactions between fermions and vector fields are now incorporated in the theory
generalizing the covariant derivative (1.4), including the terms related to the various
gauge groups

DLµ = ∂µ + igsG
a
µ

λa

2
+ igT iW i

µ + ig′
Y

2
Bµ, (1.10)

DRµ = ∂µ + igsG
a
µ

λa

2
+ ig′QBµ, (1.11)

where T i, Y are the generators of SU(2), U(1) respectively with couplings g, g′ and Q =

T3+ Y
2 is the electric charge in units of (−e), T3 is the third component of the weak-isospin

and Y the hypercharge.

A peculiar property of the electroweak SU(2)×U(1) group is the fact that the physical
gauge bosons we observe experimentally are mixture of the electroweak eigenstatesW i, B:
the vector bosons Z0,W± and A (the photon). They are given by the following linear
combinations

W±µ =
W 1
µ ∓ iW 2

µ√
2

, (1.12)

Z0
µ = cos θwW

3
µ − sin θwBµ, (1.13)

Aµ = sin θwW
3
µ + cos θwBµ, (1.14)

where θw is the Weinberg mixing angle (θw ≡ arctan g′

g ) and e = g sin θw is the electro-
magnetic coupling.
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1.2 Spontaneous symmetry breaking and the Higgs boson

Defining the SM Lagrangian by combining the EW and QCD Lagrangian, we obtain

L = −1

4
BµνB

µν − 1

4
W i
µνW

iµν − 1

4
F aµνF

aµν + i
∑

r

(
ψ
r
L γµD

µ
L ψ

r
L + ψ

r
R γµD

µ
R ψ

r
R

)
+ h.c.

(1.15)
With this Lagrangian, it is possible to obtain interaction vertices and particle propagators
that are needed to calculate scattering amplitudes in high energy interactions.

At this level, all fields representing different types of particles are treated as massless.
However, from the experiments, we have definitive evidence that all the fermions and the
W±, Z0 bosons are massive. On the other hand, we can not directly include mass terms in
the Lagrangian. For example, if we introduce in the Lagrangian naive gauge boson mass
terms of the type m2BµB

µ, we explicitly violate even the simplest U(1) gauge symmetry.
Furthermore, as we discussed above, the theory is chiral, while a fermionic mass term is
of the form m(ψ̄LψR + ψ̄RψL). This term mixes fermions of different chirality and thus
it is not allowed. In both the cases, an explicit mass term is forbidden in the theory.

The solution to this problem is provided by the SSB mechanism. This mechanism
is realised when, given a symmetry of the Lagrangian, the ground state is not invariant
under the action of this symmetry. Historically, the concept of SSB first emerged in
the theory of ferromagnets. Although the theory is rotationally invariant by hypothe-
sis, below the critical Curie temperature TC the ground state has the spins all aligned
along some particular direction, thus not respecting the initial rotational symmetry. The
same picture can be generalized to quantum field theory (QFT), with the ground state
becoming the vacuum state1.

In the minimal version of the SM the SSB is achieved as follows. We introduce a new
field Φ whose dynamic is described by the Lagrangian

LΦ = (DµΦ)†(DµΦ)− V (Φ), (1.16)

where the potential V (Φ) is chosen to be gauge invariant, but with a minimum which
breaks the symmetry, i.e. despite we preserve the gauge invariance of the Lagrangian at
the same time the vacuum is not invariant under the symmetry group.

In the SM, Φ is a doublet of complex fields with four new degrees of freedom, which
can be parametrized as follows

Φ ≡ 1√
2

(
φ1 + iφ2

φ3 + iφ4

)
; (1.17)

the covariant derivative takes into account the EW interaction terms

Dµ = ∂µ − igT iW i
µ − ig′

Y

2
Bµ (1.18)

1It is well known that there is a formal analogy between statistical mechanics and QFT.
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and the potential of the Higgs self-interactions is

V (Φ) = λ(Φ†Φ)2 − µ2Φ†Φ; (1.19)

if the parameters µ2, λ are positive, this potential has a classical minimum which is not

|Φ| = 0: we obtain a circle of degenerate minima |Φ| =
√

µ2

2λ ≡ v√
2
leading to an infinite

number of degenerate ground states. By choosing as ground state:

〈Φ〉 ≡ 1√
2

(
0

v

)
(1.20)

the SU(2)I×U(1)Y symmetry is spontaneously broken (with U(1)em symmetry left over)
and the field Φ can be parametrized in terms of the the Higgs field H, as follows (in the
unitary gauge)

Φ ≡ 1√
2

(
0

v +H

)
. (1.21)

Now writing down the explicit expression obtained substituting the covariant deriva-
tive Eq. (1.18) in the kinetic part of Lagrangian Eq. (1.16) and applying the linear
transformation of Eq. (1.14) on the vector boson fields, we obtain a sum of terms as
2µ2H2, 1

4g
2v2WµW

µ or g2

2 H
2ZµZ

µ and so on. These terms can be interpreted as mass
terms for the particles and interactions with the Higgs boson. In this procedure, three
degrees of freedom in (1.17) are absorbed to provide the longitudinal modes to the elec-
troweak gauge bosons Z0 and W± giving them mass as well as the interaction strengths
λHV V , λHHV V between Higgs and vector bosons (V = Z0,W±). At the same time, the
Yukawa-type couplings of the form gfψψΦ, between fermions and Higgs doublet, leads to
terms gfvψψ giving masses to leptons and quarks (Mf = gfv) and residual interactions
λfψψH.

Summarizing the SSB mechanism provides particle masses and interaction strengths
as in table (1.1)

MW = 1
2gv MZ = 1

2v
√
g2 + g′2 Mγ = 0 MH =

√
2µ

Mf = gfv λHψψ =
√

2gf λHV V = 2
M2
V
v λHHV V = 2

M2
V
v2

Table 1.1: SM particle masses and couplings with Higgs boson

The vacuum expectation value v is related to the Fermi coupling constant GF =
g2
√

2
8M2

W
= 1√

2v2 and its experimental value is v = 246.220(4) GeV [30]. Since all fermion
and vector boson masses are known, all the Higgs properties are fixed by its mass (or
equivalently µ) which is the only unknown parameter of the SM Higgs sector.
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1.3 Experimental validations of the Standard model and
status of the Higgs boson searches

The Standard Model is an elegant theoretical framework that describes the phenomenol-
ogy of high-energy elementary particles to a remarkable level of accuracy. Several ob-
servables can be computed as function of few important parameters: the fine structure
constant αem = e2/(4π), the strong coupling constant αs = g2

s/(4π), the Fermi constant
GF and the masses of elementary particles.

The validity of the SM has been precisely tested for its electroweak sector. A collection
of accurate measurements is shown in Figs. 1.1 and 1.2 (respectively non-Z pole and
Z pole observables). The column denoted Pull gives the standard deviations for the
principal fit with MH free, while the column denoted Dev. (Deviation) is for MH = 117

GeV. From Fig. 1.1 and 1.2 we see that only the measurements of the muon g − 2 from
BNL and of the hadronic asymmetry A(0,b)

FB are currently showing large discrepancies with
the corresponding SM prediction. Moreover, A0

LR from SLD differs by 1.8 sigma from the
SM prediction. The discrepancies in the asymmetries are hardly explained in terms of a
new physics effect, which should appear already at tree level and involve preferentially
the third generation. However, the agreement between SM theoretical predictions and
the experimental data is over all excellent, and it is fair to say that no clear evidence for
new physics effects has been observed.

26 10. Electroweak model and constraints on new physics

Table 10.6: Principal non-Z pole observables, compared with the SM best fit
predictions. The first MW value is from the Tevatron [207] and the second one
from LEP 2 [160]. The values of MW and mt differ from those in the Particle
Listings when they include recent preliminary results. g2L, which has been adjusted

as discussed in Sec. 10.3, and g2R are from NuTeV [98] and have a very small
(−1.7%) residual anti-correlation. e-DIS [123] and the older ν-DIS constraints from
CDHS [92], CHARM [93], and CCFR [94] are included, as well, but not shown
in the Table. The world averages for gνeV,A are dominated by the CHARM II [116]

results, gνeV = −0.035 ± 0.017 and gνeA = −0.503± 0.017. The errors are the total
(experimental plus theoretical) uncertainties. The ττ value is the τ lifetime world
average computed by combining the direct measurements with values derived from
the leptonic branching ratios [5]; in this case, the theory uncertainty is included in
the SM prediction. In all other SM predictions, the uncertainty is from MZ , MH ,
mt, mb, mc, α̂(MZ), and αs, and their correlations have been accounted for. The
column denoted Pull gives the standard deviations for the principal fit with MH

free, while the column denoted Dev. (Deviation) is for MH = 117 GeV fixed.

Quantity Value Standard Model Pull Dev.

mt [GeV] 173.1± 1.3 173.2± 1.3 −0.1 −0.5

MW [GeV] 80.420± 0.031 80.384± 0.014 1.2 1.5

80.376± 0.033 −0.2 0.1

g2L 0.3027± 0.0018 0.30399± 0.00017 −0.7 −0.6

g2R 0.0308± 0.0011 0.03001± 0.00002 0.7 0.7

gνeV −0.040± 0.015 −0.0398± 0.0003 0.0 0.0

gνeA −0.507± 0.014 −0.5064± 0.0001 0.0 0.0

QW (e) −0.0403± 0.0053 −0.0473± 0.0005 1.3 1.2

QW (Cs) −73.20± 0.35 −73.15± 0.02 −0.1 −0.1

QW (Tl) −116.4± 3.6 −116.76± 0.04 0.1 0.1

ττ [fs] 291.09± 0.48 290.02± 2.09 0.5 0.5
Γ(b→sγ)
Γ(b→Xeν)

(
3.38+0.51

−0.44

)
× 10−3 (3.11± 0.07)× 10−3 0.6 0.6

1
2 (gμ − 2− α

π ) (4511.07± 0.77)× 10−9 (4509.13± 0.08)× 10−9 2.5 2.5

deviations. In addition, A0
LR (SLD) from hadronic final states differs by 1.8 σ. The SM

prediction of σhad (LEP 1) moved closer to the measurement value which is slightly
higher. Rb, whose measured value deviated in the past by as much as 3.7 σ from the SM
prediction, is now in agreement, and a 2 σ discrepancy in QW (Cs) has also been resolved.
g2L from NuTeV is currently in agreement with the SM but this statement is preliminary
(see Sec. 10.3).

Ab can be extracted from A
(0,b)
FB when Ae = 0.1501 ± 0.0016 is taken from a fit to

July 30, 2010 14:36

Figure 1.1: Principal non-Z pole observables and their SM predictions [30].

The only element of the framework still to be discovered is the Higgs boson and in
order to have a complete picture of the SM, the only missing parameter is its mass. More
generally, the discovery of the Higgs boson is one of the fundamental open problems of
the SM and something missing to reveal the dynamics of the SSB of the Electroweak
sector.
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Table 10.7: Principal Z pole observables and their SM predictions (cf. Table 10.6).

The first s2� (A
(0,q)
FB ) is the effective angle extracted from the hadronic charge

asymmetry while the second is the combined lepton asymmetry from CDF [157] and
DØ [158]. The three values of Ae are (i) from ALR for hadronic final states [152];
(ii) from ALR for leptonic final states and from polarized Bhabba scattering [154];
and (iii) from the angular distribution of the τ polarization at LEP 1. The two Aτ

values are from SLD and the total τ polarization, respectively.

Quantity Value Standard Model Pull Dev.

MZ [GeV] 91.1876± 0.0021 91.1874± 0.0021 0.1 0.0
ΓZ [GeV] 2.4952± 0.0023 2.4954± 0.0009 −0.1 0.1
Γ(had) [GeV] 1.7444± 0.0020 1.7418± 0.0009 — —
Γ(inv) [MeV] 499.0± 1.5 501.69± 0.07 — —
Γ(�+�−) [MeV] 83.984± 0.086 84.005± 0.015 — —
σhad[nb] 41.541± 0.037 41.484± 0.008 1.5 1.5
Re 20.804± 0.050 20.735± 0.010 1.4 1.4
Rμ 20.785± 0.033 20.735± 0.010 1.5 1.6
Rτ 20.764± 0.045 20.780± 0.010 −0.4 −0.3
Rb 0.21629± 0.00066 0.21578± 0.00005 0.8 0.8
Rc 0.1721± 0.0030 0.17224± 0.00003 0.0 0.0

A
(0,e)
FB 0.0145± 0.0025 0.01633± 0.00021 −0.7 −0.7

A
(0,μ)
FB 0.0169± 0.0013 0.4 0.6

A
(0,τ)
FB 0.0188± 0.0017 1.5 1.6

A
(0,b)
FB 0.0992± 0.0016 0.1034± 0.0007 −2.7 −2.3

A
(0,c)
FB 0.0707± 0.0035 0.0739± 0.0005 −0.9 −0.8

A
(0,s)
FB 0.0976± 0.0114 0.1035± 0.0007 −0.6 −0.4

s̄2� (A
(0,q)
FB ) 0.2324± 0.0012 0.23146± 0.00012 0.8 0.7

0.2316± 0.0018 0.1 0.0
Ae 0.15138± 0.00216 0.1475± 0.0010 1.8 2.2

0.1544± 0.0060 1.1 1.3
0.1498± 0.0049 0.5 0.6

Aμ 0.142± 0.015 −0.4 −0.3
Aτ 0.136± 0.015 −0.8 −0.7

0.1439± 0.0043 −0.8 −0.7
Ab 0.923± 0.020 0.9348± 0.0001 −0.6 −0.6
Ac 0.670± 0.027 0.6680± 0.0004 0.1 0.1
As 0.895± 0.091 0.9357± 0.0001 −0.4 −0.4

July 30, 2010 14:36

Figure 1.2: Principal Z pole observables and their SM predictions [30].

Precision electroweak measurements can be used to constrain the Higgs mass. Fig. 1.3
shows the ∆χ2 curve derived from high-Q2 precision electroweak measurements, per-
formed at LEP and by SLD, CDF, and D0, as a function of the Higgs mass. The
preferred value for MH , corresponding to the minimum of the curve, is at 92 GeV, with
an experimental uncertainty of +34 and -26 GeV (at 68 percent confidence level derived
from ∆χ2 = 1 for the black line, thus not taking the theoretical uncertainty shown as
the blue band into account). This result is only little affected by the low-Q2 results such
as those from NuTeV [35]. The precision electroweak measurements tell us that the mass
of the Standard-Model Higgs boson is lower than about 161 GeV. This limit increases to
185 GeV when including the LEP2 direct search limit.

Up to now (December 2011) the Higgs boson is not yet been observed. LEP experi-
ments have put a lower limit to the Higgs mass at MH>114.4 GeV at the 95% C.L. [2].
The Tevatron experiments recently published a combined analysis on direct searches for
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Figure 1.3: ∆χ2 = χ2 − χ2
min vs. MH curve. The line is the result of the fit using all

data; the band represents an estimate of the theoretical error due to missing higher order
corrections. The vertical band shows the 95% CL exclusion limit on MH from the direct
search.

the SM Higgs boson in pp̄ collisions at a centre-of-mass energy of 1.96 TeV, with up to
8.2 fb−1 of data analysed at CDF and up to 8.6 fb−1 at D∅. The combined result of this
search is reported in Fig. 1.4. The plot displays the ratio of the 95% CL limit on the
cross section over the SM cross section as a function of the Higgs mass. When the solid
line crosses unity a SM Higgs with the corresponding mass is excluded at 95% CL.

The CDF and D∅ combined result shows that the SM Higgs boson is excluded in the
mass region 156 < MH < 177 GeV (in addition, the constraint MH > 108 GeV confirms
part of the LEP limit) [3].

After the shutdown of the Tevatron at the end of september 2011 the Higgs searches
are currently being carried out by the ATLAS and CMS experiments at the LHC. The
LHC collides protons at a centre-of-mass energy of 7 TeV. The integrated luminosity
accumulated in the 2010-2011 run is ∼5.20 fb−1 per experiment, and the data analysis is
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Figure 1.4: Observed and expected 95% C.L. upper limits on the ratios to the SM cross
section, as functions of the Higgs boson mass for the combined CDF and D∅ analyses.

currently in progress. A first combined exclusion limit (with 1-2.3 fb−1 of analysed data)
was presented at the HCP conference in Paris and it excluded the region 141 < MH < 476

GeV [4]. This combination includes searches using the following Higgs boson decay sig-
natures: H → γγ,H → bb,H → ττ,H → WW (lνlν) and H → ZZ(4l, 2l2ν, 2l2q, 2l2τ)

(see Fig. 1.5).
In a seminar held at CERN on December 13, 2011, the ATLAS and CMS experi-

ments presented the updated status of their searches for the SM Higgs boson. Significant
progress in the search for the Higgs boson has been achieved, but not enough to make
any conclusive statement on the existence or non-existence of the Higgs. As we can see
from Fig. 1.6, the main conclusion is that the SM Higgs boson, if it exists, is most likely
to have a mass constrained to the range 116 − 130 GeV by the ATLAS and 115 − 127

GeV by the CMS experiment. Both the experiments extended the upper exclusion limit
as well, up to ∼ 600 GeV.

Both ATLAS and CMS have analysed several decay channels, and the experiments
see small excesses of events in the low mass region around MH ∼ 125 GeV. Such excesses
are not strong enough to claim a discovery. A definitive statement on the existence or
non-existence of the Higgs boson will require more data, and is not likely until later in
2012.
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Figure 1.5: The experimental status of the SM Higgs boson searches [4], combining the
best results of all the experiments (November 14, 2011).

 [GeV]HM
110 115 120 125 130 135 140 145 150

S
M

σ/
σ

9
5
%

 C
L
 L

im
it
 o

n
 

1

10
Observed
Expected

σ1 ±
σ2 ±  = 7 TeVs     

1
 Ldt = 1.04.9 fb∫

ATLAS Preliminary 2011 Data

CLs Limits

)2Higgs boson mass (GeV/c
110 115 120 125 130 135 140 145 150

S
M

σ/
σ

A
s
y
m

p
to

ti
c
 9

5
%

 C
L
 l
im

it
 o

n
 

1

10

Observed

σ 1±Expected 

σ 2±Expected 

Observed

σ 1±Expected 

σ 2±Expected 

1 = 4.7 fb
int

, Lγγ 4l + →H 

 = 7 TeVsCMS Preliminary,  
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Chapter 2

Perturbative QCD at hadron
colliders

In order to test the Standard Model of elementary particles, we have to calculate observ-
ables that have to be measured by experiments. The calculations of such observables are
made by combining calculations of Feynman diagrams with the use of general features of
the theory. At hadron colliders we are studying collisions of composite particles, bound
states of quarks and gluons, it is thus necessary to use the parton model framework or,
more precisely, the QCD factorisation theorem.

In this chapter we briefly review some general aspects that have to be taken into
account in order to provide quantitative predictions.

2.1 Redundant degrees of freedom in the SM Lagrangian
and gauge fixing

In a gauge theory the fields are defined with redundant degrees of freedom. In order
to calculate physical quantities, we have to take into account the degrees of freedom of
the fields in the Lagrangian and the physical degrees of freedom, in order to avoid the
non-physical ones. In particular, in QCD we cannot quantize the theory without adding
a new gauge-fixing term, i.e. we have to choose the gauge. The key point is that it is
impossible to define the propagator of the gauge fields without making a gauge choice
[36, 37].

For example, we can solve the problem for the gluon field introducing a physical gauge
fixing term (2.1), loosing the explicit Lorentz invariance of the Lagrangian

LphysGF = − 1

2ξ

N2
c−1∑

a=1

(
ηµGaµ

)2
, (2.1)

11



Chapter 2: Perturbative QCD at hadron colliders 12

where ηµ is a fixed vector and ξ is a constant. Another choice, in order to preserve the
explicit Lorentz invariance is the covariant gauge fixing (2.2)

LcovGF = − 1

2ξ

N2
c−1∑

a=1

(
∂µGaµ

)2
, (2.2)

but in this case there are some residual non-physical longitudinal degrees of freedom that
have to be cancelled through another contribution [38]: an anticommuting scalar field χ,
called ghost, with Faddeev-Popov Lagrangian LFP

LFP = (∂µχa∗) (δab∂µ − gsfabcGcµ)χb. (2.3)

We obtain the gluon propagator

(iδabd iµν(k))/(k2 + iε), (2.4)

where the polarization tensor d iµν(k) in the two gauges is:

dphysµν (k) = −gµν +
kµην + kνηµ

η · k − η2 kµkν
(η · k)2

, (2.5)

dcovµν (k) = −gµν + (1− ξ)kµkν
k2

. (2.6)

Note that in the covariant gauge we have also to introduce the ghost propagator iδab 1
k2+iε

.
In general, we are free to choose between the two gauge fixing terms (or also other

gauge fixing), and the obtained predictions must be equivalent. Typically the physical
gauge makes lowest-order and approximate higher-order calculations easier, but in general
the best choice depends on the actual calculations that have to be performed.

2.2 Ultraviolet divergences, renormalization and running cou-
pling constant

Let us consider the quantum corrections that affect a physical observable in a general
hard scattering process. Considering radiative corrections to the leading order terms, we
easily obtain divergent contributions.

For instance, from loop-contributions like the one-loop correction to a gauge boson
propagator with momentum k (see Fig. 2.1), we obtain integrals that are divergent in
the Ultraviolet region (UV), i.e. where the loop momentum p is much larger than the
vector boson momentum1 k. In our example in the limit p→∞ we obtain

∫
d4p

1

p2

1

(k + p)2

|p|�|k|−→
∫
d4p

1

p4
. (2.7)

1A loop integral could be also divergent in the Infra-Red region (IR) for a vanishing loop momentum
|p|. We will discuss later this divergence.
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Figure 2.1: One loop correction at the vector boson propagator.

In order to build a self-consistent theory, we have to remove these divergences. This
task can be completed through the renormalization procedure [39], that is carried out
in three main steps. First of all the loop integrals must be properly defined. This
is done through the regularisation procedure, which can be accomplished for example
by introducing an UV cut-off in the loop integrals, or by continuing the number of
dimensions to D = 4 − 2ε. Then the divergent terms can be isolated. Finally order
by order in perturbation theory we introduce in the Lagrangian suitable counterterms,
in order to cancel the divergences arising from UV momenta above a certain arbitrary
renormalization scale µR. The gauge invariance guarantees that these divergent terms
have the same structure of the original (bare) ones. Finally we define new renormalized
parameters (g(µR), m(µR), . . . ) related to the bare ones (g, m, . . . ) through the following
relations

g(µR) = g · Z−1
g (µR), (2.8)

m(µR) = m · Z−1
m (µR), (2.9)

where the renormalization constant Z embodies the infinities. The renormalized quanti-
ties are finite and useful to calculate measurable physical quantities.

The original Lagrangian is independent on the unphysical scale µR, thus any physical
measurable quantity A(αs) must be independent on the variable µR.

The dependence of the QCD coupling αs on the renormalisation scale is controlled
by the renormalisation group equation

β(αs) ≡
∂αs

∂ logµ2
R

, (2.10)

The beta-function is characteristic of the theory and can be calculated by the following
perturbative expansion

β(αs) = −αs
∞∑

n=0

βn

(αs
π

)n+1
, (2.11)
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in QCD the first coefficients are2

β0 =
33− 2nf

12
(2.12)

β1 =
153− 19nf

24
(2.13)

β2 =
2857

128
− 5033nf

1152
+

325n2
f

3456
(2.14)

If the coupling is in the perturbative region, i.e. αs(µR) � 1, it makes sense to
truncate the series (2.11) at the first order β ' −β0α

2
s/π and solve the differential

equation (2.10) obtaining

αs(µR) =
αs(µ0)

1 + αs(µ0)β0 log(µ2
R/µ

2
0)

(2.15)

by this equation, it is possible to calculate the value of the coupling constant at any scale
µR knowing only one experimental value of αs(µ0) at a given reference scale µ0. The mass
of the Z0 vector boson is the typical choice for the reference scale: µ0 = MZ0 ∼ 91.2 GeV.

Figure 2.2: Various measurements of the strong coupling constant αs at different energy
scales [40].

Eq. (2.15) implies that the coupling αs increases if the scale µR decreases and vice-

2Often in the literature the perturbative expansion of the β function in Eq. (2.11) is organized in
powers of

(
αs
2π

)
or
(
αs
4π

)
. In these cases the factor 2 or 4 are embedded in the definition of the coefficients

βn.
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versa diverges at the scale µR = ΛQCD ' 200 MeV, i.e.

ΛQCD ' µ0 exp

(
− π

2β0αs(µ0)

)
⇒ lim

µR→ΛQCD
αs(µR) =∞. (2.16)

ΛQCD can be used to define the reference scale for the region where αs becomes too large
to perform perturbation calculations.

The results in Eqs. (2.15,2.16) are obtained approximating the beta function at
the first order. Considering higher order corrections we substantially obtain the same
behaviour.

From Fig. 2.2 we see that the strong coupling constant asymptotically decreases when
the energy scale increases

lim
µR→∞

αs(µR) = 0. (2.17)

The behaviour in Eqs. (2.16,2.17) reflects two important features of QCD: confine-
ment and asymptotic freedom. The former concerns the fact that quarks and gluons
cannot be observed as asymptotic free states that propagate at large distances (low ener-
gies) due to increasing coupling strength; the latter reflects that quarks and gluons inside
hadrons or mesons behave as free at short distances (high energies);

2.3 Perturbation theory at high energies

In high energy processes the coupling αs is small, thus we can calculate a generic physical
observable A as perturbative expansion of the coupling.

A =
∞∑

i=0

Ai α
i
s (2.18)

By definition, the Leading-Order calculation (LO) is made taking into account only the
first non-zero coefficient Ap times αps. Then in the Next-to-Leading Order (NLO) cal-
culation we take into account the coefficient Ap+1 and one additional power of αs, the
Next-to-Next-to Leading Order (NNLO) carries Ap+2 and another additional power of
αs, and so on:

ALO = αpsAp,

ANLO = αps (Ap + αsAp+1) , (2.19)

ANNLO = αps
(
Ap + αsAp+1 + α2

sAp+2

)
.

Sometimes it is useful to write the expansion as follows

A = αps

(
A(0) + αsA

(1) + α2
sA

(2) + . . .
)
. (2.20)
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In this case A(n) is the contribution necessary to the ANnLO calculation, where now we
use the following alternative notation

ANnLO = αps

n∑

i=0

A(i) αis. (2.21)

Typical QCD observables are dependent on the energy scale Q of the scattering
process and the strong coupling is dependent on the renormalization scale µR. Thus we
generalize Eq. (2.20) writing the explicit dependence of both the scales

A(Q2) = αps(µ
2
R)
(
A(0)(Q2) + αs(µ

2
R)A(1)(Q2, µ2

R) + α2
s(µ

2
R)A(2)(Q2, µ2

R) + . . .
)
.

(2.22)
Beyond the LO, also the coefficients A(n) depend on µR; at the NLO the dependence on
µR can be written as follows [41]

A(1)(Q2, µ2
R) = A(1)(Q2 = µ2

R)− pβ0

π
A(0)(Q2) log(Q2/µ2

R) + . . . (2.23)

Since physical observables do not know anything about renormalization, if we calcu-
late A(Q2) to all orders the dependence on µR would completely cancel through αs and
the perturbative contributions, while truncating the series to some finite order makes
the results scale dependent. The amount of the scale dependence can be used to esti-
mate the uncertainty and the reliability of the theoretical predictions. As we can see
from Eq. (2.23) the presence of the logarithmic term suggests that we have to choose
µR ' Q. Choosing µR too different from Q introduces large logarithms that spoil the
convergence of the series. The typical choice is to set µR ∼ Q, and study the perturbative
uncertainties by varying the scale µR of a factor of two, in the range (µR/2, 2µR).

2.4 Infrared divergences and their cancellation

In section 2.2 we discussed the UV divergences and their regularisation procedure through
renormalisation. UV divergences are an important feature of QCD and of most of quan-
tum field theories. Nevertheless the UV is not the only possible divergence of a quantum
field theory. Loop contributions as Eq. (2.7) are typically divergent in the high energy
region, and also in the low energy limit. They suffer of other divergences related to long
distance phenomena (IR divergences).

In order to study the IR divergences, we consider as an example the calculation of
the inclusive cross section for the inclusive production of a quark-antiquark pair qq̄ in
a electron-positron e+e− annihilation. We have to calculate σ for the process e+e− →
γ∗ → qq̄ +X, where X denotes some unobserved final state radiation

σ =
(
σ(0) + αsσ

(1) + . . .
)
. (2.24)
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At the LO we have a tree level Feynman diagram and we can graphically represent
the process as in Fig. (2.3); the calculation gives the finite result

σ ' σLO = σB · 3
∑

nf

Q2
q ,

σB ≡ 4πα2
em

3s
(2.25)

where s = 4E2 and E is the energy of the incoming electrons, Qq the electric charge
of the quarks and σB is named Born cross section; the sum runs over the kinematically
accessible flavours nf at the energy E and the factor 3 in front of the sum is the colour
factor; σB is named Born cross section.

Figure 2.3: The LO Feynman diagram for the process e+e− → γ∗ → qq̄+X. In this case
X = 0 because there is no real emission.

The NLO contribution is made of two parts: the virtual contribution that includes
one loop diagrams as in Fig. (2.4a) and the real contribution as in Fig. (2.4b) that takes
into account the emission of a final state gluon

The virtual contribution in Fig. (2.4a) is IR divergent. Also the real contribution is
divergent tanks to the emission of a soft and/or collinear gluon. This is due to a term in
the fermion propagator of the form

1

2E1Ek(1− cos θ)
, (2.26)

where E1, Ek are respectively the energies of the quark and the gluon and θ is the emission
angle of the gluon. For Ek → 0 we have the soft divergence and for θ → 0 the collinear
divergence (and for both Ek, θ → 0 the soft-collinear divergence).

In order to isolate and remove the divergences a variety of methods are used. For
example one can give the gluon a small mass or take off-shell by a small amount the final
state quark-antiquark; with these procedure we are regularizing the integral through
a small cut-off and the singularities are isolated as logarithms of the cut-off mass. A
more elegant procedure is provided by the dimensional regularization: we evaluate the
diagrams in d-dimensions (d ≡ 4− 2ε) instead of the 4-dimensional physical space-time.



Chapter 2: Perturbative QCD at hadron colliders 18

Figure 2.4: The NLO Feynman diagram for the process e+e− → γ∗ → qq̄ + X: the
diagrams represent the virtual (a) and the real-emission (b) contributions. In this case
X corresponds to the emitted gluon in the final state.

The singularities appear as poles at d = 4, see [37, 42]. We obtain

σvirtNLO = σB3
∑

nf

Q2
q

2αs
3π

H(ε)

[
− 2

ε2
+

3

ε
− 8 + o(ε)

]
,

σrealNLO = σB3
∑

nf

Q2
q

2αs
3π

H(ε)

[
2

ε2
− 3

ε
+

19

2
+ o(ε)

]
, (2.27)

where H(ε) = 1 + o(ε).
Adding together the virtual and real contributions the poles exactly cancel and in the

limit ε→ 0 we obtain a finite result.
From (2.25) and (2.27) the cross section at the NLO accuracy is

σ ' σB · 3
∑

nf

Q2
q

[
1 +

αs
π

+ o(α2
s)
]
. (2.28)

The cancellation of the IR divergences is not accidental. The Bloch-Nordsieck [43] and
Kinoshita-Lee-Nauenberg [44] theorems guarantee (in the massless limit) the cancellation
order by order of IR singularities for suitably defined inclusive quantities. An observable
for a final state consisting of m particles is called infrared and collinear safe if it satisfies
the following two requirements. If two particles in the final state have collinear momenta,
the observable should allow to consider the two particles as one particle with momentum
equal to the sum of the two original ones. This is the so called collinear safety criterion.
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If one particle in the final state has vanishing energy, the observable should allow to
neglect it. This is the so called infrared safety criterion.

Thanks to the IR cancellation theorems, we know that order by order the divergences
arising separately from virtual and real Feynman diagrams cancel each other.

2.5 Deep inelastic scattering and hadron collisions

In the previous section, we discussed the IR divergences in case of e+e− collisions. These
divergences are closely related to the long-distance effects or equivalently the confinement
in the low energy limit, see Eq. (2.16).

For e+e− collisions the total cross section is free of IR divergences, but in the case of
high energy lepton-hadron collisions (DIS) or hadron-hadron collisions, the calculation
of cross sections is more complicate. First of all, hadrons are bound states of many
partons (i.e. quarks and gluons). Since partons are confined into such colliding hadrons,
additional large distance effect play an important role.

In order to describe the collision process, we can imagine that only one parton (and
not the whole hadron) collides with the lepton in the DIS collision or only one parton
from each hadron in hadron-hadron collision. In this case, we can perturbatively calculate
the lepton-parton or parton-parton hard cross section. This is the main idea for the so
called parton model.

In practice we are decoupling the large-distance physics effects with the hard scat-
tering process and a simple heuristic argument supports this picture. At sufficient high
energies, colliding hadrons are highly Lorentz-contracted in the centre of mass frame and
the interactions between internal partons (which are separated in the transverse direc-
tion) are time dilated. The hard process takes place in a much shorter time scale, so that
the two phenomena can be considered to a good extent independent. Sometimes this
argument is referred to "incoherence" of long and short distance effects. For the most
important processes there exist factorization theorems that, order by order in perturba-
tion theory, rigorously prove this separation of short-long distance physics (see [45] and
references therein).

In the DIS collision, we can write the cross section between an hadron h1(P1) and a
lepton l(P2) (with respectively momenta P1, P2) to a final state F (plus possible radiation
X) at the hard scattering energy scale Q2, as a convolution between the partonic cross
section σ̂a1l→F+X(x1P1, P2, µ

2
F , αs(Q

2)) and the Parton Distribution Functions (PDFs)
fa1(x,Q, µF ). The PDFs are process independent (universal) and give the probability of
finding a parton a1 in the hadron h1 with momentum fraction 0 ≤ x1 ≤ 1, at the energy
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scale Q. In practice we have

σh1l→F+X(P1, P2, Q
2) =

∑

a1

∫ 1

0
dx1 fa1(x1, µF ) σ̂a1l→F+X(x1P1, P2, µ

2
F , αs(Q

2)), (2.29)

for most of the physical observables at the experiments, we cannot distinguish the original
parton from the observed final state. In that cases we have to sum over all the allowed
partons in the initial state, thus we must sum over all the partons a1 that can produce
the same final state F +X at the given perturbative order.

In hadron-hadron collisions we have to take into account all the combinations from
the possible partons in the initial state of both the colliding hadrons and the respective
PDFs. We generalize the Eq. (2.29) as follows

σh1h2→F+X(P1, P2, Q
2) =

∑

a1a2

∫ 1

0
dx1

∫ 1

0
dx2 fa1(x1, µF ) fa2(x2, µF )

· σ̂a1a2→F+X(x1P1, x2P2, µ
2
F , αs(Q

2)) (2.30)

Defining s = (P1 + P2)2 as the square of the centre of mass energy of the colliding
hadrons and ŝ as the same quantity for the colliding partons, they are related as follows

ŝ = x1x2s. (2.31)

For a typical collision x1 ∼ x2; thus at the LHC with energy 7/14 GeV and for
√
ŝ '

100/200 GeV we can estimate the typical value of the Bjorken x as

x '
√
ŝ/s ' 10−2. (2.32)

Another important aspect, that we have not discussed, is the role of the scales Q,µF .
In the naïve parton model the partonic cross section is calculated at the LO and PDFs
are independent of the Q scale. This follows from the Bjorken scaling of the structure
functions of the proton: it is well verified by experiments that the structure functions
turns out be almost independent on the Q2 energy scale for Q & 2 GeV and x finite, then
the PDFs are independent on the energy scale Q. Considering perturbative corrections
the incoming partons could emit some QCD radiation, leading to a dependence of the
PDFs on the energy scale Q, giving rise to a Bjorken scaling violation.

In the calculation of the perturbative corrections to the partonic cross section, we
encounter the IR divergences discussed in Fig. 2.4 and in Eq. (2.26). The exact cancel-
lation between real and virtual divergences happen only for the ones in the final state.
Initial state divergences do not cancel in this case and there are some remnant collinear
divergences due to the collinear emission from the initial state partons. We can deal
with the problem and obtain the improved parton model in a similar way as we do for
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the UV divergences: we define some bare-PDFs and we absorb the remnant collinear
IR divergences in the definition of the PDFs, in such a way that the physical PDFs are
finite. At the end of the regularization procedure the renormalized PDFs depend on the
factorisation scale µF , analogously to what happens in the UV renormalisation, where
we introduced the µR scale.

It is important to notice that the PDFs are independent on the partonic process,
they are universal. This universality is of crucial importance because we can measure3

the PDFs in a particular collision process and then we can use them to calculate other
process (see [45] and in particular [47]). Such universality is not accidental. It is a
consequence of the universality of the remnant collinear divergence due to partonic initial
state emission(s) (that is adsorbed by the universal bare-PDFs).

The factorisation scale µF can be interpreted as a separation between the low energy
physics inside the hadron and the high energy physics of the partonic collision. This
is an unphysical separation and the results of the calculations must be independent on
the factorisation scale (this is analogous as for the renormalization scale µR): the PDF
dependence on the factorisation scale has to be compensated by the partonic cross section
that is also dependent on µF (see in Eqs. (2.29,2.30)). The cancellation is exact only if
all the quantities are calculated to all orders: truncating the perturbative expansion at a
given fixed order makes the results scale dependent (exactly as for the µR dependence).
As for µR, it is usual to set µF ∼ Q and to vary µF by a factor two around the central
value, to estimate the uncertainty of the theoretical predictions.

2.6 DGLAP evolution equation and splitting functions

The µF scale dependence of the PDFs can be predicted by the Dokshitzer-Gribov-Lipatov-
Altarelli-Parisi (DGLAP) evolution equation [48]; it is the analogous of the renormaliza-
tion group equation (2.10) describing the µR scale dependence of the αs coupling. In
order to emphasize this analogy, we are going to provide a simple heuristic derivation of
the DGLAP equation.

First of all we have to define the Mellin transform f(n) ≡ fn of a function f(x):

f(n) ≡
∫ 1

0
xn−1f(x)dx. (2.33)

Now we write in a symbolic form the DIS cross section σ of Eq. (2.29) as σ = f ⊗ σ̂,
where ⊗ represents the convolution between the PDF f and the partonic cross section

3At present there is not a theoretical model that can predict these functions from first principles.
Also the Lattice QCD is not able to predict the PDFs with enough precision. These functions can only
be obtained by fitting the experimental data [46].
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σ̂. In the Mellin space the convolution is a simple product of functions σn = fnσ̂n and
we can easily calculate the derivative with respect to µF

µ2
F

∂σ

∂µ2
F

= µ2
F

(
∂fn
∂µ2

F

)
σ̂n + µ2

F fn

(
∂σ̂n
∂µ2

F

)
≡ 0; (2.34)

this is the analogous of Eq. (2.10) (that follows from the µR scale independence), and
we directly obtain the following

µ2
F

1

fn

(
∂fn
∂µ2

F

)
= −µ2

F

1

σ̂n

(
∂σ̂n
∂µ2

F

)
, (2.35)

the left and right side of the previous equation are two different functions of the same
variable µF , then they must be equal to a same function of µF : the anomalous dimension
γn(µF ). Considering only the right side of Eq. (2.35) we can give a definition of γn(µF )

expressed in the Mellin space

− µ2
F

1

σ̂n

(
∂σ̂n
∂µ2

F

)
=
αs
π
γn, (2.36)

By convention, we factorize out the αs/π factor from the definition of the anomalous
dimension γn. Calculating σ̂ at a given perturbative order, we can obtain the expression
for the anomalous dimension at the same perturbative order.

Considering the left side of Eq. (2.35) we obtain the DGLAP equation, in the Mellin
space

µ2
F

(
∂fn
∂µ2

F

)
=
αs
π
γnfn. (2.37)

Inverting the Mellin transform and restoring omitted details of Eq. (2.37), we obtain
the DGLAP evolution equation for the PDFs

µ2
F

∂

∂µ2
F

f(x, µF ) =
αs(µF )

π

∫ 1

x

dy

y
P
(y
x
, αs(µF )

)
f(y, µF ). (2.38)

The above derivation is not rigorous, for example we did not discuss the introduction of
the µF dependence in the coupling, but a more detailed derivation based on the operator
product expansion and the renormalization group equation confirms this result [49, 28].

The P (y) is known as Altarelli-Parisi splitting function and (at this level) describes
only the evolution of non-singlet PDFs, defined as differences between quark distributions,
e.g. fNS ≡ fa−fb. More generally the DGLAP equation is a (2nf+1)-dimensional matrix
equation in the space of gluons, quarks and antiquarks:

µF
∂

∂µ2
F

{
fg(x, µF )

fqi(x, µF )

}
= (2.39)

αs(µF )

π

∑

qj

∫ 1

x

dy

y

[
Pgg

( y
x , αs(µF )

)

Pqig
( y
x , αs(µF )

) Pgqj
( y
x , αs(µF )

)

Pqiqj
( y
x , αs(µF )

)
]{

fg(y, µF )

fqj (y, µF )

}
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where fqj is a vector with all the PDFs for quarks and antiquarks and the sum over qj
runs over all of them.

We recall that the splitting functions are related to the anomalous dimension by
Mellin transform

γab(n, αs) =

∫ 1

0
dx xn−1Pab(x, αs), (2.40)

and can be calculated as perturbative expansion in terms of αs

Pab(x, αs) = P
(0)
ab (x) +

αs
π
P

(1)
ab (x) + . . . (2.41)

Not all the splitting functions are independent: the charge conjugation invariance and
SU(nf ) flavour symmetry imply the following relations

Pqiqj = Pq̄iq̄j Pqiq̄j = Pq̄iqj

Pqig = Pq̄ig Pgqi = Pgq̄i (2.42)

At the leading order, the splitting functions Pab can be interpreted as the probabilities
that a parton of type a evolves into a parton of type b, where the final parton carries a
momentum fraction x of the parent parton; the interpretation as probability implies that
the splitting functions are positive definite for 0 ≤ x < 1 (this is true if we do not include
the virtual corrections which give a negative contribution in x = 1) and satisfy the sum
rules

∫ 1

0
dx P (0)

qq (x) = 0

∫ 1

0
dx x

[
P (0)
qq (x) + P (0)

gq (x)
]

= 0 (2.43)
∫ 1

0
dx x

[
2nfP

(0)
qg (x) + P (0)

gg (x)
]

= 0

which corresponds to the momentum conservation and the quark number conservations
in the splitting of quarks and gluons respectively.

In QCD the sum rules remain valid up to perturbative corrections because of the
vanishing of the first momentum of the non-singlet anomalous dimension, and in practice
the sum rules provide a variety of informations: from constraints on the PDFs to tests of
conservation law to precision measurement of αs.

We conclude this chapter with a quantitative example of the PDFs, that at present
are obtained from data fits of a variety of different experiments (DIS, Drell-Yan, and jet
production). A number of groups have produced publicly available PDFs using analysis
frameworks and different data sets [46]. Here in Fig. 2.5, we show the 68% C.L. results
obtained by the MSTW group [50]; the PDFs are plotted at two different energy scales
(Q2 = 10/104 GeV2).
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Figure 2.5: The MSTW PDFs at 68% C.L. [50], on the left at the energy scale Q2 =

10 GeV2 and on the right Q2 = 104 GeV2.

As we can see, the large x region is dominated by the valence quark PDFs distributions
(u, d), whereas the low x region is dominated by the gluon PDF. This is an important
feature: increasing the collision energy as Eq. (2.32), we explore the low-x region and the
processes sensitive to the gluon PDF are strongly enhanced. This is the case for Higgs
production through gluon-gluon fusion and we will discuss this point with more detail in
the next chapter.



Chapter 3

Higgs boson at hadron colliders

The study of the electroweak symmetry breaking sector of the SM or its equivalent
in theories beyond the SM is one of the main goals of the LHC. It is thus of crucial
importance to find the Higgs boson and to study its properties, in particular to determine
its mass, width and couplings.

In hadron-hadron collisions several Higgs production mechanisms exist and the Higgs
boson can eventually decay into several modes. Unfortunately the same final states can
be also created by large amount of other processes (called background processes). In
order to exploit the LHC potential we need (from the experimental side) high perfor-
mance detectors and accurate data analysis, and (from the theoretical side) very precise
predictions for both the Higgs signals and the corresponding background processes.

In this chapter we will discuss the main production channels of the Higgs boson at
hadron colliders, and the corresponding decay modes. Finally we will discuss the Higgs
boson search strategies at the LHC and the Tevatron.

3.1 Factorisation of the Higgs production and decay par-
tonic cross section

In a generic hadron collision cross sections are calculated according to the factorisation
theorem in Eq. (2.30), by convoluting the partonic cross section with the PDFs. Here
we concentrate on the calculation of the partonic cross section for two partons a1, a2

producing the Higgs that decays into a final state Fi. This partonic cross section can be
expressed as follows

σ̂a1a2→H→Fi =
1

4Flux
|Ma1a2→H→Fi |2PSFi , (3.1)

where 1
Flux is the flux factor of two incoming particles, PSFi is the phase space measure

for the final state particles and |Ma1a2→H→Fi |2 is the squared matrix element, averaged

25
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over the spin and colour of the initial state particles.
The standard model Higgs boson is a scalar neutral particle, thus the Higgs propa-

gator does not carry spinorial or Lorentz indices. In hadron colliders the Higgs boson is
produced by strong interacting particles such as gluons and quarks, and we are interested
in electroweak decays. These features allow us to study separately the production and
the decay processes: we can factorise the matrix element as follows

|Ma1a2→H→Fi |2 ' |Ma1a2→H |2
(

1

(ŝ−M2
H)2 +M2

HΓ2
H

)
|MH→Fi |2, (3.2)

where |Ma1a2→H |2 and |MH→Fi |2 are the squared matrix elements respectively related to
the Higgs boson production and decay; they are joint by the Breit-Wigner distribution
centred at Higgs mass MH and total Higgs decay width ΓH .

In some calculations it is useful to adopt the narrow-width approximation (where it
is considered the limit ΓH → 0), obtaining:

1

(ŝ−M2
H)2 +M2

HΓ2
H

' π

MHΓH
δ(ŝ−M2

H); (3.3)

the narrow-width approximation is particularly justified in the low Higgs mass region
MH . 150 GeV, where the total width is small if compared with Higgs mass (see Fig.
3.1). In practice we can separate the calculation in two parts: the Higgs boson production
and its decay.

The cross section for Higgs production is

σ̂a1a2→H =
1

4Flux
|Ma1a2→H |2PSH (3.4)

where the phase space for the on-shell Higgs boson is 2πδ(ŝ −M2
H); the decay can be

described through the Branching Ratios, defined as the fraction of decays in an individual
decay mode ΓH→Fi with respect to the total decay width ΓH :

BrH→Fi =
ΓH→Fi

ΓH
(3.5)

The partonic cross section of Eq. (3.1) can be thus approximated by the Higgs
production cross section times the branching ratio, as follow

σ̂a1a2→H→Fi ' σ̂a1a2→H ·BrH→Fi . (3.6)

In the next sections we firstly concentrate on the Higgs production mechanisms at
hadron colliders and then on the decays widths.
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Figure 3.1: The SM Higgs boson total decay width, obtained with the HDECAY numerical
code [51], as function of MH [52].

3.2 Higgs production mechanisms at hadron colliders

In this section we are going to discuss the Higgs boson production at hadron colliders.
In Fig. 3.2 we report the cross sections σ̂pp→H in the various production channels (over
the entire Higgs mass range) currently under investigation at the LHC. As we can see,
thanks to the small-x enhancement of the gluon PDF as shown in Fig. 2.5 and Eq. (2.32),
the main production channel at high energy hadron colliders is the gluon-gluon fusion.
In the following sections we will discuss in more detail the gluon fusion process, that is
the main subject of this thesis, and we will give only a short overview about the other
production channels (they have a smaller cross section and also they are not related to
the main topic of this thesis).

3.2.1 Gluon-gluon fusion process

Gluons are massless particles and they do not couple to the Higgs boson; their interaction
whit the Higgs boson is mediated by a triangular loop of massive quarks, which is shown
in Fig. 3.3.

The cross section for the Higgs production by gluon fusion is given in terms of its
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Figure 3.2: The SM Higgs production cross section with its theoretical uncertainties, as
a function of MH at LHC with 7 TeV of centre of mass energy [52]. The gluon gluon
fusion channel (blue); the vector boson fusion (red); the associated production with W
and Z bosons (green and grey respectively) and the associated production with tt̄ pairs
(purple).

Figure 3.3: The one loop diagram, for Higgs production by gluon fusion.

probability amplitude as

σ̂gg→H =
1

4F
(2π)

∫
d3pH
2EH

δ4(pH − p1 − p2)|Mfi|2 (3.7)

where p1, p2 are the momenta of incoming gluons and the flux factor for two massless
particles is

F = p1p2 =
ŝ

2
, (3.8)

and the phase space integration for the outgoing Higgs is equal to

∫
d3pH
2EH

δ4(pH − p1 − p2) = δ(ŝ−M2
H) (3.9)
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The squared probability amplitude |Mfi|2 is averaged over the physical initial states
of the incoming particles: this gives a spin factor 1/2 and a colour factor 1

(Nc−1)2 = 8,
for each of the two gluons:

|Mfi|2 =

(
1

2

1

(Nc − 1)2

)2

|Mgg→H |2. (3.10)

The squared matrix element |Mgg→H |2 is evaluated by the loop in Fig. 3.3, and it
gives

|Mgg→H |2 =
(αs
π

)2 M4
H

v2

∣∣∣∣∣∣
∑

Q

AHQ (τQ)

∣∣∣∣∣∣

2

(3.11)

where v is the vacuum expectation value (see section 1.2), τQ =
4M2

Q

M2
H

where MQ is the

quark mass and the function AHQ (τQ) is

AHQ (τ) = τ
(
1− (1− τ)f(τ)

)
(3.12)

f(τ) =




− arcsin2 1√

τ
τ ≥ 1

1
4

(
log
(

1+
√

1−τ
1−√1−τ

)
− iπ

)2
τ ≤ 1

Collecting all together, we finally obtain [6]

σ̂gg→H =
α2
s

π

M4
H

256v2ŝ
δ(ŝ−M2

H)

∣∣∣∣∣∣
∑

Q

AHQ (τQ)

∣∣∣∣∣∣

2

(3.13)

The Higgs-quark coupling is proportional to the quark mass, thus the biggest con-
tribution in the sum

∑
QA

H
Q is given by the top quark. Furthermore, assuming the

large-Mt approximation (i.e. Mt � MH or equivalently τ → ∞), we can expand the
function AHtop(τ) in terms of τ−1

AHtop(τ) =
2

3
+

7

45

1

τ
+ o(τ−2) ' 2

3
, (3.14)

in this large-Mt approximation we obtain a simplified expression for the production cross
section:

σ̂gg→H =
α2
s

π

M4
H

576v2ŝ
δ(ŝ−M2

H). (3.15)

In the large-Mt approximation, the heavy quark loop is contracted to a point and we
approximate it as an effective gluon-gluon-Higgs coupling. To include this interaction in
the Lagrangian in a gauge invariant form, we have to add the following term

LH = −1

4
gHF

a
µνF

aµνH, (3.16)
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where gH is the effective Higgs coupling constant and the factor 1
4 is explicit to get vertices

without combinatorial factors, where F aµν is the gluon field strength tensor as Eq. (1.2).
Expanding the gluon field strength tensor we obtain the ggH effective coupling

− 1

4
gH
(
∂µG

a
ν − ∂νGaµ

)2
H, (3.17)

which leads to the following interaction vertex

V H
2 = igHδ

ab (gµνp1p2 − pν1pµ2 ) . (3.18)

Expanding Eq. (3.16) we obtain three-gluon and four-gluon terms as well, leading to
three-gluon-Higgs and four-gluon-Higgs effective couplings. In the limit of Higgs coupling
gH going to zero, the Higgs contribution goes to zero and the effective vertices turn into
standard QCD.

Comparing the effective vertex of Eq. (3.16) with the exact cross section in Eq. (3.13)
and the expansion in Eq. (3.14) we can extract the effective Higgs coupling

gH =
αs

3πv

(
1 +

7

3
τ−1 + . . .

)
(3.19)

thus the expression of Eq. (3.15) can be rewritten as

σ̂gg→H = g2
H

M4
Hπ

64ŝ
δ(ŝ−M2

H). (3.20)

The large-Mt approximation reduces the number of loops by one, considerably sim-
plifying the computation of higher order corrections. The idea of effective coupling can
be extended to higher perturbative orders generalizing the expression in Eq. (3.16) as
follows

LH = −1

4
gH

(
1 +

αs
π

∆NLO +
(αs
π

)2
∆NNLO + . . .

)
F aµνF

aµνH, (3.21)

where the ∆ coefficients correspond to the higher order perturbative corrections.The NLO
and NNLO corrections have been computed in Ref. [7] and Refs. [10, 11] respectively.

The production rate for gg → H has been computed to NLO in the large-Mt approxi-
mation [7, 8] and with the full (t and b) quark mass dependence [9]. The NLO corrections,
due to diagrams as the ones in Fig. 3.4, increase the LO result of about 80−100% leading
to a significant change of the theoretical predictions. Moreover the LO and NLO uncer-
tainties bands do not overlap, thus casting doubts on the reliability of the perturbative
expansion (see Fig. 3.6). Anyhow, the prediction obtained by the effective Lagrangian
approximation at NLO and the full QCD-NLO calculation are in good agreement up to
MH = 1 TeV, covering the entire Higgs mass range at the LHC (as shown in Fig. 3.5).
The reason for this good agreement is that QCD corrections to gg → H are dominated
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Figure 3.4: Diagrams contributing to the virtual (left) and real (center and right) QCD
corrections at the NLO for the process gg → H. The black dot stands for the LO
effective vertex for gg → H and has to be substituted with the quark loop in a full NLO
calculation.

by relatively soft gluon emissions and such radiation is weakly sensitive to the mass of
the heavy quark circulating in the loop [53]. The NNLO corrections have been evaluated
in the large-Mt approximation [12, 13, 14, 15]. The total cross section increases by about
25% at the LHC (with 7 GeV of CME) with respect to the NLO result and in this case
the uncertainty bands overlap, thus indicating the NNLO prediction is more reliable.
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Figure 3.5: From Ref. [10], comparison of exact and approximate NLO predictions (in
the large-Mt approximation) for the total cross section for Higgs production, as function
of the Higgs mass.

The contributions from multiple soft gluon emission have been calculated by threshold
resummation at the next-to-next-to-leading-log1 (NNLL) [54], and their effects increases
the predictions by about 8%. Finally also electroweak corrections were considered in Ref.

1We will provide a brief overview of the resummation procedure in the next chapter.
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[55]. A comparison of the best available theoretical predictions at the (NNLO+NNLL)-
QCD with NNLO-QCD+NLO-EW is shown in Fig. 3.7.
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3.2.2 Overview on other Higgs production channels

There are other important Higgs production mechanisms at hadron colliders, that can
be useful in order to detect the Higgs boson and to study its properties.

TheVector Boson Fusion mechanism occurs as the scattering between two (anti)quarks
mediated through the exchange of a weak boson in the t-channel and the Higgs boson is
radiated by the vector boson (V ∗), as shown in Fig. 3.8. This is a very promising channel

Figure 3.8: The tree level Feynman diagrams for the Vector Boson Fusion fusion qq →
qqV ∗V ∗ → qqH, in the t−, u− and s−channel.

at the LHC for various reasons. The two quarks tend to be produced with a large rapidity
interval between them and thus they offer a quite distinctive signature in the detectors.
The cross section is about 20% of the gluon fusion one and becomes comparable to the
latter in the high mass range (MH & 500 GeV). The theoretical prediction has a small
uncertainty, of the order of about 5%. The LO cross section has been computed in Ref.
[58], then the full NLO EW+QCD calculation can be found in Ref. [59, 60, 61] and
the prediction has a scale uncertainty of about 5%. An estimate of the NNLO QCD
corrections can be found in Ref. [62]: it indicates a small perturbative uncertainty of
the order of about 1-2%. These phenomenological features make this a key process for
precise measurement of the Higgs boson mass and couplings at the LHC. In particular it
is an ideal channel for the measurement of the HWW and HZZ couplings.

The Associated production with W and Z vector bosons (also called Higgs-strahlung
mechanism) is given by Drell-Yan vector boson production, followed by an Higgs emission
by the vector boson (qq̄ → V ∗ → V H), see Fig. 3.9. This channel is considered mainly
by exploiting the two decay channels H →WW and H → bb̄, both accompanied with the
Drall-Yan vector boson decaying into leptons (in order to obtain a more clear experimental
signature).

The cross section has been computed at LO in Ref. [63]; the NLO and the bulk of
NNLO QCD corrections can be obtained using the available results from the Drell-Yan
calculations [59, 64]. Also the NLO EW corrections have been calculated [65], but the
combination of the two NLO results is a non trivial task [66].

Associated production with tt̄ pairs (also called Higgs bremsstrahlung off top quarks).
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Figure 3.9: Leading order Feynman diagrams for the associated production with V ∗

(Higgs-strahlung mechanism).

In this process a tt̄ pair is created by the annihilation of a qq̄ or gg pair, and the Higgs
boson is emitted by the (anti)top quark, see Fig. 3.10.

Figure 3.10: Leading order Feynman diagrams for the associated production with tt̄ quark
pairs.

The LO cross section was calculated in Ref. [67] and the result has a large theoretical
uncertainty; the NLO QCD correction have been calculated in Ref. [68], the resulting
prediction moderately increases the total cross section (at the LHC by at most ∼ 20%),
and (more importantly) significantly decreases the theoretical uncertainty. The mea-
surement of the tt̄H production rate can provide relevant information on the top-Higgs
Yukawa coupling.

The associated production with a top quark pair, in combination with Higgs decay to
bottom quark pair, has a long history. At some point it was expected to be the leading
discovery channel for a light Higgs boson [69], but afterwards it was left out due to a (too)
low signal-to-background ratio [70]. Recently a boosted analysis [71] was introduced. It
was shown that studying fat jets substructure can reveal its heavy-particle origin. Hence
boosted analysis could provide to this search channel reasonable statistical significance
and (most importantly) allow an important reduction of systematics sensitivity.
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3.3 Higgs boson decay modes

The Higgs boson can directly decay into pairs of all massive particles and through loops
even into pairs of massless photons and gluons.

If the Higgs particle will be discovered, it will be important to study several Higgs
decay channels in order to measure the corresponding couplings and to compare them
with the SM predictions. The strength of the Higgs boson interaction grows with the
particle mass (as shown in Table 1.1): as a consequence the Higgs decays predominantly
into W and Z vector bosons and b, t heavy quarks, when kinematically allowed. The
branching ratios for the main decay modes are shown in Fig. 3.11.
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Figure 3.11: Branching ratios of the dominant decay modes as function of the Higgs
boson mass [51, 52].

Higgs decay into two fermions: leptons and heavy quarks

We start considering fermion decays that can be classified into electroweak and strong
decays. The first ones are more useful because they lead to a clean signature in the de-
tectors (we recall that at hadron colliders there is a huge production of strong interacting
particles, that at the end manifest themselves to jets).

At the LO [72] the Feynman diagram is the same for all fermion-decays as Eq. 3.22.
The only difference is in the coupling (proportional to the squared mass of the fermions)
and in the colour factor: Nc = 3 for quarks and Nc = 1 for leptons.

ΓH→ff̄ =
N2
c g

2 MH M2
f

32π m2
W

(1− τf )3/2 (3.22)
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where τf =
4M2

f

M2
H
.

Electroweak corrections to this formula are known [73] and QCD corrections are
known at the NLO [73], NNLO [74] and up to three loops [75].

From a phenomenological point of view none of the fermionic decay channel is promis-
ing for the Higgs discovery. The bb̄ decay channel starts to be considered in the low Higgs
mass range [76], thanks to the branching ratio almost close to one and the improved sta-
tistical techniques. In future, increasing the integrated luminosity, the bb̄, µ+µ− and
τ+τ− decays could be useful in order to test the Higgs couplings that are sensitive to
new physics signals (especially SuperSymmetry [77]).

Higgs decay in two gluons

The Higgs decay into gluons suffers of the same experimental problems as the quarks
decay, and also it has a quite small branching ratio over the entire Higgs mass range. It is
interesting to consider it, because it can be calculated from the gluon fusion calculation
for the Higgs production. In this case, the two calculations have the same Feynman
diagram and thus the same squared matrix element and the differences are only in the
phase space, the colour-spin average and flux factors. Thus we can write:

σ̂gg→H =
8π2

N2
g MH

δ(ŝ−M2
H) ΓH→gg (3.23)

where Ng = 8 is the number of gluons, and using the definition of Eq. (3.12) we obtain
the LO decay width:

ΓH→gg =
GFα

2
sM

3
H

36
√

2π3

∣∣∣∣∣∣
∑

Q

AHQ (τQ)

∣∣∣∣∣∣

2

(3.24)

QCD corrections turn out to be very large: at NLO [7, 8] the decay width is shifted
by about 60− 70% upwards in the intermediate Higgs mass range. Three loop QCD cor-
rections have been evaluated [75] and they increase the NLO prediction by about ∼ 10%:
they signal a stabilisation of the perturbative result and suggest a reliable theoretical
prediction.

Higgs decay in two photons

As for the Higgs decay into gluons, the Higgs decay into photons is mediated by heavy
fermion loop and also by W boson loop. The partial decay width can be written as [78]

ΓH→γγ =
GFα

2M3
H

128
√

2π3

∣∣∣∣∣∣
∑

Q

nfe
2
fA

H
Q (τQ)−AHW (τW )

∣∣∣∣∣∣

2

(3.25)
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where nf = 3 is the number of flavours and ef is the fermion electric charge, τi = 4m2
i /M

2
H

where mi is the mass of heavy particle in the loop, AHf is defined as usual Eq. (3.12) and
the AHW is the W contribution

AHQ (τ) =

(
1 +

3

2
τ +

3

2
τ(2− τ)f(τ)

)
(3.26)

Note that fermion and W contributions interfere destructively. In the intermediate
Higgs mass range the W loop dominates and for MH ∼ 600 GeV they nearly cancel.
Despite this decay channel is quite suppressed, it is one of the most important in the Higgs
search in the low mass region (around MH ∼ 120 GeV), thanks to excellent resolution of
the ATLAS and CMS detectors.

Two-loop [79] and three-loop [80] QCD corrections have been calculated giving very
accurate predictions with small theoretical uncertainties. At NLO, QCD corrections con-
sist only of virtual corrections by gluon exchange inside the triangle (charge conjugation
invariance and colour conservation forbid radiation of a single gluon).

A similar decay is the H → Zγ; it can be calculated [81, 82] in complete analogy
with the di-photon case, but from the experimental point of view this decay channel is
not very much considered at least for the Higgs boson discovery.

Higgs decay into vector bosons

One of the most important decay channels is the Higgs decay into two vector bosons,
such as W+W− or Z0Z0, because this is EW decay and it is dominant in the high mass
region.

The LO [83] partial width into vector boson is expressed as follows

ΓH→V V = δV
GFM

3
H

8
√

2π

√
1− x(1− x+

3

4
x2) (3.27)

where x = 4M2
V /M

2
H . The factor δV is equal to 1 for W+W− and to 1/2 for Z0Z0, and

it is due to the identity of final state particle in the case of Z0Z0 decay.
QCD corrections are known up to three loops [84] and enhance the decay width of

about 20%; also EW corrections are known up to one loop level [73] and amount to about
5%.

Unfortunately also vector bosons cannot be directly observed in the detectors and we
have to consider their decays. Below the threshold the Higgs decaying into off shell gauge
bosons pairs play a significant role. For these decays analytic expressions are available
in Ref. [82] and they are encoded in the Monte Carlo program PROPHECY4F [85] that
provides the LO and NLO partial widths for any possible 4fermion final state, including
the complete NLO QCD and electroweak corrections and all interference at LO and NLO.
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3.4 Main search strategies at hadron colliders

The SM Higgs production cross section (Fig. 3.2) is dominated, over all the Higgs boson
mass range, by the gluon gluon fusion process. On the other hand (from Fig. 3.11) it
is clear that the branching ratios change dramatically by varying the Higgs boson mass.
Then it is necessary to have different strategies for the Higgs identification depending on
its mass.

The naive idea that the search is dictated by the Higgs decay rate is not always
working. In an experimental analysis, one wants to be able to separate the signal from
background events and this means that the signature of a given search mode needs to
be clean. The decay products must be unambiguously identifiable and their kinematic
properties well measurable. Typically, fully hadronic Higgs decays are abundant at the
LHC and the Tevatron, but one prefers electroweak decays, that, even if produced with
lower rate, are easier to separate from the background.

With this in mind, we can identify the most promising channels for Higgs searches de-
pending on the Higgs mass range (for a more detailed discussion see for example Ref.[86]).

Low-mass Higgs: MH . 140 GeV

The H → bb̄ decay is dominant in the low-mass range MH . 140 GeV, but it is almost
un-exploitable at hadron colliders due to the huge amount of background (the direct
bb̄ production cross section is ∼ 10 orders of magnitude bigger!). If the Higgs boson
production is associated to other identifiable particles (as in the cases of Higgsstrahlung
and perhaps Vector boson fusion) it helps to reduce the QCD background. Unfortunately
the production rates in these channels are rather small. Thus significant integrated
luminosity needs to be accumulated in order make the bb̄ decay a significant channel for
Higgs searches.

The next channel at low masses is the H → ττ mode. The τ leptons decay ei-
ther hadronically (∼ 85%) either to detectable leptons (∼ 15%). The comparison sig-
nal/background makes this channel difficult for Higgs searches. It can be useful if enough
integrated luminosity will be accumulated.

The main search mode in this low mass region is the two photon decay H → γγ.
Although the branching ratio is very small this channel is very clean. The signature is
two well identified photons and this provides a clean though small peak in the invariant
mass distribution.

Part of this thesis is devoted to obtain an accurate prediction for photon distributions
in this decay channel (H → γγ), that could lead to improve the statistical significance.
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Intermediate-mass Higgs: 140 GeV . MH . 180 GeV

In the intermediate-mass range 140 GeV . MH . 180 GeV, the decay H →WW domi-
nates because the branching ratio is almost one and practically the Higgs boson decays
exclusively in this mode. The W bosons decay both leptonically and hadronically. The
fully hadronic decay is almost unexploitable again due the enormous QCD background.
The semi-leptonic decay (one W decays leptonically and the other one hadronically)
have a signature consisting of 2 jets, one lepton and missing energy due the undetected
neutrino. In case of Higgs boson production through the vector boson fusion the two
forward jets produced in the initial state helps to discriminate Higgs events from the
backgrounds, but again this channel is suppressed by smaller production rate [87]. The
golden search channel in this Higgs mass range is when both the W decay leptonically
H → W+W− → l+νl−ν. In this case the signature consists of two well identified lep-
tons plus missing energy, leading to unbalanced momentum in the transverse momentum
plane. This channel has two opposite features: it is the most useful to make experimental
exclusions at hadron colliders (the first Higgs exclusion at the Tevatron was made in this
channel [88]), but in case of Higgs discovery it is very hard to use it to measure the Higgs
mass due the missing energy. This decay (H → W+W− → l+νl−ν) is also subject of
study, in this thesis.

High-mass Higgs: MH & 180 GeV

Although also in the high-mass regionMH & 180 GeV, the dominant decay is H →WW ,
the Higgs is massive enough to create two Z bosons. The Z boson can decay either
leptonically or hadronically. In case of both Z boson decaying into detectable leptons
(muons or electrons) we can fully reconstruct the invariant mass of the system (as in the
H → γγ case). Thus even with smaller branching ratio, if compared with the H →WW

one, this is considered a gold plated channel at high mass.
This decay channel is subject of study in this thesis as well; in particular we will

study the differential lepton distributions for the decay modes: H → ZZ → µ+µ−e+e−

and H → ZZ → e+e−e+e−.

Finally, both the decay channels H →W+W− → l+νl−νand H → ZZ → 4l are also
useful for the Higgs searches in the low mass range.





Chapter 4

Transverse momentum spectrum of
the Higgs boson

In order to search for the Higgs boson and to study its properties, the theoretical knowl-
edge of the total production cross section is not enough. This is a general feature of high
energy particle physics, because the total cross section is only an ideal quantity and it
is not directly measurable in real detectors. It is impossible to build a detector that can
reveal all the particles: first the detector has a certain efficiency that depends on the
materials, technology, software analysis, etc.. and also it has a finite geometrical accep-
tance: as we can see in Fig. 4.1 the detector can reveal the particle A passing through
the detecting materials, but the particle B that is produced almost in the direction of
the colliding protons escapes from the detector and it is not revealed. Each detector has
some blind regions and it cannot access the particles produced in such regions. From the
experimental point of view differential cross sections are more useful, since they allow to
take into account this problem and can be quantitatively measured.

Moreover, differential distributions as a function of other variables (angles, momenta,
etc.) provide further information on the process, allowing to test specific features of the
particles (such as spin, parity, couplings, charges. . . ) or their interactions. For example
by studying 4-jets events at LEP, if the jets are ordered by energy, E1 > E2 > E3 > E4,
we arrive at the definition of the angular correlation variable called Bengtsson-Zerwas
angle:

χBZ =
(p1 × p2) · (p3 × p4)

|p1 × p2| · |p3 × p4|
(4.1)

where pi , i = 1, . . . , 4 are the energy-ordered momenta of the four partons (jets). In
Fig. 4.2 LEP measurements of χBZ are compared with the predictions of QCD and of an
abelian model with three quark colors, but no three-gluon coupling. The data provide
evidence that QCD is indeed the correct theory to describe this process.

41
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Figure 4.1: The typical geometry of a high energy particle detector. The particle A is
produced in a direction that can be measured in the detector, instead the particle B
escapes without been revealed.

Figure 4.2: Distribution of χBZ measured by the L3 collaboration [89]. The predictions for
QCD and the abelian model are shown as bands indicating the theoretical uncertainties.

In order to describe the full kinematic of a particle we need its four-momentum, e.g. its
energy and the three spatial momenta (E, px, py, pz). In hadron colliders such as Tevatron
and the LHC, the colliding particles are un-polarised, thus the processes are cylindrical
symmetric. The particle spatial momenta can be described in cylindrical coordinates
as (pT , θ, pz) where we choose the z axis as the beam pipe direction, pT =

√
p2
x + p2

y

is the modulus of the momentum in the transverse plane xy and φ = arctan(py/px) is
the azimuthal angle in the transverse plane. Thanks to the cylindrical symmetry of the
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problem, for most of the processes we can forget the φ variable and consider only the
kinematical distributions in the variables (pT , pz). In the literature and in the following
of this thesis, the transverse momentum pT is often called qT or kT .

The transverse momentum is Lorentz invariant under boosts in the z direction and it
is thus useful when changing the frame between the rest frame of the partonic collision
and the laboratory frame. On the contrary the pz depends on the frame and it is thus
convenient to define the rapidity y as

y =
1

2
ln
E + pz
E − pz

= tanh−1 pz
E
. (4.2)

Under a boost with velocity β in the z direction the rapidity transforms as

y → y − tanh−1 β, (4.3)

hence the shape of rapidity distributions dN/dy is Lorentz-invariant. For p � m or
for massless particles, we can expand the Eq. (4.2) in terms of θ (where cos θ ≡ pz/p),
obtaining

y =
1

2
ln

cos2(θ/2) +m2/(4p2) + . . .

sin2(θ/2) +m2/(4p2) + . . .
' − ln tan

(
θ

2

)
≡ η (4.4)

η is by definition the pseudorapidity and the distributions on the η variable are Lorentz-
invariant.

In order to describe the Higgs boson production, we retain the full kinematical infor-
mation through the double differential transverse momentum and rapidity distribution.
When dealing with the Higgs boson decay, the same distributions are useful as well, and
also more elaborate observables that we will define in the next chapters.

4.1 Production: rapidity and PDFs

The rapidity distribution for Higgs boson production dσ/dy is shown in Fig. (4.3).
In order to discuss the main features of the shape of the rapidity distribution, we insert

the LO formula for Higgs production through gluon fusion Eq. (3.15) in the factorisation
formula Eq. (2.30). Thus we can rewrite Eq. (2.31) as follows

xixj =

(
M2
H

s

)
≡ τ, (4.5)

where at the LHC τ∼(10−3−10−4)�1. In other words, the constraint δ(ŝ−M2
H) implies

that the two parton distribution functions are evaluated at values of the Bjorken x such
that

xj =
τ

xi
. (4.6)
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Figure 4.3: The rapidity distribution for Higgs boson production at various perturbative
orders, obtained by the HNNLO numerical code [90, 91]. In this example we show the
spectra at the LHC for

√
s = 7 TeV and MH = 125 GeV calculated with MSTW2008

PDFs.

As we can see from Fig. 2.5, the PDFs fi(x) vanish in the limit x → 1 whereas for
x→ 0 they are strongly enhanced. However the vanishing in x→ 1 is stronger than the
enhancement in the small x region:

lim
x→τ

fi(x)fj(τ/x) = 0. (4.7)

The gluon PDFs product is instead maximised is the region x1 ∼ x2.
On the other hand, we can calculate the Higgs rapidity yH starting from the particle

momenta in the high energy limit. In the CME frame the hadron momenta can be written
as P1/2 = (E, 0, 0,±pz) ' E(1, 0, 0,±1) and the parton momenta are respectively p1/2 '
x1/2E(1, 0, 0,±1). The Higgs momentum is thus pH = p1 + p2 = E(x1 +x2, 0, 0, x1−x2)

and inserting this expression in Eq. (4.2) we obtain the Higgs rapidity as function of the
Bjorken variables x1/2

yH =
1

2
ln
x1

x2
. (4.8)

Comparing the results in Eqs. (4.6,4.7,4.8) it is clear that the Higgs rapidity distribution
is maximised in the central region y ' 0 (or equivalently x1 ∼ x2) and suppressed at high
values of |y| (xi � xj). Furthermore Eq. (4.8) is antisymmetric under exchange x1 ↔ x2
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and as a consequence the Higgs rapidity distribution is symmetric for yH ↔ −yH both
in pp and pp̄ collisions.

Finally if we set xj = 1 in Eq. (4.5) and using Eq. (4.8) we obtain the kinematical
limit for the Higgs rapidity

ymaxH =
1

2
ln

s

M2
H

= ln

√
s

M2
H

. (4.9)

For example, if we consider MH = 125 GeV as in Fig. 4.3 we have the LO rapidity limit:
ymaxH = ln(7000/125) ' 4.025 . . .

Considering higher perturbative orders, the behaviour of the rapidity distribution is
essentially driven by the PDFs. Its shape is mildly dependent on radiative corrections as
we can see in Fig. 4.4, where we show the normalized rapidity distributions at LO, NLO
and NNLO.

Figure 4.4: The normalized rapidity distribution for Higgs boson production at the LO,
NLO and NNLO, obtained by the HNNLO numerical code [90]. In this example we show
the LHC spectra, at 7 TeV C.M.E. for MH = 125 GeV calculated with MSTW2008
PDFs.

4.2 Production: transverse momentum spectrum

Due to momentum conservation, at the LO in the gluon fusion channel the Higgs boson is
produced with zero transverse momentum, while at higher orders the qT is typically non-
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zero thanks to QCD radiation from initial state partons (see Fig. 3.4). For this reason,
we conventionally call LO(NLO) transverse distribution distribution the one obtained by
using real terms contributing for the NLO(NNLO) total cross section.

Furthermore we know from detailed analysis that a good knowledge of the qT distribu-
tion shape can help to improve triggering strategies [92]; also one can see that signal and
background have different shapes, thus an optimised choice of experimental cuts allows
an improvement of the statistical significance of data analysis. For example the Higgs
qT spectrum is expected to be harder than the γγ background one. An optimised choice
of cuts allows improvement in the reconstruction of recoiling jet(s) in the calorimeters,
leading to a more precise determination of interaction vertex and improving efficiency and
mass resolution [93]. Analogous improvements can be obtained in the other decay chan-
nels, see for example Ref. [94]. In summary an accurate prediction of the qT distribution
can be extremely useful in the Higgs boson search.

As discussed in Section 3.2.1, in the large-Mt approximation the calculations are
greatly simplified by using the effective field theory (EFT), in which the top quark is
integrated over. In Fig. 4.5 we show the comparison between the exact and EFT pre-
dictions at LO: at low and medium qT the two results are in very good agreement, their
difference instead increases at high qT . The physical explanation of this feature is sim-
ple. At the LO, the recoiling gluon is emitted with opposite transverse momentum with
respect to the Higgs boson; at low qT it has a large de-Broglie wavelength and thus its
energy is not enough to resolve the quark loop, and an effective point-like interaction
works well. On the contrary if the emitted gluon is highly energetic (gluon energy bigger
than the top-mass) its wavelength is able to resolve the loop effects, that start to be
important.

In any case, the LO calculations provide just an estimate of the actual result and
typically the scale uncertainties are quite large. Sometimes such scale uncertainties un-
derestimate the true theoretical uncertainty, as it happens for the total production cross
section of the Higgs boson (see Fig. 3.6) and also for its transverse momentum distribu-
tion.

In order to obtain the NLO predictions a large number of Feynman diagrams have
to be evaluated [95]. The phase space integration of the amplitude has been performed
first numerically [96] and then analytically [97]. These calculations have been performed
in the large-Mt approximation.

A comparison of the predictions for the transverse momentum differential cross sec-
tion, with scale uncertainties at LO and NLO is shown in Fig. 4.6. Both the predictions
decreases monotonically with increasing qT , the scale dependence is almost ±50% at the
LO and it is reduced to ±30% at the NLO, but (as for the total cross section) the scale
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Figure 4.5: Comparison of the exact leading-order qT spectrum with the effective theory
calculation at LHC 14 TeV for MH = 120 GeV, from Ref. [98].

variations at the LO hardly estimate higher order perturbative corrections. The NLO
prediction is from 100% to 70% higher than the LO prediction and only in the high qT
region the error bands overlap. Note that in the intermediate and high qT region, the
prediction is quite strongly dependent on the PDFs set: in other words the LO and NLO
error bands may not overlap for all the predictions obtained with different parametrisa-
tions of the PDFs.

4.3 Fixed order failure in the low qT region

The fixed order calculations for the Higgs boson production provide a reliable tool to
predict the Higgs transverse momentum spectrum for the large qT region (qT ∼ MH).
However the bulk of events is expected in the low qT region (qT � MH), where unfor-
tunately the fixed order calculations loose their predictivity. In fact the emission of soft
and collinear radiation from incoming partons enhances the coefficients of the perturba-
tive expansion in αs by powers of logarithmic terms, as we can see in Fig. 4.7. These
logarithms spoil the convergence of perturbative contributions. In the low qT limit, the
differential cross section at the LO diverges to infinity; at the NLO there is an unphysical
peak due to the compensation of negative leading and positive sub-leading logarithmic
contributions and then the differential cross section diverges to minus infinity.

For example, in the qT → 0 limit the explicit expression for the LO differential cross
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Figure 4.6: The LO (red) and NLO (blue) predictions for qT differential cross section at
LHC 7 TeV for MH = 125 GeV, obtained with MSTW2008 PFDs set. The central value
µF = µR = MH is reported with solid lines, the uncertainty bands are evaluated by scale
variations: µF = µR = MH/2 (dotted lines) and µF = µR = 2MH (dashed lines).

Figure 4.7: The LO and NLO predictions in low qT region, for qT differential cross section
at LHC 7 TeV for MH = 125 GeV, with MSTW2008 PDFs set.
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section gg → Hg is

dσ̂gg
dq2
T

=
αs
π

σ0

ŝ

M2
H

q2
T

[(
2CA log

(
M2
H

q2
T

)
− 2β0

)
δ(1− z) + 2P (0)

gg (z)

]
+O(q2

T ) (4.10)

where z = M2
H/ŝ and CA = 3, β0 is the first coefficient of the β function (see Eq. 2.12)

and P (0)
gg is the first term in the expansion of the Altarelli-Parisi splitting function (see

Eq. 2.41), whose explicit expression is1

Pgg(z) = CA

[
z

(1− z)+
+

1− z
z

+ z(1− z)
]

+ δ(1− z)11CA − 2nf
12

. (4.12)

This partonic cross section is enhanced in the low qT region by the presence of terms
such as M2

H

q2
T

log
(
M2
H

q2
T

)
, and in general the n-th perturbative order will contain large

logarithmic corrections (αns /q
2
T ) logm

(
M2
H

q2
T

)
with m ≤ 2n− 1. For example at the NLO,

the partial compensation of the positive leading (m = 2n − 1) and sub-leading (m =

2n − 2) contributions gives rise to the un-physical peak of the differential distribution.
Higher orders contain further powers of logarithmic terms, and the presence of these
enhanced terms spoil the convergence of the perturbative series.

In order to obtain reliable predictions, these enhanced terms have to be systematically
resummed to all orders in αs. This procedure is typically observable-specific but allows
us to consistently take into account the large logarithmic terms, thus achieving reliable
physical predictions.

4.4 Resummation: general features

The resummation idea is briefly explained by the following argument: we define L as the
logarithm of ratio of relevant scales involved in the process under investigation. In our
case for example

L ≡ log

(
M2
H

q2
T

)
. (4.13)

The standard perturbative expansion of a physical observable R is given by:

R = R0

[
1 +

∞∑

n=1

αns
(
an,2nL

2n + an,2n−1L
2n−1 + an,2n−2L

2n−2 · · ·+ an,1L+ an,0
)
]
,

(4.14)
1A plus distribution g(x)+ (as in our case 1/(1 − x)+) is defined through a sufficiently smooth test

function f(x), so that its integral is by definition∫ 1

0

dx f(x)g(x)+ ≡
∫ 1

0

dx
(
f(x)− f(1)

)
g(x); (4.11)

an alternative definition is g(x)+ = g(x)
(
1− δ(1− x)

)
.
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where an,m are the perturbative coefficients related to the terms αnsLm. In the region in
which the logarithmic terms are of the order of unity (in our case when qT ∼ MH) we
recover the standard of fixed order expansion, where the convergence of the perturbative
series is guaranteed by the small parameter αs. On the contrary, in the region in which the
logarithmic terms are large the convergence of the series is spoiled by terms as αnsL2n ∼ 1.

The resummation procedure consists in defining an improved expansion, reorganising
the perturbative series according to logarithmic classes (dominant, sub-dominant, etc.)
and performing an all-order summation of each logarithmic class. This task can be
accomplished because in most cases radiative emissions near the edge of phase space can
be recursively described and thus treated to all perturbative orders.

For observables that fulfil the exponentiation, this can be achieved by working in a
conjugate space, in which the kinematics for multiple soft emission factorise. In this case
the Eq. (4.14) can be rewritten as follows

R ∼ R0 exp

[ ∞∑

n=1

αns
(
Gn,n+1L

n+1 +Gn,nL
n +Gn,n−1L

n−1 · · ·+Gn,1L+Gn,0
)
]
.

(4.15)

In the region where the logarithmic terms dominates (where αsL ∼ 1) we can collect
terms by classes according to the following rule: αsL2 ∼ α2

sL
3 ∼ αnsL

n+1 and αsL ∼
α2
sL

2 ∼ αnsLn and so on. Thus we rewrite Eq. (4.15):

R ∼ R0 exp
[
αsL

2 g1(αsL) + αsL g2(αsL) + α2
sL g3(αsL) + . . .

]

= R0 exp [L g1(αsL) + g2(αsL) + αs g3(αsL) + . . . ] (4.16)

where the functions gi collects the contributions from Gn,n+2−i terms, and respectively
resum all the corresponding logarithms. We define the logarithm classes according to
dominant, next to dominant etc. as follows:

αnsL
n+1 ↔ g1 ↔ Leading Logarithms (LL)

αnsL
n ↔ g2 ↔ Next-to-Leading Logarithms (NLL)

αnsL
n−1 ↔ g3 ↔ Next-to-Next-to-Leading Logarithms (NNLL) (4.17)

. . .

As we can see from the first line of Eq. (4.16), the advantage of this procedure is
evident: in the region where L � 1 the perturbative series convergence is controlled by
powers of the small parameter 1/L.
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4.5 Transverse momentum resummation

The first all-order resummation for the transverse momentum spectrum was performed
by summing all double logarithmic terms as αnsL2n [99]. Then it was showed that the
consistent treatment of the momentum conservation can be implemented in the impact
parameter space [100], in which the kinematics of multiple soft emission factorise. Up to
now the resummation formalism has been developed for colourless final state systems F
such as one or more vector bosons, Higgs bosons and so forth.

In order to obtain a colourless final state F , the LO partonic cross section can only
be qq̄ annihilation or gg fusion, and respectively, the most important examples are the
Drell-Yan process and Higgs boson production through gluon fusion. The resummation
formalism was originally developed for the case of Drell-Yan by Collins, Soper and Ster-
man (CSS) [101], and the large logarithmic contributions were resummed at NLL [102]
and then at NNLL [103]. The modifications to the formalism necessary to deal with
the gluon-gluon initial state have been worked out in Ref. [104]. In the case of Higgs
production the cross section was computed at NLL [16] and at NNLL [17, 18].

We start by considering the hard scattering process of two hadrons h1, h2 into an
observed final state F (q2, q2

T ) plus a collection of unobserved particles X:

h1(P1) + h2(P2)→ F (q2, q2
T ) +X, (4.18)

where p1, p2 are momenta of the colliding hadrons and q2 is the squared invariant mass of
the process. Following Eq. (2.30) we write the differential cross section as (for simplicity
we omit to write the explicit dependence on the variables µR, µF , αs(q))

dσh1h2→F+x(P1, P2, q
2)

dq2dq2
T

=

∫ 1

0
dx1

∫ 1

0
dx2

∑

a,b

fa/h1
(x1, q) fb/h2

(x2, q)

· dσ̂ab→F+X(p1, p2)

dq2dq2
T

(4.19)

where the index a (b) runs over the partons in the hadron h1 (h2) and p1 = x1P1

(p2 = x2P2). The hard cross section is calculated order by order in αs according to Eq.
(2.18), and its expression is

dσ̂ab→F+X(p1, p2)

dq2dq2
T

=

∞∑

n=0

(
αs(q)

π

)n+p dσ̂
(n)
ab→F+X(p1, p2)

dq2dq2
T

(4.20)

where p is the minimum power of αs needed for the process to occur at LO (p = 0 for
Drell-Yan, p = 2 for Higgs boson production).

Order by order the divergent terms can be isolated in dσ̂(n)
ab→F+X by splitting it into

singular and regular parts: the singular part contains the terms proportional to δ(q2
T )
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and logarithms; the regular part is free of such contributions and is less singular than
q−2
T for qT → 0.

dσ̂
(n)
ab→F+X

dq2dq2
T

= T
(n,δ)
ab (q, x1, x2)δ(qT ) +

2n−1∑

m=0

T
(n.m)
ab (x1, x2)

1

q2
T

lnm
(
q2

q2
T

)
(4.21)

+ R
(n)
ab (q, qT , x1, x2). (4.22)

In other words now we have:

dσ̂ab→F+X

dq2dq2
T

=

[
dσ̂ab→F+X

dq2dq2
T

]

res

+

[
dσ̂ab→F+X

dq2dq2
T

]

fin

(4.23)

where the first term (res) contains all the singular terms that has to be resummed to all
orders; the second term (fin) is instead finite (regular) order by order for qT → 0.

The finite part is exactly the difference between the full perturbative result at a given
order and its divergent part (its asymptote). This term is not significant in the low qT

region and as opposite its importance raises in the intermediate and large qT region. By
definition the finite part of the hadronic cross section is

[
dσab→F+X

dq2dq2
T

]

fin

=
∑

a,b

∫ 1

0
dx1

∫ 1

0
dx2 fa(x1, q) fb(x2, q)

[ ∞∑

n=0

(
αs(q)

π

)n+p

R
(n)
ab (q, qT , x1, x2)

]

(4.24)
The resummed part embodies the contributions from the divergent terms T (n,δ)

ab , T
(n.m)
ab

and it is calculated (by a Fourier-Bessel transform) in the impact-parameter space23:
[
dσ̂ab→F+X

dq2dq2
T

]

res

=
q2

ŝ

∫
d2b

4π
eiqT ·bWF

ab(q, b, x1, x2) (4.26)

where b is the Fourier conjugate variable of qT .The bi-dimensional Fourier-Bessel trans-
form can be simplified in case of un-polarised scattering, where we can use the cylindrical
symmetry of collisions:
∫
d2b

2π
eiqT ·bWF

ab(b) =

∫ +∞

0
bdbWF

ab(b)

∫ 2π

0

dθ

2π
eib qT cos θ =

∫ +∞

0
bdbWF

ab(b)J0(bqT ) (4.27)

2We recall that qT and b are bi-dimensional vectors, and qT = |qT |, b = |b|. For the sake of simplicity,
we generally omit to use the different notations.

3The impact parameter space allows to correctly take into account the kinematical constraint of
transverse momentum conservation [100]. In fact, defining q1

T . . . q
n
T as transverse momenta of the emitted

soft gluons, the momentum conservation constraint with the qT of the Higgs is expressed through a Dirac
delta function. In the Fourier-Bessel space such delta function factorizes, as follows

δ2(qT − q1
T · · · − qnT ) =

∫
d2b

2π
ei(qT−q1

T ···−qn
T )·b =

∫
d2b

2π
eiqT ·b

∏
j

e−iq
j
T
·b (4.25)
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here we have used the independence of the functionWF
ab(b) on the angular variable θ and

J0(bqT ) is the 0th-order Bessel function.
The factorWF

ab is perturbative, process dependent and embodies the all-order resum-
mation of large logarithms ln q2b2/b20 where b0 = 2e−γE and γE = 0.5772 . . . is the Euler
number4. The resummed component of the hadron cross section is thus

[
dσh1h2→F+X

dq2dq2
T

]

res

=
∑

a,b

∫ 1

0
dx1

∫ 1

0
dx2

∫ ∞

0
db
b

2
J0(bqT )fa(x1, b

2
0/b

2)fb(x2, b
2
0/b

2)

· M
2
F

s
WF
ab(x1x2s, q, b) (4.28)

Note that the PDFs now depend on the impact parameter b: we will discuss this important
point in the next section. TheWF

ab function is usually written [101] in the following form

WF
ab(x1x2s, q, b) =

∑

c

∫ 1

0
dz1

∫ 1

0
dz2C

F
ca(αs(b

2
0/b

2), z1)CFc̄b(αs(b
2
0/b

2), z2)δ(q2 − z1z2s)

·σ(LO)F
cc̄ (q2)SFc (q, b) (4.29)

where σ(LO)F
cc̄ is the LO total cross section for the partonic process: c, c̄ = q, q̄ for the

Drall-Yan and c, c̄ = g, g for the gluon-gluon fusion; the term SFc is called quark (c = q)
or gluon (c = g) Sudakov form factor.

The main point of resummation is the possibility [99, 100, 101] of expressing the form
factor in the following integral form

SFc (q, b) = exp

[
−
∫ q2

b20/b
2

dk2

k2

(
Ac(αs(k

2)) ln
q2

k2
+Bc(αs(k

2))

)]
. (4.30)

The functions Ac(αs), Bc(αs), Cab(αs, z) do not depend on the large logarithms ln(q2b2)

and can be computed by perturbative expansion in powers of αs:

Ac(αs) =

∞∑

n=1

(αs
π

)n
A(n)
c ; Bc(αs) =

∞∑

n=1

(αs
π

)n
B(n)
c

Cab(αs, z) = δabδ(1− z) +
∞∑

n=1

(αs
π

)n
C

(n)
ab (z). (4.31)

These coefficients can be obtained by comparing in the small qT region (at the same order)
the perturbative expansion of the resummed expression in Eq. (4.28) with the fixed order
calculation of the differential cross section. By the knowledge of the LO differential cross
section it is possible to extract the A(1) and B(1) coefficients, analogously with the NLO
differential cross section it is possible to extract the A(2) and B(2) coefficients and so on.

4b is the Fourier-conjugate variable of qT , thus b ∼ 1/qT and the limit qT � q corresponds to b� q.
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On the other hand, the resummation at the LL is obtained through the A(1) term, the
NLL through A(2), B(1), C(1) and in general the resummed calculation at the NnLL order
is obtained by the knowledge of A(n+1), B(n), C(n) coefficients.

The coefficients A(1), A(2), B(1), B(2) are known both for the gluon [16, 18] and quark
[102, 103] cases. Only recently the A(3)

g , A
(3)
q coefficients have been computed [21], while

in the past they have been assumed [22, 105] equal to the ones that appear in threshold
resummation [106, 107, 108]. The general (process independent) form of the coefficients
C(1)F is known [19]. In particular the C(1)

qg and C(1)
gq do not depend on the process, and

were first computed in Ref. [103, 17].

4.6 Process-independent transverse momentum resumma-
tion

In the previous section we discussed the so called CSS resummation procedure. This
formalism has been used to provide a variety of phenomenological applications to vector
[109, 110, 111] and Higgs [112, 113] boson production, and also vector boson pair pro-
duction at hadron colliders [114, 115, 105], and the ensuing calculations have been used
quite extensively for physics studies at the Tevatron over many years.

The CSS formalism, however, suffers of some limitations. First of all both the Su-
dakov form factor and the coefficient functions are not universal, but process dependent.
In particular (beyond the NLL) the coefficients B(n), C(n) have to be calculated for each
particular process one is interested in. Moreover the PDFs in Eq. (4.28) explicitly depend
on the impact parameter b, thus the inversion of the Fourier-Bessel transform involves
the extrapolation of the PDFs in the non-perturbative region. Finally the expression in
Eq. (4.29) is valid when qb� 1 and it is used also for small b values (i.e. in the large qT
region), where the resummation is not justified; this implies a poor control of the total
cross section when the differential distribution is integrated over qT . Different strate-
gies have been proposed to settle these difficulties [116], but unfortunately no explicit
momentum conservation in the qT space can be achieved [100].

In the recent years, a process independent resummation formula has been presented
[20] and it overcomes the above difficulties. Formula in Eq. (4.29) can be replaced by
the following expression

WF
ab(x1x2s, q, b) =

∑

c

∫ 1

0
dz1

∫ 1

0
dz2Cca(αs(b

2
0/b

2), z1)Cc̄b(αs(b
2
0/b

2), z2)δ(q2 − z1z2s)

·σFcc̄(q2, αs(q
2))Sc(q, b) . (4.32)

In this universal formula the coefficient function Cca and the Sudakov form factor Sc are
process independent and the only formal difference is the replacement of the LO cross



Chapter 4:Transverse momentum spectrum of the Higgs boson 55

section with the one that includes the higher order corrections:

σFcc̄(q
2, αs(q

2)) = σ
(LO)F
cc̄ (q2) ·HF

c (αs(q
2)) (4.33)

here the function HF
c (which depends on the process) adsorbs the process dependent

terms in the Sudakov form factor and the coefficient functions; in a symbolic way we can
write:

{
SFc , C

F
ca, C

F
c̄b, σ

(LO)F
cc̄

}
=
{
S,Cca, Cc̄b, σ

F
cc̄

}
(4.34)

The function HF
c does not contain large logarithmic terms, and thus can be expanded in

powers of αs

HF
c (αs) = 1 +

∞∑

n=1

(αs
π

)n
H(n)F
c (4.35)

As stated before, the CSS resummation implies a dependence on b in the PDFs, that
eventually lead them into the non-perturbative regime. In this universal resummation
procedure the original dependence of the PDFs on the factorisation scale µF is restored.
First we evaluate the PDFs and the coefficient functions at different scales, according
with the evolution operator matrix Uab(z, b

2
0/b

2, µ2
F ) obtained by solving the DGLAP

equation (2.40) at the required perturbative accuracy:

fa(x, b
2
0/b

2) =
∑

b

∫ 1

x

dz

z
Uab(z, b

2
0/b

2, µ2
F )fb(x/z, µ

2
F ) (4.36)

Cca(αs(b
2
0/b

2), x, µ2
F ) =

∑

b

∫ 1

x

dz

z
Ccb(αs(b

2
0/b

2), z)Uba(x/z, b
2
0/b

2, µ2
F ) (4.37)

these calculation are made in the Mellin space5, where the convolutions become ordinary
products:

dUab,N (µ2, µ2
F )

d lnµ2
=
∑

c

γac,N (αs(µ
2))Ucb,N (µ2, µ2

F )

fa,N (µ2) =
∑

b

Uab,N (µ2, µ2
F )fb,N (µ2

F ) (4.38)

Cca,N (µ2, µ2
F ) =

∑

b

Ccb,N (µ2, µ2
F )Uba,N (µ2, µ2

F )

5From now on, we indicate the Mellin transform of a function by the subscript N , to not be confused
with n indicating the n-th term of a generic perturbative expansion.
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In this formalism we have
[
dσNh1,h2→F+X

dq2dq2
T

]

res

=
∑

a,b

fa,N (µ2
F )fb,N (µ2

F )

∫ ∞

0
db
b

2
J0(bqT )WF

ab,N (b, q, αs(q
2), µ2

F )

WF
ab,N (b, q, αs(q

2), µ2
F )=

∑

c

σ
(LO)F
cc̄ (q2)HF

c (αs(q
2)) Sc(q, b) (4.39)

·
(∑

d

Ccd,N (αs(b
2
0/b

2))Uda,N (b20/b
2, µ2

F )

)

·
(∑

e

Cc̄e,N (αs(b
2
0/b

2))Ueb,N (b20/b
2, µ2

F )

)

in practice the evolution operator Uca "moves" the b-dependent term, from the PDFs to
the coefficient functions, thus avoiding the evaluation of the PDFs in the non-perturbative
region.

By doing so, the logarithmic terms form the U operators are exponentiated and
treated analogously to the ones in the Sudakov form factor Eq. (4.30)

WF
ab,N (b, q, αs(µ

2
R), µ2

R, µ
2
F ) =

∑

{I}
H{I},Fab,N (q, αs(µ

2
R), lR, lF , lQ)

· exp
{
G{I},N (b, q, αs(µ

2
R), L, lR, lQ)

}
(4.40)

Some comments on the last formula are needed. First of all, the index {I} labels a set
of flavour indices. Here we will limit ourselves to consider the case of a single species of
partons. The general case simply involves a sum over exponential terms, without further
conceptual steps (the general case is discussed in appendix A of Ref. [22]). The function
G{I},N is universal, it does not depend on the partons a, b and on the factorisation scale
µF . In this formula we introduce some new variables:

lR = ln
q2

µ2
R

; lF = ln
q2

µ2
F

; lQ = ln
q2

Q2
(4.41)

because the dependence on the renormalisation and factorisation scales is always through
such logarithms. Finally we introduce a new resummation scale Q and its logarithm lQ:
the factorisation between logarithmic and constant terms has some arbitrariness [117]
because the argument of the large logarithms can always be rescaled as

ln(q2b2) = ln(Q2b2) + ln
q2

Q2
(4.42)

as long as Q is independent of b. If q ∼ Q the second term in Eq. (4.42) can be neglected
and the large logarithmic terms to be resummed are (slightly) different. The role of
this resummation scale is now analogous to the one played by the renormalisation and
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factorisation scales: the physical predictions would not depend on these scales if evaluated
to all perturbative orders. However this dependence is present when the calculation is
truncated to some level of perturbative accuracy. Thus we will set Q at a central value
around the physical scale q and then we will estimate the uncertainties by variations of
Q around this central value.

The resummation function exp(GN ) embodies all the large logarithms and the expo-
nent includes the complete dependence on b. It can be systematically expanded as

GN (L,αs(µ
2
R), lR, lQ) = Lg(1)(λ) + g

(2)
N (λ, lR, lQ) +

αs
π
g

(3)
N (λ, lR, lQ) + . . . (4.43)

where λ = (β0/π)Lαs(µ
2
R) and the functions g(n)(λ) are defined such that g(n)(0) ≡ 0.

The g(n)
N functions can be easily calculated for arbitrary values of n [54]. The explicit

expression of g(1)
N = g(1) is6

g(1)(αsL) =
A(1)

β0

λ+ ln(1− λ)

λ
. (4.44)

The function HFab,N takes into account the full information on the hard-scattering
process, it is free of large logarithms and can be expanded as powers of αs (it does not
depend on b and hence its evaluation does not require resummation of large logarithms):

HN (q, αs, lR, lF , lQ)=σ(LO),F

[
1+

αs
π
HF,(1)
N (lR, lF , lQ)+

(αs
π

)2
HF,(2)
N (lR, lF , lQ)+. . .

]
.

(4.45)
The first order coefficient HF,(1)

N has the following expression

HF,(1)
N (lR, lF , lQ) = HF (1) + 2C

(1)
N − pβ0lR + 2γ

(1)
N lF −

(
1

2
A(1)lQ + B̃

(1)
N

)
lQ, (4.46)

where p is defined as in Eq. (4.20), B̃(1)
N = B

(1)
c + 2γ

(1)
cc,N with B(1)

q = B
(1)
q̄ = −3/2CF ,

CF = 4/3 and B(1)
g = −1/6(11CA+2nf ). In the case of Higgs boson production (F = H)

the second order coefficients are reported in Appendix B.
The truncation of the function WF

ab,N (the resummed part of the differential cross
section) at a given logarithmic accuracy is defined as follows: at LL we include the(
g(1), σ(LO),F

)
contributions, at the NLL we add the contribution of

(
g

(2)
N ,HF,(1)

N

)
, at

the NNLL
(
g

(3)
N ,HF,(2)

N

)
and so on.

In order to obtain the finite part of the qT distribution, see Eq. (4.24), we have to
eliminate the divergent part in the fixed order calculations. Therefore we neglect any term
proportional to δ(q2

T ) in both fixed order result and in the expansion of the resummed

6The explicit expression for the LL, NLL, NNLL functions g(1), g
(2)
N , g

(3)
N can be found in Refs. [22].
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result (at the same accuracy). Ad each perturbative order in αs, the finite part is thus
obtained as follows

[
dσa,b→F+X

dq2dq2
T

]NnLO

fin

=

[
dσa,b→F+X

dq2dq2
T

]NnLO

fo

−
[
dσa,b→F+X

dq2dq2
T

]NnLO

res

(4.47)

The fixed order terms are obtained by computing the customary perturbative series
for the partonic cross section at each perturbative order. The fixed order truncation
of the resummed component is obtained by expanding the resummed component at the
same order in αs. In practice, to calculate the fixed order truncation of the resummed
component we define the perturbative coefficients Σ̃(n) as follows

WF
ab,N (b, q, αs(µ

2
R), µ2

R, µ
2
F ) =

∑

c

σ
(0)
cc̄,F (αs,M)

{
δcaδc̄bδ(1− z)

+

∞∑

n=1

(αs
π

)n [
Σ̃
F (n)
cc̄←ab (z, L, lR, lF , lQ) (4.48)

+ HF,(n)
cc̄←ab (z, lR, lF , lQ)

]}
.

The perturbative coefficient Σ̃(n) are polynomial of degree 2n in the variable L. For
example, the perturbative expansion of the first order term is

Σ̃
F (1)
cc̄←ab (z, L) = Σ

F (1:2)
cc̄←ab(z)L

2 + Σ
F (1:1)
cc̄←ab(z)L (4.49)

where

Σ
F (1:2)
cc̄←ab(z) = −1

2
A(1)
c δcaδc̄b (4.50)

Σ
F (1:1)
cc̄←ab(z) = −

[
δcaδc̄b(B

(1)
c +A(1)

c lQ) + δcaγ
(1)
c̄b,N + δc̄bγ

(1)
ca,N

]
(4.51)

The expression for the second order coefficient Σ̃(2) can be found in Ref. [22].

4.7 Small and large b region, qT integrated cross section and
non perturbative effects

In order to obtain a more reliable transverse momentum distribution, some refinements
are needed.

First, in order to reduce the impact of unjustified resummed logarithms in the large
qT region a procedure (inspired by that introduced in [118]) is used: in the function GN
we replace the logarithmic variable L with the new one L̃ defined as follows

L ≡ ln

(
Q2b2

b20

)
→ L̃ ≡ ln

(
Q2b2

b20
+ 1

)
(4.52)
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This replacement is fully legitimate, because L̃ = L+ O(1/(Qb)2): in the large b region
(small qT ) the effect of the change is negligible, and in the low b region we have7

L̃→ 0 ⇒ exp{GN (αs, L̃)} → 1 . (4.53)

With this replacement, using the definition in Eqs. (4.26,4.27,4.40), we obtain the
following relation

∫ ∞

0
dq2
T

dσ̂
(res)
F

dq2
T

(qT , q, ŝ, αs(µ
2
R), µ2

R, µ
2
F , Q

2) =
q2

ŝ
HF (q, ŝ, αs(µ

2
R), lR, lF , lQ) (4.54)

which can be simply interpreted as a unitarity constraint on the resummation procedure:
since the hard cross section is evaluated in fixed order perturbation theory, the replace-
ment L → L̃ puts a constraint on the total cross section. More precisely, the integral
over qT of the qT spectrum at a given order, exactly reproduces the result of the total
cross section at the same perturbative order

∫ ∞

0
dq2
T

dσ̂
(NLL+LO)
F

dq2
T

= σ
(NLO)
F (4.55)

∫ ∞

0
dq2
T

dσ̂
(NNLL+NLO)
F

dq2
T

= σ
(NNLO)
F . (4.56)

A second problem we have to deal with regards the Landau pole in the evolution of the
QCD coupling αs. The g(n)(λ) functions in Eq. (4.43) are singular in the limit λ → 1,
because the argument of the strong coupling reaches the non-perturbative regime and αs
diverges. Thus the qT distribution is affected by non-perturbative effects (NP) associated
with the large b region, and a prescription to avoid this singularity in the integration over
b is needed (see Eq. 4.40).

In the original version of the resummation formalism [99, 100], saddle point methods
have been used to calculate the Fourier-Bessel transform

bSP ' 1

ΛQCD

(
ΛQCD
q

)p
(4.57)

p =
2A(1)

2A(1) + β0

where bSP is the saddle point, p ' 0.61 for gluon and p ' 0.41 for fermion processes.
For a typical hard process with hard scale q ∼ 100 GeV the value of the saddle point is
bSP ∼ 0.1 GeV−1.

7The replacement L→ L̃ is made also in Eq. (4.49), hence by definition the Σ̃(n) polynomials vanish
when L̃ = 0 (i.e. for b = 0).
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Nonetheless, in principle the Fourier-Bessel transform from b to qT space needs the
distribution in all b values. In the original CSS formulation a new non-perturbative
function FNP multiplying the standard W function was introduced [119, 101]

WNP
ab (b) ≡ Wab(b∗) · FNPab (b) (4.58)

where b∗ = b/
√

1 + (b/bmax)2 and bmax is a small distance (typically bmax ∼ 0.5 GeV−1).
In this formulation, for small values of b we have b ' b∗ and WNP

ab (b) ' Wab(b); the
advantage is that the function Wab(b) is always evaluated far from the critical value
bmax.

In practice, with this procedure the problems in the non perturbative region ofWab(b)

are transferred to the FNPab (b) function. In the CSS formulation this function can be
written as

F
NP (CSS)
ab (b, q, x1, x2) = exp

[
− ln(q2b2max)g1(b)− ga(x1, b)− gb(x2, b)

]
(4.59)

The functions g1, ga, gb are non-perturbative, universal and it is supposed they have to
be experimentally measured at some energy. Moreover, they are assumed to vanish as
b→ 0, so as to leave the total cross section unchanged.

The main source of NP effects is the intrinsic qT of partons. Thus some Gaussian
parameterisations have been proposed, see for example [103, 120, 111]. Kulesza and
Stirling [121] introduced a purely Gaussian non-perturbative function of the form

F
NP (CSS)
ab (b) = exp

(
−gb2

)
(4.60)

and the effective parameter g is fitted separately for each process at different values of
q2. This procedure allows to investigate the intrinsic qT carried by incoming partons.

An alternative approach to avoid the Landau-pole problem is to perform a deforma-
tion of the integration contour in the complex b-space [122] in the same way as previously
introduced in the threshold resummation [123]. The b-integral can be split in the complex
plane, by introducing two auxiliary functions h1(b), h2(b) (whose sum is the J0(b) Bessel
function) related to the Hankel functions, defined as follows

h1(b) = − 1

π

∫ −π+iπ

−iπ
dθe−i|b| sin θ,

h2(b) = − 1

π

∫ −iπ

π+iπ
dθe−i|b| sin θ, (4.61)

J0(b) =
h1(b) + h2(b)

2
.

These auxiliary functions can replace the Bessel function in the Mellin transform. Their
utility is that they distinguish the positive and negative phases, then the integration
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contour can be deformed allowing to treat the b integral as the sum of the two contribu-
tions in the upper and lower half-plane. In our calculation we choose the two integration
branches as

b = (cosφ± sinφ)|b| (4.62)

The two integrals are finite, they can be calculated separately and hence the Mellin
transform of the function WF

N can be obtained. From a numerical point of view, the
result turns out to be very mildly dependent on the choice of the parameter φ.

4.8 Double differential cross section: qT resummation and
rapidity dependence

The resummation formalism described in the previous section can be extended to include
the rapidity dependence.

Thus we are interested in the same scattering process as Eq. (4.18), but now we
calculate the double differential cross section in rapidity and transverse momentum [124]

dσh1h2→F+x(y, qT ,MH , s)

dydq2
T

=

∫ 1

0
dx1

∫ 1

0
dx1

∑

a,b

fa(x1, µ
2
F ) fb(x2, µ

2
F )

· dσ̂ab→F+X(ŷ, qT ,MH , ŝ, αs(µ
2
R), µ2

R, µ
2
F )

dŷdq2
T

(4.63)

Comparing to the case in which the rapidity is integrated over, the resummation formulae
become a bit more involved, but the structure is essentially the same. We first rewrite
the partonic cross section as sum of resummed and finite parts

dσ̂a,b→F+X

dŷdq2
T

=

[
dσ̂a,b→F+X

dŷdq2
T

]

res

+

[
dσ̂a,b→F+X

dŷdq2
T

]

fin

(4.64)

The resummed part is calculated in the Fourier-Bessel space according to Eqs. (4.26,4.27).
In the present case, it is convenient to consider double Mellin (N1, N2)-moments [125, 126]
with respect to the two variables z1 = e+ŷMH/

√
ŝ and z2 = e−ŷMH/

√
ŝ at fixed MH

(note that 0 < zi < 1).
More generally [127] any function f(y, z) defined on support |y|<− ln

√
z and 0<z<1

can be considered as a function of two variables z1 = e+y√z and z2 = e−y
√
z. Thus its

(N1, N2)-moments f (N1,N2) can be defined as

f (N1,N2) ≡
∫ 1

0
dz1z

N1−1
1

∫ 1

0
dz2z

N2−1
2 f(y, z) (4.65)

where
y =

1

2
ln(z1/z2) z = z1z2. (4.66)
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Furthermore defining ν = i(N2 − N1) and N = (N1 + N2)/2, the Mellin transform can
also be obtained as follows

f (N1,N2) ≡
∫ 1

0
dzzN−1

∫ +∞

−∞
dyeiνyf(y, z) (4.67)

We thus introduce double Mellin transform W(N1,N2) as follows:

W(N1,N2)
ab (b,MH , αs) =

∫ 1

0
dz1z

N1−1
1

∫ 1

0
dz2z

N2−1
2 Wab(ŷ, b,MH , ŝ, αs) (4.68)

and the convolution structure of the QCD factorisation formula in Mellin space is readily
diagonalised by considering (N1, N2)-moments:

dσ(N1,N2) =
∑

a1,a2

f (N1+1)
a1

f (N2+1)
a2

dσ̂(N1,N2)
a1,a2

(4.69)

where f (Ni+1)
ai are the Mellin moments of the PDFs.

The perturbative factor W(N1,N2)
ab can indeed be organised in a more general expo-

nential form, in close analogy to Eq. (4.40):

W(N1,N2)
ab (b,MH , αs) = H(N1,N2)

ab (MH , αs) exp
{
G(N1,N2)
ab (αs, L̃)

}
(4.70)

The function H(N1,N2) is process dependent and it can be expanded in powers of αs
as generalisation of Eq. (4.45)

H(N1,N2)
ab (MH , αs) = σ(LO),F (MH , αs)

[
1 +

αs
π
H(N1,N2)(1)
ab +

(αs
π

)2
H(N1,N2)(2)
ab + . . .

]

(4.71)
and analogously generalising Eq. (4.43) we obtain

G(N1,N2)(L̃, αs(µ
2
R)) = L̃g(1)(λ) + g

(2)
(N1,N2)(λ) +

αs
π
g

(3)
(N1,N2)(λ) + . . . (4.72)

In the case of the qT cross section integrated over the rapidity

dσ

dqT
=

∫
dy

dσ

dydqT
(4.73)

the double (N1, N2)-moments are replaced by the corresponding single-moments (setting
ν = 0 in Eq. (4.67) is equivalent to integrate over rapidity): the functions WN ,GN ,HN
are obtained by settingN1 = N2 = N inW(N1,N2),G(N1,N2),H(N1,N2). Thus this procedure
is a straightforward generalisation of the qT resummation.

From a practical point of view, looking at the formulas in Eq. (4.66), we can easily
obtain the G(N1,N2),H(N1,N2) functions from GN ,HN :

G(N1,N2) =
1

2

(
GN1 + GN2

)
H(N1,N2) =

√
HN1HN2 (4.74)
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These equalities are valid in the simplified case where there is a single species of partons;
the generalisation to considering more species of partons does not require any further
conceptual steps: it just involves algebraic complications related to the treatment of the
flavour indices (the multi-flavour case is briefly illustrated in Appendix A of Ref. [124]).

4.9 Decay products: rapidity, transverse momenta and
experimental acceptances

As stated at the beginning of this chapter, we cannot directly observe the Higgs bo-
son. Only its decay products can be revealed and measured in the detectors. Moreover
the production total cross section is an ideal quantity that cannot be directly measured
because detectors have always a finite acceptance. Thus it is important to provide pre-
dictions for observables that can be directly measured by the experiments. The standard
way to obtain such predictions is to use general purpose Monte Carlo codes that simulate
the full event: from the hadron collision, to the hard interaction, to the showering phase
[128, 129]. These codes are able to simulate the full complexity of the hadronic final
state, including the parton to hadron transition. They typically implement up to NLO
fixed order accuracy [130, 131] and simulate the emission of several soft/collinear partons
through a branching algorithm, thus obtaining an effective resummation whose accuracy
is (almost) NLL.

There are also parton level Monte Carlo codes that are optimised for specific processes
and can reach higher precision. For Higgs boson production through gluon fusion the
HNNLO code simulates the Higgs boson production process up to NNLO and its decay into
electroweak channels [90]. This code is widely used by the experimental collaborations at
the LHC and at the Tevatron [52, 132], but it can not provide fully realistic simulations,
since the final state includes at most two hard partons.

Although HNNLO takes into account higher order corrections up to NNLO, in some
cases the predicted distributions suffer of some perturbative instabilities. The main reason
is that at the LO the Higgs boson is produced with vanishing qT , and as a consequence
LO kinematic distributions may show a step like behaviour. This is a common feature
of perturbative predictions and it is well understood [133]. In fact to any finite order
of perturbation theory, QCD observables defined as infrared/collinear safe can still be
infinite at accessible points inside phase space. Such singularities arise whenever at a
given perturbative order the observable has a non-smooth behaviour at an accessible
point (critical point). In this case the higher order corrections will suffer of instabilities
close to such critical point. These divergences correspond to integrable singularities
and they could in principle be removed by non-perturbative smearing effects. However
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this would require non-perturbative contributions that are not power suppressed at high
energies.

Another solution is to consider the resummation of soft-gluon contributions that is
sufficient to smooth the distribution throughout the physical phase space, i.e. infrared
finiteness is restored after resummation of divergent terms to all orders. The resulting
characteristic structure is named Sudakov shoulder.

From the above discussion it is clear that it is important to support the HNNLO code
by including the effects of qT resummation. This is the main reason to work on a new
program, that we will call HRes, that encodes such resummation.



Chapter 5

Resummed qT spectrum of the Higgs
boson: HqT predictions

This thesis is mostly devoted to the Higgs transverse momentum spectrum. As explained
in previous chapter, this spectrum cannot be obtained by simply considering fixed order
calculations: in order to obtain reliable predictions the transverse-momentum resum-
mation formalism is needed. The calculation up to almost the NNLL+NLO order was
implemented in the HqT public code [91].

The transverse-momentum resummation formalism described in the previous chapter
and in Refs. [20, 22] is valid for a generic process in which high-mass system of non
strongly-interacting particles is produced in hadron-hadron collisions. The method has
been also applied to the production of single vector bosons [134], WW [135] and ZZ

[136] pairs, slepton pairs [137], and Drell-Yan lepton pairs in polarised collisions [138].

In this chapter we update and extend the phenomenological analysis presented in
Ref. [22]. In particular, the exact value of the NNLO hard-collinear coefficients HH(2)

was computed in Ref. [90, 139]: we calculated (and implemented in the HqT code) their
Mellin transform. Moreover the recently derived NNLL coefficient A(3) [21] is now en-
coded in HqT. Another important improvement is the implementation of the resummation
scale dependence (see Eq. (4.52)). Now all the scale dependences (i.e. renormalisation,
factorisation and resummation scales (4.41)) are taken into account in the code.

Thus the new version of HqT provides the most advanced perturbative information
that is available at present: NNLL resummation at small qT and the fixed-order NLO
calculation at large qT , and allows more reliable studies on the scale uncertainties.

In this chapter we present numerical results for Higgs production at the Tevatron Run
II and at the LHC and we perform a detailed study of the perturbative uncertainties.
We also consider the normalised qT spectrum and discuss its theoretical uncertainties.

65
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5.1 Mellin transform of the hard coefficients HH,(2)

The Higgs spectrum is obtained at a given perturbative order by the knowledge of both
the form factor GN in Eq. (4.43) and the hard function HHgg,N in Eq. (4.45). In the first

version of the HqT code a crude estimate of the coefficient HH,(2)
gg→ab(z) of Eq. (4.45) was

given

HH,(2)
gg←ab(z) ∼ δgaδgbδ(1− z)

[(
19

8
+

2

3
nf

)
Lt + c

]
(5.1)

where the term proportional to Lt = ln
M2
H

M2
t
could be obtained from the results of [15,16]

and the coefficient c was estimated using the known results on the total NNLO cross
section [8,9,10]. This approximation is rather crude since it keeps only the δ(1 − z)

contribution in the gg channel and neglects both the other terms and the contributions in
the qg and qq′ channels. Nonetheless, at the LHC, this approximation works remarkably
well in a wide range of Higgs boson masses.

The exact expression of theHH,(2)
gg←ab(z) has been published in Ref. [139] and is reported

in Appendix B.
The resummation is carried out in the Mellin space and thus the Mellin transform Eq.

(2.33) of the hard coefficients1 HH,(2)
gg←gg(z), HH,(2)

gg←gq(z), HH,(2)
gg←qq(z) has to be evaluated.

The Mellin transform in the complex variable N of quark-quark contribution is easy
to calculate

HH,(2)
gg←qq,N = −1

4

(
C2
F

( −1

(N + 1)2
+

4(2N − 3)

(N − 1)2
− 8N + 4

N2

))
; (5.2)

instead the quark-gluon and gluon-gluon coefficients contain terms whose Mellin trans-
form is unknown. They are evaluated using the numerical results of Ref. [140]. The
strategy is the following: some master functions are approximated by a truncated series
expansion whose coefficients are given by the MINIMAX-method [141] with an adaptive
choice of arguments z; then (by using the properties of the Mellin transform) a more
complicate function is reduced to a combination of integrable functions.

For example, suppose to know both the Mellin transforms of a given function f(z) ∈
C∞[0, 1) and its derivative f ′(z), but the Mellin transform of f(z)/(z + 1) is unknown.
Using the Mellin properties it is possible to write down the Mellin transform of f(z)/(z+1)

as follows
∫ 1

0
dzzN−1 f(z)

z + 1
= ln(2)f(1)−

∫ 1

0
dzzN−2 ln(z + 1)

[
(N − 1)f(z) + zf ′(z)

]
. (5.3)

1Note the useful relation valid for the quark-(anti)quark channels:

HH,(2)
gg←qq̄(z) = HH,(2)

gg←qq̄′(z) = HH,(2)
gg←qq(z) = HH,(2)

gg←qq′(z)
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The logarithm is approximated with the truncated expansion

ln(z + 1) '
K∑

k=0

a
(1)
k zk (5.4)

and the coefficients a(1)
K are estimated with the MINIMAX-method.

In conclusion the Mellin transform of f(z)/(z + 1) can be expressed as follows

∫ 1

0
dzzN−1 f(z)

z + 1
' ln(2)f(1)−

K∑

k=0

a
(1)
k

[∫
dzzN+k−2f(z) +

∫
dzzN+k−1f ′(z)

]
(5.5)

For example, this is an useful result in order to calculate the Mellin transform of
Li3(z)/(z + 1), where Li3(z) is the usual polylogarithm as Eq. (B.4). In this case, the
necessary Mellin transforms are known

∫ 1

0
dzzN−1Li3(z) =

6HN +N(6Nζ(3)− π2)

6N3

∫ 1

0
dzzN−1dLi3(z)

dz
=

(N − 1)π2 − 6HN−1

6(N − 1)2
(5.6)

where ζ(3) = 1.20206 . . . and HN is the analytic continuation of the Harmonic numbers.
An integral representation is given by Euler:

HN =

∫ 1

0

zN − 1

z − 1
dz (5.7)

and an analytical expression is

HN = γE + ψ0(N + 1) (5.8)

where ψ0(n) is the digamma function.

Finally we obtain our result:

∫ 1

0
dzzN−1Li3(z)

z + 1
' ln(2)ζ(3)

−
K∑

k=0

a
(1)
k

[
N − 1

N + k − 1
ζ(3) +

k

(N + k − 1)2

(
π2

6
− HN+k−1

N + k − 1

)]
. (5.9)

With analogous expansions for the unknown integrals, the Mellin transforms of HHgg,N
and HHgq,N are obtained and their relative numerical precision is about 10−7.
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5.2 The qT spectrum of the Higgs boson at the Tevatron and
the LHC

In this section we consider the improved predictions for Higgs boson production by gluon
fusion at the Tevatron (

√
s = 1.96 TeV) and the LHC (

√
s = 7 TeV and 14 TeV).

The presented resummed results are at NNLL+NLO accuracy2 and they are compared
with the NLL+LO results. For the Tevatron we fix MH = 165 GeV; for the LHC at√
s = 7 TeV and

√
s = 14 TeV we consider MH = 165 GeV and MH = 125 GeV,

respectively.
The hadronic qT cross section at NNLL+NLO (NLL+LO) accuracy is computed by

using NNLO (NLO) parton distributions functions (PDFs) with αs(µ2
R) evaluated at 3-

loop (2-loop) order. This choice of the order of the parton densities and αs is fully justified
both in the small-qT region (where the calculation of the partonic cross section includes
the complete NNLO (NLO) result and is controlled by NNLL (NLL) resummation) and
in the intermediate-qT region (where the calculation is constrained by the value of the
NNLO (NLO) total cross section). Recent sets of parton densities, which are obtained
by analyses of various collaborations, are presented in Refs. [143, 50, 144, 145, 146].

Since the main purpose of this (and the next) chapter is the study of the qT distribu-
tion up to the NNLL+NLO, we consider here only the PDFs sets of Refs. [50, 144, 145,
146], which provide NNLO parton densities with nf = 5 (effectively) massless quarks.
Moreover, to avoid multiple presentations of similar results, we use the MSTW2008 par-
ton densities unless otherwise stated.

In Fig. 5.1 (left panels) we present the NLL+LO qT spectrum of a Higgs boson at
the Tevatron, and at the LHC with

√
s = 7 TeV and

√
s = 14 TeV. The NLL+LO result

(solid lines) at the default scales (µF = µR = MH , Q = MH/2) are compared with
the corresponding LO results (dashed lines). The LO finite component of the spectrum
(see Eq. (4.23)) is also shown for comparison (dotted lines). We see that the LO result
diverges to +∞ as qT → 0. The resummation of the small-qT logarithms leads to a well-
behaved distribution: it vanishes as qT → 0, has a kinematical peak, and tends to the
corresponding LO result at large values of qT . The finite component smoothly vanishes
as qT → 0 but gives a sizeable contribution to the NLL+LO result in the low-qT region.

The results in the right panels of Fig. 5.1 are analogous to those in the left panels
although systematically at one order higher. The qT spectrum at NNLL+NLO accuracy

2The calculation is performed strictly in the large-Mt approximation. This is known to be a good
approximation for the qT spectrum, provided that qT is not too large (qT ∼<Mt) [142]. For very large
transverse momenta the large-Mt approximation is bound to fail, since the QCD radiation accompanying
the Higgs boson becomes sensitive to the heavy-quark loop. Considering the normalized qT spectrum,
for qT ∼<Mt, corrections beyond the large-Mt approximation are expected to be at the few percent level.
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Figure 5.1: The qT spectrum of Higgs bosons at the Tevatron and the LHC. Results shown
are at NLL+LO (left panels) and NNLL+NLO (right panels) accuracy. Each result is
compared to the corresponding fixed-order result (dashed line) and to the finite component
(dotted line) in Eq. (4.47).
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(solid line) is compared with the NLO result (dashed line) and with the NLO finite
component of the spectrum (dotted line). The NLO result diverges to −∞ as qT → 0

and, at small values of qT , it has an unphysical peak (the top of the peak is above the
vertical scale of the plot) that is produced by the numerical compensation of negative
leading and positive subleading logarithmic contributions. In the region of intermediate
values of qT (say, around 50 GeV), the difference between the NNLL+NLO and NLO
results gives a sizeable contribution with respect to the NLO finite component. This
difference is produced by the logarithmic terms (at NNLO and beyond NNLO) that
are included in the resummed calculation at NNLL accuracy. At large values of qT the
contribution of the NLO finite component noticeably increases. This behaviour indicates
that the logarithmic terms are no longer dominant and that the resummed calculation
cannot improve upon the predictivity of the fixed-order expansion.

Comparing the left and right panels of Fig. 5.1, we see that the size of the qT spectrum
increases at NNLL+NLO accuracy with respect to the NLL+LO accuracy. The height
of the peak at NNLL+NLO is larger than at NLL+LO. The NNLO total cross section,
which fixes the value of the qT integral of our NNLL+NLO result, is larger than the NLO
total cross section (by about 30% at the Tevatron and 25% at the LHC). This is due
to the positive contribution of both the NNLO terms at small qT (the HH,(2)

N coefficient
of the the HHN function and the g(3)

N function in the Sudakov form factor) and the NLO
finite component at intermediate and large values of qT .

Comparing Fig. 5.1(a),5.1(b) with Fig. 5.1(c), 5.1(d) and Fig 5.1(e), 5.1(f) we see that
the spectrum is harder at the LHC than at the Tevatron. The peak of the NNLL+NLO
curve moves from qT ∼ 8 GeV at the Tevatron, to qT ∼ 10 GeV at the LHC at

√
s = 7

TeV, to qT ∼ 12 GeV at the LHC at
√
s = 14 TeV.

The Higgs qT spectra are obtained with the updated version of the numerical code
HqT. The quantitative effect of the exact values of HH,(2) and A(3) at the Tevatron and
the LHC is generally small (at the level of about 1− 2% at the LHC at 14 TeV, 2− 3%

at the Tevatron and at the LHC with 7 TeV). The exact values of HH,(2) and A(3) have
the same qualitative impact: they make the qT -spectrum (slightly) harder.

5.3 Perturbative uncertainties of the Higgs qT spectrum

As previously stated, another important improvement of the new HqT version is the imple-
mentation of the resummation scale dependence. In the previous chapters we discussed
as the resummed calculation depends on the factorization µF , renormalization µR scales
and on the resummation scale Q. They are useful in order to estimate the uncertainties
of the predictions.
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5.3.1 Separate contributions of scale uncertainties

The adopted convention to compute factorization and renormalization scale uncertainties
is to consider independent variations of µR and µF by a factor of two around the central
value, chosen equal to the Higgs mass (µR = µF = MH). In order to avoid too large
logarithmic contributions in the hard coefficients, the independent scale variation is con-
strained by the request 0.5 ≤ µF /µR ≤ 2. For example, the cases (2µR = 2µF = MH)

or (µR/2 = µF /2 = MH) are considered, instead (2µR = µF /2 = MH) is excluded.
Similarly, (following Ref. [22]) the resummation scale is set to Q = MH/2 as central
value, and the resummation scale uncertainty is estimated by considering scale variations
in the range MH/4 < Q < MH .

In Fig. 5.2 we show the scale dependence of the NLL+LO (dashed lines) and NNLL+NLO
(solid lines) results. In the left panels we consider variations of the renormalization and
factorization scales. The bands are obtained by varying µR and µF as previously de-
scribed in this section. We note that, in the region of small and intermediate transverse
momenta (qT ∼< 70 GeV), the NNLL+NLO and NLL+LO bands overlap. This feature,
which is not present in the case of the fixed-order perturbative results at LO and NLO,
confirms the importance of resummation to achieve a stable perturbative prediction. In
the region of small and intermediate values of qT , we observe a sensible reduction of the
scale dependence going from NLL+LO to NNLL+NLO accuracy. At the peak the reduc-
tion is from ±20% to ±13% at the Tevatron, and from ±11% to ±8% (±12% to ±7%)
at the LHC with

√
s = 7 (

√
s = 14) TeV. Although µR and µF are varied independently,

we find that the dependence on µR dominates at any value of qT .
We point out that the qT region where resummed perturbative predictions are defi-

nitely significant is a wide region from intermediate to relatively-small (say, close to the
peak of the distribution) values of qT . In particular, at very small values of qT (e.g.
qT ∼< 10 GeV) the size of non-perturbative effects is expected to be important3, while in
the high-qT region (e.g. qT ∼>MH GeV) the resummation of the logarithmic terms can-
not improve the predictivity of the fixed-order perturbative expansion. The inset plots
in the figure show the region from intermediate to large values of qT . At large qT , the
NLL+LO and NNLL+NLO results deviate from each other, and the deviation increases
as qT increases. As previously stated, this behaviour is not particularly worrying since, in
the large-qT region, the resummed results loose their predictivity and should be replaced
by customary fixed-order results.

In the right panels of Fig. 5.2 we consider resummation scale variations. The bands
are obtained by fixing µR = µF = MH and varying Q between MH/4 and MH . Per-
forming variations of the resummation scale, we can get further insight on the size of yet

3See the discussion at the end of this Section.
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Figure 2. The qT spectrum of Higgs bosons at the Tevatron and the LHC. The bands are obtained

by varying µF and µR (left panels) and Q (right panels) as described in the text.
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Figure 5.2: The qT spectrum of Higgs bosons at the Tevatron and the LHC. The bands
are obtained by varying µF and µR (left panels) and Q (right panels) as described in the
text.
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uncalculated higher-order logarithmic contributions at small and intermediate values of
qT . We find that, in the region of the peak, at the Tevatron the scale dependence at
NNLL+NLO (NLL+LO) is about ±4% (±10%). At the LHC with

√
s = 7 TeV the scale

dependence at NNLL+NLO (NLL+LO) is about ±3% (±8%) and at
√
s = 14 it is about

±3% (±13%).
Comparing the left and right panels of Fig. 5.2, we see that, in the small and inter-

mediate qT region, at NNLL+NLO accuracy, the factorization and renormalization scale
dependence is definitely larger than the resummation scale dependence.

The integral over qT of the resummed NNLL+NLO (NLL+LO) spectrum is in agree-
ment (for any values of µR, µF and Q) with the value of the corresponding NNLO (NLO)
total cross section to better than 1%, thus checking the numerical accuracy of the code.
We also note that the large-qT region gives a little contribution to the total cross section;
therefore, the total cross section constraint mainly acts as a perturbative constraint on
the resummed spectrum in the region from intermediate to small values of qT .

5.3.2 Total perturbative uncertainties of the qT spectrum

In Fig. 5.3 (left panels) we report the NLL+LO and NNLL+NLO total scale uncertanty
bands (again the inset plots show the large-qT region). The bands represent our best
estimate of the perturbative uncertainty, and they are obtained by performing scale
variations as follows. We independently vary µF , µR and Q in the ranges MH/2 ≤
{µF , µR} ≤ 2MH and MH/4 ≤ Q ≤ MH , with the constraints 0.5 ≤ µF /µR ≤ 2 and
0.5 ≤ Q/µR ≤ 2. The constraint on the ratio µF /µR is the same as used in Fig. 5.2; it
has the purpose of avoiding large logarithmic contributions (powers of ln(µ2

F /µ
2
R)) that

arise from the evolution of the parton densities. Analogously, the constraint on the ratio
Q/µR avoids large logarithmic contributions (powers of ln(Q2/µ2

R)) in the perturbative
expansion of the resummed form factor 4 exp{GN} (see Eq. (4.43)). We recall (see e.g.
Eq. (19) of Ref. [22]) that the exponent GN of the form factor is obtained by q2 integration
of perturbative functions of αs(q2) over the range b20/b2 ≤ q2 ≤ Q2. To perform the
integration with systematic logarithmic accuracy, the running coupling αs(q2) is then
expressed in terms of αs(µR) (and ln(q2/µ2

R)). As a consequence, the renormalization
scale µR should not be too different from the resummation scale Q, which controls the
upper bound of the q2 integration.

A more effective way to show the perturbative uncertainties is to consider the frac-
tional difference with respect to a ’reference’ central prediction. We choose the NNLL+NLO
result at central value of the scales as ’reference’ result, XC , and we show the ratio

4We do not apply additional constraints on the ratio Q/µF , since the form factor does not depend on
µF .
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(c) (d)

(e) (f)

Figure 5.3: The qT spectrum of Higgs bosons at the Tevatron and the LHC: NNLL+NLO
(solid) and NNL+LO (dashes) uncertainty bands (left panels); NNLL+NLO (solid) and
NLO (dashes) uncertainty bands relative to the central NNLL+NLO result (right panels).
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(X −XC)/XC in Fig. 5.3 (right panels). The label X refers to the NNLL+NLO results
including scale variations (solid lines), and to the NLO results including scale variations
(dashed lines).

We comment on the overall perturbative uncertainty band of our results in Fig. 5.3
starting from the Tevatron. The NNLL +NLO (NLL+LO) uncertainty is about ±13%
(±28%) at the peak, it decreases to about ±10% (±23%) in the region up to qT = 30 GeV,
and becomes ±18% (±20%) at qT = 60 GeV. In the region beyond qT ∼ 80 GeV the
resummed result looses predictivity, and its perturbative uncertainty becomes large.

In Fig. 5.3(b) the scale variation band of the NLO result is compared to the NNLL+NLO
band. The NLO band is obtained by varying µF and µR as for the NNLL+NLO calcu-
lation (the NLO calculation does not depend on the resummation scale Q). We see that
at large values of qT the NLO and NNLL+NLO bands overlap, and the NLO result has
smaller uncertainty. As qT becomes smaller than about 80 GeV, the NNLL+NLO has a
smaller uncertainty, and the bands marginally overlap. In this region of transverse mo-
menta, the effect of resummation starts to set in. When qT becomes smaller and smaller,
the NLO band quickly deviates from the NNLL+NLO band and the NLO result becomes
unreliable.

We now consider the perturbative uncertainty at the LHC,
√
s = 7 TeV. The NNLL

+NLO (NLL+LO) uncertainty is about ±10% (±22%) at the peak, it decreases to about
±8% (±19%) in the region up to qT = 30 GeV, and becomes ±10% (±18%) at qT =

60 GeV. In the region beyond qT ∼ 120 GeV the resummed result looses predictivity,
and its perturbative uncertainty becomes large. In Fig. 5.3(d) we compare the NLO and
NNLL+NLO bands. The qualitative features are similar to Fig. 5.3(b): at large values
of qT the NLO and NNLL+NLO scale uncertainty bands overlap, and the NLO result
has smaller uncertainty. As qT becomes smaller than about 120 GeV, the NNLL+NLO
has a smaller uncertainty, but the bands still overlap. In the region of intermediate
transverse momenta (qT ∼ 50 GeV), the bands marginally overlap and the NLO result
underestimates the cross section. When qT becomes smaller, the NLO band quickly
deviates from the NNLL+NLO band and the NLO result becomes unreliable.

We finally consider the perturbative uncertainty at the LHC when
√
s = 14 TeV. The

NNLL +NLO (NLL+LO) uncertainty is about ±9% (±25%) at the peak, it decreases to
about ±8% (±19%) in the region up to qT = 30 GeV, and moves to ±12% (±19%) at
qT = 60 GeV. In the region beyond qT ∼ 150 GeV the resummed result looses predictivity,
and its perturbative uncertainty becomes large. In Fig. 5.3(f) we compare the NLO and
NNLL+NLO scale uncertainty bands. The qualitative features are similar to those of
Figs. 5.3(b), 5.3(d): at large values of qT the NLO and NNLL+NLO bands overlap and
the NLO result has smaller uncertainty. In the region of intermediate transverse momenta
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(qT ∼ 50 GeV), the bands marginally overlap and the NLO result underestimates the
cross section. When qT becomes smaller, the NLO result becomes unreliable.

Comparing Fig. 5.3(a),5.3(b) with Fig. 5.3(c),5.3(d) and Fig. 5.3(e),5.3(f) we see that
perturbative uncertainties are larger at the Tevatron than at the LHC. We also note that
our NNLL+NLO result is much more stable at the LHC than at the Tevatron, where its
validity is confined to a smaller region of transverse momenta. This is not completely
unexpected. At smaller values of the centre of mass energy, the production of the Higgs
boson is accompanied by softer radiation, and thus the qT spectrum is softer than at the
LHC.

5.3.3 Shape uncertainty, Non Perturbative effects and PDFs depen-
dence of the Higgs qT spectrum

I conclude this section with a discussion on the uncertainties on the normalized qT spec-
trum (i.e., 1/σ×dσ/dqT ). The typical procedure of the experimental collaborations is to
use the information on the total cross section [52] to rescale the best theoretical predic-
tions of Monte Carlo event generators, whereas the NNLL+NLO result of our calculation,
obtained with the public program HqT, is used to reweight5 the transverse-momentum
spectrum of the Higgs boson obtained in the simulation. Such a procedure implies that
the important information provided by the resummed NNLL+NLO spectrum is not its
integral, i.e. the total cross section, but its shape. The sources of uncertainties on the
shape of the spectrum are essentially the same as for the inclusive cross section: the
uncertainty from missing higher-order contributions, estimated through scale variations,
and PDF uncertainties.

One additional uncertainty in the qT spectrum that needs be considered comes from
Non-Perturbative (NP) effects. The quantitative predictions presented up to now are
obtained in a purely perturbative framework. It is known [147] that the transverse-
momentum distribution is affected by NP effects, which become important as qT becomes
small. A customary way of modelling these effects is to introduce an NP transverse-
momentum smearing of the distribution. In the case of resummed calculations in impact
parameter space, the NP smearing is implemented by multiplying the b-space perturbative
form factor by an NP form factor. The parameters controlling this NP form factor are
typically obtained through a comparison to data. Since there is no evidence for the
Higgs boson yet, the procedure to fix the NP form factor is somewhat arbitrary. Here we
follow the procedure adopted in Ref. [22], and the resummed form factor in Eq. (4.43)
is multiplied by a gaussian smearing SNP = exp{−gb2}, where the parameter g is taken

5A short overview of the reweighting procedure will be given in the next section.
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in the range (g = 1.67 − 5.64 GeV2) suggested by the study of Ref. [121]6. The above
procedure can give us some insight on the quantitative impact of these NP effects on the
Higgs boson spectrum.

In Fig. 5.4 (left panels) we compare the NNLL+NLO shape uncertainty as coming
from scale variations (solid lines) to the NP effects (dashed lines). The bands are obtained
by normalizing each spectrum to unity, and computing the relative difference with respect
to the central normalized prediction obtained with the MSTW2008 NNLO set (with
g = 0). A comparison of Fig. 5.4(a),5.4(c),5.4(e) to Fig. 5.3(b),5.3(d),5.3(f) shows that
the scale uncertainty on the normalized NNLL+NLO distribution is smaller than the
corresponding uncertainty on the NNLL+NLO result. This is not unexpected: a sizeable
contribution to the uncertainties shown in Fig. 5.3 comes actually from uncertainties on
the total cross section, which do not contribute in Fig. 5.4. In other words, studying
uncertainties on the normalized distribution allows us to assess the true uncertainty in
the shape of the resummed qT spectrum.

At the Tevatron (Fig. 5.4(a)) such scale uncertainty ranges from +8% − 3% in the
region of the peak, to +3%−8% when qT ∼ 50 GeV. At larger values of qT the uncertainty
of the NNLL+NLO resummed distribution increases consistently with the behaviour
observed in Fig. 5.3(b). The inclusion of the NP effects makes the distribution harder,
the effect ranging from 10% to 20% in the very small-qT region. For qT ∼> 10 GeV the
impact of NP effects is of the order of about 5% and decreases as qT increases. At the
LHC,

√
s = 7 TeV (Fig. 5.4(c)) the scale uncertainty ranges from +5%−3% in the region

of the peak to +5% − 4% at qT ∼ 80 GeV. At the LHC,
√
s = 14 TeV (Fig. 5.4(e))

the shape uncertainty ranges from +5%− 3% in the region of the peak to +8%− 9% at
qT ∼ 100 GeV. The impact of NP effects is similar at

√
s = 7 and 14 TeV: it ranges from

about 10% to 20% in the region below the peak, is about 3− 4% for qT ∼ 20 GeV, and
quickly decreases as qT increases. We conclude that the uncertainty from unknown NP
effects is smaller than the scale uncertainty, and is comparable to the latter only in the
very small qT region.

The impact of PDF uncertainties at 68% CL on the shape of the qT spectrum is
studied in Figs. 5.4(b),5.4(d),5.4(f). By evaluating PDF uncertainties with MSTW2008
NNLO PDFs (red band in Figs. 5.4(b),5.4(d),5.4(f)) we see that the uncertainty is at
the ±1− 2% level, both at the Tevatron and at the LHC. The use of different PDF sets
affects not only the absolute value of the NNLO cross section (see e.g. Ref. [148]) but
also the shape of the qT spectrum. The predictions obtained with NNPDF 2.1 PDFs
are in good agreement with those obtained with the MSTW2008 set and the uncertainty

6Note that the inclusion of this smearing factor does not change the overall normalization, since
SNP (b = 0) = 1
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bands overlap over a wide range of transverse momenta. On the contrary, the prediction
obtained with the ABKM09 NNLO set is softer and the uncertainty band does not overlap
with the MSTW2008 band. This behaviour is not completely unexpected: when the Higgs
boson is produced at large transverse momenta, larger values of Bjorken x are probed,
where the ABKM gluon is smaller than MSTW2008 one. The JR09 band shows a good
compatibility with the MSTW2008 result, at least at the Tevatron and at the LHC for√
s = 7 TeV, where the uncertainty is however rather large. At the LHC for

√
s = 14

TeV the differences with the MSTW2008 result are more pronounced.

5.4 Monte Carlo event generators and QCD corrections: the
reweighting technique

In Chapter 3 we discussed the importance of considering higher order QCD corrections,
since, in the case of Higgs boson production through gluon fusion, they have a big impact
on the production rate. Therefore these corrections should be included in a realistic
analysis.

Monte Carlo (MC) event generators (such as for example PYTHIA [128], HERWIG++
[129], . . . ) often only incorporate LO matrix elements (or NLO for the most important
processes). On the other hand fixed order QCD calculations suffer from two short-
comings. First of all parton-showers and hadronization effects can not be directly im-
plemented. Moreover some regions of phase-space (close to kinematic boundaries) would
need the resummation of the large logarithmic terms.

Different solutions to these problems are possible: merging cross-sections computed
at fixed-order perturbation theory with parton-shower algorithms (POWHEG BOX [130],
MC@NLO [131], . . . ) is possible up to NLO. But there is not a general strategy to incorporate
parton shower algorithms in the known NNLO calculations.

An alternative approach is based on the so called reweighting technique. The strategy
is to multiply LO events obtained with the MC by a probability (so-called K-factor). The
K-factors are obtained such that MC events agree with certain observables computed by
higher order (fixed-order or resummed) calculations. The simplest reweighting procedure
is to choose constant K-factors in order to get the correct inclusive cross sections. A
more realistic procedure is to choose K-factors such that MC events match certain well
known distributions, e.g. in our case the K-factors can be a function of the transverse
momentum of the Higgs boson, such that, after the reweighting procedure, the shape of
the qT spectrum agrees with the one predicted by HqT [149].

The MC reweighting is one of the main utilization of the HqT code. We stress that the
reweighting procedure is at best an approximation, since, by definition, after reweighting,
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Figure 5.4: Uncertainties in the normalized qT spectrum of the Higgs boson at the Tevatron
and the LHC. Left panels: the NNLL+NLO uncertainty bands (solid) computed as in
Fig. 3 compared to an estimate of NP effects (dashed). Right panels: PDF uncertainties
bands at 68% CL. All results are relative to the NNLL+NLO central value computed with
MSTW2008 NNLO PDFs.
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only the Higgs qT spectrum will match the NNLL+NLO calculations. Nevertheless, we
believe that, given the simple kinematics of the process and the scalar nature of the Higgs
boson, this procedure is in this case well justified.

5.5 Switching in the qT distribution between resummed and
fixed order predictions

In Chapter 4 we studied the perturbative features of the Higgs boson transverse momen-
tum distribution. In particular I stressed the fact that the fixed order predictions are
obtained by perturbative expansion and the convergence of such expansion is controlled
by the small perturbative parameter αs. Unfortunately, in the low qT region, the con-
vergence is spoiled by the presence of large logarithms L ≡ log(M2

H/q
2
T ). The solution is

provided by resummation: a different perturbative expansion is organised and controlled
by powers of 1/L. The obtained resummed predictions are reliable in the small qT region,
but in the high qT region the resummation procedure in not any more justified, and the
quantitative impact of the resummation is still not negligible. This is confirmed by the
fact that in the high qT region the perturbative uncertainties of the resummed results
increases, see Figs. 5.4 left panels.

In practice two different calculations are available and they are reliable in two different
regions. The best solution is to use resummed predictions in the low and intermediate
qT region where resummation provides an improvement upon fixed order results. On the
other hand, fixed order predictions should instead be used in the high qT region, and one
should find a procedure to switch between the two predictions in the intermediate and
high qT region. Unfortunately from a theoretical point of view, there is no particular
point where it is clear that one of the two calculations starts to fail and it is better to
use the other one.

It the new version of the HqT code we adopt the following solution. There is a point in
the intermediate qT region where the resummed and the fixed order calculations give the
same prediction: we call that point switching point qsw

T . Then the switching procedure is
achieved as follows: in the region where qT is smaller than the switching point qT ≤ qsw

T

we use the resummed predictions and in the high qT region qT ≥ qsw
T we use the fixed

order predictions. In Fig. 5.5 we show an example of the switching procedure. The
resummed prediction is obtained at the NNLL+NLO precision and the fixed order is at
the NLO.

This switching method is a possible solution, that is reasonable, but different proce-
dures or different choices of the switching point qsw

T are possible. For this reason the HqT
code provides all the predictions: fixed order, resummed and switched, and the user can
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Figure 5.5: The three different predictions for the Higgs boson qT spectrum at the LHC:
in red the fixed order prediction that is reliable in the high qT region, in green the
resummed prediction reliable in the low qT region and in blue the switched prediction
that is reliable in the entire qT range.

decide which one is more suitable for his/her needs.

A possible draw back of this proposed switching method is that the "switched" pre-
diction is a continuous function, but its derivative has a discontinuity in qsw

T . A different
switching procedure is to use a smooth interchange between the two results. In practice
in the region qsw

T ± ∆qT (around the point qsw
T , where ∆qT is of the order of 20 ∼ 30

GeV) we turn off the resummed contribution with a smooth weight function w(qT ), whose
value is one in qsw

T −∆qT and zero in qsw
T + ∆qT and its derivative is zero in both these

points. In the same region, we turn on the fixed order contribution with opposite weight
1− w(qT ). In practice we have

[switched] = [resummed] if qT < (qsw
T −∆qT)

[switched] = w(qT ) · [resummed] + (1− w(qT )) · [fix.ord.] if qT ∈ (qsw
T ±∆qT)

[switched] = [fix.ord.] if qT > (qsw
T + ∆qT) (5.10)
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and the weight w(qT ) is a smooth function that respects the following conditions

w(qsw
T −∆qT ) = 1

w(qsw
T + ∆qT ) = 0

w′(qsw
T −∆qT ) = 0 (5.11)

w′(qsw
T + ∆qT ) = 0

As example the weight function w(qT ) can be represented by a cosine:

w(qT ) =
cos
(
π
qT−(qsw

T −∆qT )
2∆qT

)
+ 1

2
(5.12)

This switching procedure is implemented in the calculation that I will discuss in the next
chapter.



Chapter 6

Higgs boson signals in the
electroweak decay channels

In this chapter we extend the results presented in the previous chapter by including the
full kinematical information on the Higgs boson and its decay. The inclusive transverse
momentum spectrum of the Higgs boson is not directly measurable at the experiments.
In fact the Higgs boson is an unstable particle that (after its production) decays into
other particles, that we can observe in the detectors. Hence it is important to extend the
program HqT to include the dependence on the rapidity of the Higgs boson (as discussed in
Sec. 4.8), and the most relevant Higgs decay modes. In particular the Electroweak decays
are the most useful in the Higgs searches, because they are expected to have the more clear
signature in the detectors. The decay calculations are implemented in a code named HRes

that allows us to retain the full kinematical information of the decay products and also
allows to apply arbitrary cuts on the momenta of the final state particles. These cuts are
needed in order to correctly take into account the effects of the geometrical acceptances
of the detectors. I stress that, with respect to the HNNLO Monte Carlo program, HRes
includes exactly the same perturbative terms up to NNLO, plus the resummation of the
logarithmically enhanced terms at small transverse momenta.

To avoid misunderstandings, here I point out the conventional notation concerning
the different calculations of the Higgs boson cross section. In case of gluon gluon fusion,
the Higgs boson is created through heavy quark loop, then the total cross section at the
LO refers to the terms proportional to α2

s, the NLO to α3
s and so on. Instead for the

transverse momentum distribution dσ/dqT , we need at least one recoiling parton emitted
from the initial state gluons. Then the LO (or NLL+LO for resummed calculations)
refers to the terms proportional to α3

s, the NLO (or NNLL+NLO) refers to α4
s and so

on. Here we are going to study the Higgs decay and we need the double differential
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production cross section dσ
dqT dy

. The Higgs boson can be created with a not null rapidity
even without initial state emission. Then it is adopted the same conventional definition
as for the total cross section calculation. The summary of the definition for different
calculations is shown in Tab.6.1.

σgg→H
dσgg→H
dqT

dσgg→H
dqT dy

α2
s LO - LO
α3
s NLO LO or NLL+LO NLO or NLL+NLO
α3
s NNLO NLO or NNLL+NLO NNLO or NNLL+NNLO

αn+2
s NnLO NLO or NnLL+N(n−1)LO NNLO or NnLL+NnLO

Table 6.1: Conventional definitions for the calculation precision, for both fixed order and
resummed calculations.

In order to avoid multiple presentation of similar results, here we concentrate on
the case of Higgs production at the LHC (e.g. pp collisions at

√
s = 7 TeV). We use

MSTW2008 PDFs [50]1, with densities and αs evaluated at each corresponding order,
i.e. we use (n + 1)-loop αs at NnLL+NnLO or NnLO (where n = 1, 2 for resummed
calculations and n = 0, 1, 2 for fixed order comparisons). Unless stated otherwise,
renormalisation, factorisation and resummation scales are set to their default values
µR = µF = 2Q = MH . Finally we remind the reader that the calculation is strictly
done in the large-Mt approximation.

The decay matrix elements are implemented at Born level, i.e. radiative corrections
are completely neglected. The present version of the program includes the most relevant
decay modes of the Higgs boson, namely H → γγ, H →WW → lνlν and H → ZZ → 4l.
Unless stated otherwise, the Higgs boson is treated in the narrow-width approximation,
but we take into account vector bosons finite width effects of the vector bosons.

In order to study the effects of geometrical acceptance cuts on the predicted distri-
butions, the simulated events are selected by such cuts.

Note that for each simulated event, the momenta of all non strongly interacting par-
ticles are known. Hence it is possible to study any observable and study any distribution
related to the Higgs boson and its decay products. Here, as examples, we present and
discuss only few selected results.

1As for the studies with HqT, we could use all the recent sets of PDFs [46, 143, 144, 145, 146], which
are obtained by analyses of various collaborations, but again in order to avoid multiple presentation of
similar results we use only MSTW2008 PDFs.
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6.1 H → γγ decay channel

We first consider the Higgs boson with mass MH = 125 GeV, and decay in two photons
(the H → γγ channel). Here we show the new resummed results obtained through the
HRes code, and we compare them with the fixed order predictions obtained by the HNNLO
code. For each event, we classify the photon transverse momenta according to their
minimum and maximum value, qTmin and qTmax. We follow studies of Ref. [150, 90, 151]
to apply cuts on the photons: the photons are required to be in the central rapidity
region |η| < 2.5, with qTmin > 35 GeV and qTmax > 40 GeV. We can not require the
photons to be isolated2 because we are using resummed predictions that are inclusive on
the QCD radiation accompanying the Higgs boson. In other words, the Higgs transverse
momentum distribution is obtained by summing the effects of all the QCD radiation and
we can not predict the energy of each emitted parton. In any case, by studies on fixed
order predictions by using the HNNLO code, we know that the isolation cut has a small
impact on the final distributions.

Figure 6.1: Distributions (left) qTmin and (right) qTmax for the diphoton signal at the
LHC, obtained by fixed order predictions. The cross section is multiplied by the branching
ratio in two photons.

In Fig. 6.1 we plot the distributions in qTmin and qTmax for the gg → H → γγ signal,
for MH = 125 GeV. These distribution are enhanced when going from LO to NLO to
NNLO according to the raise of the total cross section. We note that the shape of these
distributions sizeable differs when going from LO to NLO and to NNLO. In particular,
at the LO the two photons are emitted with the same qT because the Higgs boson is
produced with zero transverse momentum, hence the LO qTmin and qTmax are exactly

2A typical isolation requirement is that the hadronic (partonic) transverse energy in a cone of radius
R = 0.3 along the photon direction has to be smaller than 6 GeV.
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identical. Furthermore the LO distribution has a kinematical boundary at qT = MH/2

(Jacobian peak). Thus higher order predictions suffer of perturbative instabilities, i.e.
each higher-order perturbative contribution produces (integrable) logarithmic singulari-
ties in the vicinity of that boundary as explained in Sect. 4.9 and Ref. [133].

The same qTmin and qTmax predictions are shown in Fig. 6.2; in this case they are
obtained through resummed calculations at the NLL+NLO and NNLL+NNLO accurancy
respectively. As expected, resummed results do not suffer of instabilities in the vicinity
of the LO kinematical boundary; the resummed distributions are smooth and the shape
is rather stable when going from NLL+NLO to NNLL+NNLO. Furthermore the fixed
order result is recovered out of such instability region.

Figure 6.2: Distributions in qTmin (left) and qTmax (right) for the H → γγ signal at the
LHC, obtained at NLL+NLO and NNLL+NNLO and compared to NNLO.

Similar comments can be applied to the distribution of the average photon momen-
tum (qTmin + qTmax)/2, which is shown in Fig. 6.3 for both fixed order and resummed
calculations.

We recall (see Eq. (4.56)) that the resummation does not affect the total cross section
for the Higgs boson production. When geometrical cuts are applied on the events, their
effects act in slightly different way on fixed order and resummed calculations. In Table
6.2 we compare the total and accepted cross sections, obtained by different calculations,
and the effect of geometrical acceptance cuts on photon distributions are summarized.
Comparing resummed and fixed order predictions, we see that there are no substantial
differences on the accepted cross section.

In addition to the qTmin and qTmax distributions, from an experimental point of view,
a very useful distribution is the so called cos θ∗ distribution, where θ∗ is the polar angle of
one of the photons in the Higgs boson rest frame. More precisely given the 4-momentum
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Figure 6.3: Average photon qT from the H → γγ signal at the LHC, obtained by the
fixed order (left) and resummed (right) calculation.

Cross section LO NLO NLL+NLO NNLO NNLL+NNLO

Total [fb] 13.1 24.0 24.0 30.3 30.3
With cuts [fb] 8.74 16.0 15.7 19.3 19.4
Efficiency % 66.6 66.6 65.5 63.5 64.1

Table 6.2: gg → H → γγ cross section before and after geometrical acceptance cuts.

of the photon3 qγ = (MH/2, qT , qz), the cos θ∗ angle is defined as follows

| cos θ∗| = |qz|
MH/2

; (6.1)

considering the on-shell condition for the photon (qT )2 + q2
z = (MH/2)2 and that at the

LO the qT of the Higgs boson is zero, we can invert the on-shell condition, obtaining

| cos θ∗| =
√

1− 4(qT )2

M2
H

. (6.2)

A cut on the photon qT is reflected directly on such cos θ∗ distribution that is kine-
matically bounded at cos θ∗cut. For example for MH = 125 GeV and qT ≥ 40 GeV we
obtain

qT ≥ qTcut = 40 GeV ⇒ | cos θ∗| ≤ | cos θ∗cut| ' 0.768. (6.3)

At the NLO and NNLO the Higgs transverse momentum is non vanishing and events
with | cos θ∗| > | cos θ∗cut| are kinematically allowed. Around the LO limit | cos θ∗cut| higher-
order perturbative distributions suffer of logarithmic singularities (as it happen for the

3We remind the reader that qT is a bi-dimensional vector in the xy transverse plane.
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photon distributions discussed above). In Fig. 6.4 we report both the distributions
(normalized to unity) obtained by fixed order and the resummed calculations. We see
that, as in Figs. 6.2,6.3, the resummed distributions are smooth in the region of the
kinematical boundary.

Figure 6.4: Normalised cos θ∗ distribution at the LHC. On the left: comparison of fixed
order calculation that suffers of perturbative instabilities around the LO kinematical cut.
On the right: resummed predictions that do not suffer of perturbative instabilities.

6.2 H → WW → lνlν decay channel

In this section we consider the case of Higgs boson with mass MH = 165 GeV. In this
mass region the Higgs boson almost decays only into WW pairs (see Fig. 3.11); we
consider the two vector bosons decaying leptonically W → lν, by assuming only one final
state lepton combination.

Note that the measurement of theW massMW in the Drell-Yan process is complicated
by the fact that an invariant mass can not be reconstructed when there is a neutrino in
the final state. MW can be extracted from the differential cross section (1/σ)dσ/dqT

where qT is the transverse momentum of the decay lepton. In an ideal situation, whenW
is produced at rest, this differential distribution shows a clear (Jacobian) peak at MW /2

and a very sharp drop at larger qT values. In reality, the situation is complicated by the
fact that the W usually has a transverse momentum (caused by QCD radiation) so that
the Jacobian peak is badly speared. For this Higgs boson decay channel, two W bosons
are produced, thus there are two missing neutrinos plus two measured leptons. In this
case measuring the Higgs boson mass it is even more complicated than the measurement
of the W boson mass. Thus a good knowledge of the lepton qT distribution (and other
distribution related to the final state leptons) plays a crucial role.
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In order to isolate the possible signal some acceptance cuts are needed. Here we apply
a set of preselection cuts taken from the studies of Refs. [149, 152]:

• the event should contain two opposite charged leptons having pT larger than 20
GeV and in the central rapidity region |η| < 2;

• the missing pT of the event should be larger than 20 GeV;

• the invariant mass of charged leptons should be smaller than 80 GeV;

• the azimuthal separation of the charged leptons in the transverse plane ∆φ should
be smaller than 135o.

For each event, we classify the transverse momenta of the charged leptons accord-
ing to their minimum and maximum value (as we did for the diphoton Higgs boson
decay): qTmin and qTmax and in Fig. 6.5 we plot the corresponding distributions. The
showed results are organised as we did for the diphoton decay: we compare the re-
summed NLL+NLO and NNLL+NNLO predictions with the corresponding fixed order
predictions at the LO, NLO and NNLO accuracy. We see that QCD corrections (taking
into account both soft and hard gluon emissions) tend to make the distributions harder.
Analogous effects are observed on the transverse momentum spectrum of the W boson
reported in Fig. 6.6. In particular, in order to quantitatively estimate the impact of
the resummation, each figure is organised in two panels. In the upper panel we show
the predictions obtained by different calculations. In the lower panel we plot (in red)
the ratio NLL+NLO divided by NLO and (in blue) NNLL+NNLO divided by NNLO
predictions. We note that, for both the qTmin and qTmax distributions, in the peak re-
gion the resummed predictions the ratio is reduced of ∼ 6% for NLL+NLO/NLO and
∼ 2% for NNLL+NNLO/NNLO. In the intermediate region the resummation has an
opposite effect. The ratio is enhanced up to ∼ 60% for NLL+NLO/NLO and ∼ 20% for
NNLL+NNLO/NNLO. Analogous effects are observed for the W boson pT distribution.

A very important discriminating variable for the H →WW → lνlν decay channel is
the azimuthal separation of the charged leptons in the transverse plane, ∆φ. As is well
known [153], for the Higgs boson signal the leptons tend to be close in angle, thus the bulk
of the events is produced at small ∆φ. Our results for the ∆φ distribution are reported
in Fig. 6.7. We notice that the steepness of the distributions increases when going from
LO to NLO and from NLO to NNLO, and also increases when going from fixed order to
resummed predictions, i.e. from NLO to NLL+NLO and from NNLO to NNLL+NNLO.
This fact can be interpreted as follows: when the Higgs boson qT distribution is harder
the final state leptons tend to be more boosted in the transverse plane and thus their
transverse angular separation becomes smaller. As a consequence the steepness of the
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Figure 6.5: Up: transverse momentum spectra of the charged leptons (left pTmin and right
pTmax) for pp→ H+X →WW +X → lνlν+X, where X is initial state QCD radiation.
In black fixed order predictions at various perturbative orders, in red resummed result
at the NLL+NLO and in blue the NNLL+NNLO. Preselection cuts are applied. Down:
ratios of resummed versus fixed order predictions, at the same power of αs respectively.

Figure 6.6: Up: transverse momentum spectra of the W boson when preselection cuts
are applied. Down: the ratios between resummed and fixed order predictions.

∆φ distribution raises and the efficiency of cuts slightly increases with the calculation
accuracy.

We know that the resummation does not affect the total cross section for the Higgs
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Figure 6.7: Up: the ∆φ distribution when preselection cuts are applied. Down: the
ratios between resummed and fixed order predictions; they show that the steepness of
the distribution is more pronounced for resummed predictions.

boson production. When preselection cuts are applied on the events, as for the diphoton
decay, they act in a slightly different way on various predictions obtained by different
calculations and in Table 6.3 their effects are summarized. We see that, also in this case
the inclusion of resummation does not lead to substantial differences on the accepted
cross section.

Cross section LO NLO NLL+NLO NNLO NNLL+NNLO

Total [fb] 31.1 58.4 58.4 72.9 72.9
With cuts [fb] 16.5 31.2 31.1 38.9 39.0
Efficiency % 53.0 53.4 53.2 53.4 53.5

Table 6.3: gg → H →WW → lνlν cross section before and after preselection cuts.

6.3 H → ZZ → 4l decay channels

We now consider the production of an Higgs boson with mass MH = 200 GeV. In this
mass region the most important decay mode is H → ZZ → 4l, providing a clean four
lepton signature. In particular we will concentrate on the process pp → H + X →
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ZZ +X → 4l+X. The two Z bosons can decay into several combinations of two lepton
pairs; here we will concentrate on the ZZ → e+e−e+e− decay4.

The calculation takes into account the appropriate interference contribution. In
particular there are only two topologically inequivalent contributions: H → Z(k1 +

k2)Z(k3 + k4)→
(
e+(k1)e−(k2)

)(
e+(k3)e−(k4)

)
(where ki are the lepton momenta) and

H → Z(k1 + k4)Z(k3 + k2) →
(
e+(k1)e−(k4)

)(
e+(k3)e−(k2)

)
. The exchange of one

fermion gives a minus sign, hence the two contributions partially cancel each other, but
the numerical effect of such interference contribution is smaller than 1% in this mass
region. The ensuing inclusive cross section is thus about a factor of two smaller than the
cross section in the decay channel H → ZZ → µ+µ−e+e−.

We consider the following cuts, similar to the ones in Refs. [150, 152]:

• for each event, we order the transverse momenta of the leptons from the largest
(pT1) to the smallest (pT4). They are required to fulfil the following thresholds:
pT1 > 30 GeV, pT2 > 25 GeV, pT3 > 15 GeV, pT4 > 7 GeV;

• lepton should be in the central rapidity region |y| < 2.5;

• for each possible e+e− pair, the closest (m1) and the next-to-closest (m2) to MZ

are found; then m1,m2 are required to be 81 GeV < m1 < 101 GeV and 40 GeV <
m2 < 110 GeV.

Note that an isolation cut on the leptons is generally required. For example, a typical
cut is: the total energy ET in a cone of radius 0.2 around each lepton should respect
ET < 0.05pT . As in the H → γγ decay mode isolation cuts cannot be applied, because in
resummed calculation we are inclusive over the QCD radiation accompanying the Higgs
boson. By using the fixed order HNNLO code we know that the numerical effect of the
isolation cuts is almost negligible. As a consequence, we anticipate that, even with the
above limitation, our resummed predictions will be useful in the experimental analysis.

In Fig. 6.8 we plot the four pT spectra of the final state leptons. We know that
[152] at LO the pT1, pT2 are kinematically bounded by MH/2, whereas pT3 < MH/3 and
pT4 < MH/4. In the vicinity of such boundaries, higher order QCD predictions may
develop perturbative instabilities. On the other hand, contrary to what happens in the
Hγγ decay mode, the LO distributions smoothly reach their kinematical boundary and
we do not observe perturbative instabilities beyond the LO. As noticed previously in this
chapter, the impact of resummation is to make the transverse momentum spectra harder.

The resummation effects are more pronounced in the leading lepton transverse mo-
mentum spectrum (see Fig. 6.8(a)) and almost negligible in the softest lepton spectrum
(see Fig. 6.8(d)).

4The HRes and HNNLO codes also allows to study the ZZ → µ+µ−e+e− decay.
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(a) (b)

(c) (d)

Figure 6.8: Up (for each plot): the transverse momentum spectra of the final state leptons
for pp→ H+X → ZZ+X → e+e−e+e−+X, ordered according to decreasing pT . They
are obtained through fixed order (black) and resummed (red and blue) calculations. Down
(for each plot): the ratios between resummed and fixed order predictions.
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In Fig. 6.9 we show the pT distribution of the Z boson. The comments are analogous
to those for previous distributions: QCD radiation tend to make the distribution harder.

Figure 6.9: Up: the pT,Z distribution when preselection cuts are applied. Down: the
ratios between resummed and fixed order predictions.

Finally in Tab. 6.4 we compare the effects of cuts on the inclusive cross sections.
The efficiency slightly improves increasing the perturbative accuracy, but no substantial
effects from resummation are observed.

Cross section LO NLO NLL+NLO NNLO NNLL+NNLO

Total [fb] 0.511 0.976 0.976 1.22 1.22
With cuts [fb] 0.364 0.712 0.711 0.893 0.898
Efficiency % 71.1 72.9 72.8 73.1 73.6

Table 6.4: gg → H → ZZ → e+e−e+e− cross section before and after geometrical
acceptance cuts.



Conclusion

The Standard Model of particle physics describes the known world of subatomic particles
at an impressive level of accuracy. Unfortunately, the mechanism that gives masses to the
elementary particles remains to be understood. The solution to this problem is based on
the Spontaneous Symmetry Breaking mechanism, through which the Lagrangian remains
gauge invariant, but the gauge symmetry is broken by the vacuum. Among the several
possibilities to realize SSB, the one implemented in the SM requires the existence of a
new particle, the so called Higgs boson. The search for the Higgs boson has been under
way for decades but we now live in an exciting time for Higgs physics since the LHC
experiments will soon tell us whether such a particle really exists or not.

In this thesis I studied the Higgs boson production in hadron collisions through gluon
fusion and the most important Higgs decay modes.

In particular, for Higgs boson production, I have focused on the transverse momentum
qT spectrum of Higgs bosons produced in hadron collisions, and I have presented a per-
turbative QCD study based on transverse-momentum fixed order calculations up to the
NLO combined with resummation up to the NNLL accuracy. I followed a resummation
formalism that is valid for the production of a generic high-mass system of non strongly-
interacting particles in hadron collisions. The formalism combines small-qT resummation
at a given logarithmic accuracy with the fixed-order calculations. It implements a uni-
tarity constraint that guarantees that the integral over qT of the differential cross section
coincides with the total cross section at the corresponding fixed-order accuracy. This
leads to QCD predictions with uniform perturbative accuracy over the region from small
up to large values of qT . At large values of qT , the resummation formalism is superseded
by customary fixed-order calculations. I have considered the Higgs boson produced by
gluon fusion in pp̄ collisions at the Tevatron and pp collisions at the LHC. I have per-
formed a study of the scale dependence of the calculation to estimate the corresponding
perturbative uncertainty. In a wide region of transverse momenta the size of the scale
uncertainties is considerably reduced in going from NLL+LO to NNLL+NLO accuracy.
The calculation of the qT spectrum is implemented in the updated version of the numeri-
cal code HqT, that is currently being used by the Tevatron and the LHC collaborations to
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correct (reweight) the transverse momentum distribution obtained through Monte Carlo
simulations.

Concerning the Higgs boson decay, I have illustrated an explicit application of the
resummation formalism up to NNLL+NLO accuracy for the computation of the processes
gg → H → γγ, gg → H → WW → lνlν, gg → H → ZZ → 4l at the LHC. I have
presented few selected results of kinematical distributions that include the effects of
acceptance cuts on the final state particles. These calculations are directly implemented
in a new numerical program called HRes. I have compared the results obtained with HRes

with those obtained up to NNLO with the fixed order program HNNLO. In the quantitative
studies that I have carried out, the two different computations give predictions on the
accepted cross section that are in numerical agreement. The program HRes includes
radiative corrections up to NNLO by supplementing them with soft gluon resummation
at small transverse momenta, and we anticipate that it will be extremely useful in the
ongoing Higgs search at the LHC. We plan to release a public version of this program in
near future.



Appendix A

Acronyms

This is a list of the acronyms used in this thesis.

C.L. = Confidence Level
CME = Centre of Mass Energy
CSS = Collins-Soper-Sterman
DGLAP = Dokshitzer-Gribov-Lipatov-Altarelli-Parisi
EFT = Effective Field Theory
fin = FINite part of fixed order calculations
fo = Fixed Order calculation
IR = Infra Red
LHC = Large Hadron Collider
LL = Leading-Logarithm-accuracy
LO = Leading-Order-accuracy
MC = Monte Carlo
MH = Higgs boson Mass
Mt = Top quark Mass
MS = modified Minimal Subtraction factorization scheme
NLL = Next-to-Leading-Logarithm-accuracy
NLO = Next-to-Leading-Order-accuracy
NP = Non Perturbative effects
PDFs = Parton Distribution Function(s)
QCD = Quantum ChromoDynamics
QFT = Quantum Field Theory
res = RESummed calculation
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SSB = Spontaneous Symmetry Breaking mechanism
SM = Standard Model of elementary particles
UV = Ultra Violet
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Hard coefficients HH,(2)gg
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+
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(
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27
− π2
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,

HH(2)
gg←qq(z) = −C2

F

(
2(1− z)

z
+

(2 + z)2

4z
ln z

)
, (B.3)

where Lt = ln(M2
H/M

2
t ) (Mt is the pole mass of the top quark) and Lik(z) (k = 2, 3)

are the usual polylogarithm functions,

Li2(z) = −
∫ z

0

dt

t
ln(1− t) , Li3(z) =

∫ 1

0

dt

t
ln(t) ln(1− zt) . (B.4)

We see that HH(2)
gg←gg(z) contains a contribution proportional to D0(z) ≡

(
1

1−z

)
+
.

This term is of purely soft origin and it can be interpreted as an effect of soft-gluon
emission at large angles. This interpretation is supported by the fact that the coefficient
of D0(z) coincides with the second order coefficient D̃(2) that controls soft-gluon emission
at large angles near partonic threshold (see eqs.(85) and (37) of ref.[54]).
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Cover image

Real CMS proton-proton collision, candidate ZZ event, in which one Z decays to two
electrons (red towers) the other to two muons (red lines): candidate event in the Standard
Model Higgs Search using 2010 and 2011 data. The event shows characteristics expected
from the decay of a Higgs boson, but is also consistent with background Standard Model
physics processes.
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