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1 Introduction

The reconstruction of obstacles from scattering waves has been widely inves-
tigated [Col-Kr]. This approach requires enough information on the scattered
amplitude and generally infinitely many boundary measurements. In many
practical situations these data are not available, for example in physical sit-
uations where only transient waves are detectable and one measurement in
a finite time observation is obtainable.

A typical example is described by the following problem: consider the
wave equation in a domain Q in R" (n > 2) whose boundary, which we
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assume sufficiently smooth, consists of two non overlapping portions I'(®
(accessible portion) and I'® (inaccessible portion) where I' is an unknown
obstacle.

In the case where I') is a soft obstacle the mathematical problem is repre-
sented by the following initial boundary value problem (the direct problem).
Given a nontrivial function ¥ on 9Q x [0,T], 0 < T' < 400, such that

Y =0,0on T x(0,7),
let u be the (weak) solution to the following problem

0?u — div (A(x)V,u) =0, in Q x [0,T],
(1.1) Upax[0,T] = 1/), on 0f) x [O,T],
u(’? 0) = atu<'7 0) = 07 in Qa

(div = >77_ | 0,;) where A(z) = {aij(x)}zjzl denotes a known symmetric
matrix which satisfies a hypothesis of uniform ellipticity and some smooth-
ness conditions that we will specify in the sequel of the paper. The inverse
problem, we are interested in, is to determine I'® from the knowledge of

(1.2) A(x)Vu(z,t) - v, on ¥ x (0,7,

where ¥ C T'® and v denotes the exterior unit normal to €.

The uniqueness for the above inverse problem has been proved in [Is2],
however, contrary to the analogue problems for elliptic equations or systems
[Al-B-Ro-Ve|, [Be-Ve|, [Che-H-Y], [M-R1], [M-R2], [M-R-V2] and parabolic
equations [C-Ro-Vel], [C-Ro-Ve2], [Dc-R-Ve], [Vel], [Ve2], the stability issue
in the hyperbolic context is much less studied. This is due to the lack of a
complete and well understood analysis of the unique continuation property
for the wave equation in (1.1) (more generally, for equations with partial
analytic coefficients), we refer to [Ro-Zu], [Ta], and the corresponding quan-
titative estimates of unique continuation. In this paper we are interested in
the stability issue for the above inverse problem. More precisely we are inter-
ested in the continuous dependence of I'® from the Cauchy data u, AV, u-v
on ¥ x (0,7). We prove a logarithmic stability estimate under some a priori
information on the domain 2, on ' on ¢ and whenever T is large enough,
but finite and independent by the errors on the Cauchy data. In view of
John’s counterexample [Jo] it is reasonable to expect that the logarithmic
rate of stability is the optimal one. We are currently working on this topic.

We now describe briefly the main tools used in order to prove our main
stability result.



(a) Stability Estimates for Cauchy Problem and Smallness Propagation
Estimates. In order to determine the unknown portion of boundary I'® it
seems to be necessary to determine the values of w from Cauchy data on
¥ x (0,7) up to I'® x (0,7") for suitable 77 < T. More precisely, let
and €2, be two domains whose boundary agree on I'@ and and let u; be the
solutions of (1.1) for 2 = Q;, j = 1,2. Denote by G the connected component
of Q; N €, that contains '@, we need to estimate u; — uy in G x (0,7") in
terms of the error on the Cauchy data on ¥ x (0,7"). In order to establish
such estimates we use the method introduced by Robbiano in [Rol] and [Ro2]
based on the Fourier Bros lagolnitzer (FBI) transform defined by

T
Ulx,y) == ,/%/0 e~ 2T (4 —wy)dt, for every (z,y) € G X R,

where p be a positive number and 7 € (0, 7).

By applying such a FBI transform the wave equation is transformed in a
second order elliptic equation in G X R in the new unknown function U with a
nonhomogeneous term f depending on the final values (uy —usg) (-, T), Oy (ug —
ug)(+, T) and on p. Since, roughly speaking, f is small when p and T are large
and U (-, 0) is close to (u; —us)(-, 7) for large u, we can apply the estimates for
the Cauchy problem for elliptic equations proved in [Al-R-Ro-Ve| obtaining
useful estimates of u; — ug in G x (0,7"). We wish to stress that here,
differently to [Rol] and [Ro2], we have the additional difficulty that the
boundary of G might not be smooth.

(b) Quantitative estimates of strong unique continuation for wave equa-
tions. For our proof it is crucial to know that the vanishing rate of u near the
unknown boundary I'® is of polynomial type. Namely, we need quantitative
estimates of strong unique continuation in the interior and at the boundary.
Such estimates have been proved in [Ve3] (in the present paper, Theorems 4.1
and 4.2). It is exactly this property that allows us to obtain a sharp estimate
of the Hausdorft distance, dy (ﬁl,ﬁg), of the unknown domains €2y, 2, in
terms of the error on the Cauchy data (Corollary 5.5). The use of quantita-
tive estimate of strong unique continuation is not new in inverse problem with
unknown boundaries. The first paper in which quantitative estimates have
been successfully used is, in the elliptic context, [Al-B-Ro-Ve|. Afterwards,
quantitative estimates of strong unique continuation have been proved and
used also for parabolic problems, we refer to the papers mentioned above
and the review paper [Ve2]. To the authors knowledge the quantitative esti-
mate of strong unique continuation was never used before in the framework
of hyperbolic inverse problems.

(¢) Lemma of relative graphs and sharp three sphere inequality. At a first
stage the estimate of dy (ﬁl,ﬁg) is worse than logarithmic and, in addition,
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the observation time 7' for which such estimate is available may depend on
the error on the Cauchy data. In order to obtain the logarithmic stability
estimate for 7' finite and independent of the errors on the Cauchy data we
combine the geometric Lemma of relative graphs (Lemma 5.3) and a three
sphere inequality for elliptic equations whose exponent is sharply evaluated
when the radii of the three balls are close to each other (Theorem 4.6). This
point is the most delicate part of the proof and is developed in Section 5.3.

The plan of the paper is as follows.

In Section 2 we will introduce the main notation and definition.

In Section 3 we will state the main Theorem 3.2.

The Section 4 contains some preliminary results concerning the quanti-
tative estimates of strong unique continuation (Subsection 4.1), a regularity
result for hyperbolic equation (Subsection 4.2), some elementary estimates
for the FBI transform (Subsection 4.3) and a sharp form of the three sphere
inequality for elliptic equations (Subsection 4.4).

In Section 5 we prove the main Theorem 3.2.

In the Appendix (Section 6) we prove some results of Section 4.

2 Notation and Definition

Let n € N, n > 2. For any € R", we will denote x = (2, z,), where

1/2
= (x1,...,0p_1) ER" 2, € R and |z| = <Z;‘:1 xf) . Given x € R",

r > 0, we will use the following notation for balls and cylinders.
B(z)={yeR" : |ly—z|<r}, B,= B, (0),

B.(x)={y eR" " : |y —2| <r}, B.= B.0),
Qa,b(x) = {y = (3//, yn) cR" : |y/ - $/| <a, ’yn - xn’ < b}7 Qa,b = Qa,b(o)-
For any # € R" = (21...,7,) and any 7 > 0 we denote by ¥ € R"! the
point T = (x1...,2,,0), or shortly Z = (2,0) and by B,(¥) the ball of R"*!
of radius r centered at . For any open set {2 C R™ and any function (smooth
enough) u we denote by V,u = (0y,u, -+ ,0,,) the gradient of u. Also, for
the gradient of u we use the notation D,. If j = 0,1,2 we denote by Diu
the set of the derivatives of u of order j, so that D% = u, Dlu = V,u and
D? is the hessian matrix {0,,.;u}};_;. Similar notation are used whenever
other variables occur and  is an open subset of R*~! or a subset R**!. By

HY(Q), ¢ =0, 1,2 we denote the usual Sobolev spaces of order ¢, in particular
we have H(Q) = L*(Q).



For any interval J C R and 2 as above we denote by

W(J;Q) ={ueC’(J;H*(Q)) : 9ju € C° (J; H*H(Q)) , £ =1,2}.

Definition 2.1 (C*! regularity of a domain). Let Q be a bounded domain
in R". Given k € NUO0, we say that a portion S of 9 is of class C*! with
constants py, E > 0, if, for any P € S, there exists a rigid transformation of
coordinates under which we have P = 0 and

QN Qu ,, ={z=(2",2,) €Qury, | 0 >e()},

where ¢ is a C*! function on B/, satisfying
E

lellorris, ) < Epo,

and, whenever k£ > 1,
Vx/(p(()) =0.

When 09 is of class C*! with constants py, £ > 0 we also say that Q is of
class C*! with constants py, 2 > 0. Moreover, when k = 0 we also say that
S is of Lipschitz class with constants pgy, E.

Remark 2.2. We use the convention of normalizing all norms in such a way
that all their terms are dimensionally homogeneous. For example:

lellcorisy,) = lellLeay,) + roll Vol e sy,)-

Similarly, if u € H™(Q), where € is a domain of R™ of class C*! with con-
stants pg, F, denoting by D7u the vector which components are the deriva-
tives of order j of the function u,

1
m 2
sy = ™" (Z # ) 'Dj”'2> |
j=0 7

k
[ullor@) = ZrolHDl’UHLw(Q)-
1=0

b}



Definition 2.3. (relative graphs). We shall say that two bounded domains
Q; and Q5 in R™ of class C™! with constants pg, E are relative graphs if for
any P € 0€); there exists a rigid transformation of coordinates under which
we have P = 0 and there exist ¢py1, pps € CH? (B;0 (O)), where ;—g <1
depends on E only, satisfying the following conditions

)
(2.1a) er1(0) = [Varppi (0] =0 [pp2(0) < <,

2.1b ; , < Epo,
( ) H‘:OP, ”Cl'l(Bro(O)) =~ Epo

(2.1c) QNB,0)={x € B, (0):x,>epp;(z)},i=1,2.
We will denote

(2.2) 0 (4, 8) = sup [lop = opoll e (5 ()
Peo o

and, for any « € (0, 1],

(2.3) M,a (4,€) = sup ||€0P,1 - <PP,2HCLQ(B' ) -
Peo, "o

Definition 2.4. (Hausdorff distance). Let ; and Q5 be bounded do-
mains in R™. We call Hausdorff distance between €2; and €2, the number

(2.4) dy (ﬁl,ﬁg) = max { sup dist (x,ﬁg) , sup dist (m,ﬁl)} )

zeQ €9

Definition 2.5. (modified distance). Let 2; and 25 be bounded domains
in R™. We call modified distance between €2; and 25 the number

(2.5) dp, (ﬁl,ﬁg) = max{ sup dist (x,ﬁg) , sup dist (x,ﬁl)} )
2 200,

For any open set 2 C R™ and r > 0, we will denote
Q, ={x € Q:dist(z,00) > r}.

We will use the the letters C' to denote constants larger or equal than 1.
Sometime, for special constants or to emphasize the role that it have in the
proof, we will use the notation Cy, C',.... The value of the constants may
change from line to line, but we shall specified their dependence everywhere
they appear.



3 The Inverse Problem: The Main Theorem

i) A priori information on the domain.
Given pg, M > 0, E > 1 we assume

(3.1a) ) < M,

(3.1b) O of class C"! with constants py and E,

here, and in the sequel, |2] denotes the Lebesgue measure of (2.

Let I'®) be a nonempty closed proper subset of 9Q and assume that the
closure of the interior part of I'®) in the relative topology in 0f) is equal to
'@ In addition we assume that

(3.2) Intsq (F(“)) is connected,
and we set
(3.3) I'D =90\ Intsq (T')

here and in the sequel, Intyqg (F(“)) denotes the interior part of I'® in the
relative topology in 9. In the sequel we will refer to I'® and I'®) as the
accessible and inaccessible part of 9€) respectively.

Moreover denoting

= {z eI : dist(z,T'?D) > p},

we assume that, for any p € (0, po], I’,()a) is a nonempty and connected set
and we assume that we can select a portion ¥ satisfying for some Fy € ¥

(3.4) 00N B, (Py) cEcTW.

Remark 3.1. Observe that (3.1b) automatically implies a lower bound on
the diameter of every connected component of 9§2. Moreover, by combining
(3.1a) with (3.1b), an upper bound on the diameter of {2 can also be obtained.
Note also that (3.1a), (3.1b) implicitly comprise an a priori upper bound
on the number of connected components of df). Finally observe that the
hypotheses (3.1)-(3.4) are satisfied in the case Q = Q\ D, where Q and D
are two open domains in R™ whose boundaries, 9 and 0D, are connected,
D c Q, dist(D, 092) > 2py and Q.D satisfy condition (3. 1) In addition

= 8@, FiA: 0D and X is a portion of o0 satisfying, for some P € ¥, the
condition 0Q N B, (F) C X.



ii) Assumptions about the boundary data.

Let m := [242]. Assume that ¢ is a function on 9Q x [0, +o0) which

satisfies the following conditions

(3.5a)  OY(-,t) € C¥HIQ) , for j € {0, - ,2m + 4}, and t € [0, +00),

(3.5b) ip(-,0)=0 ,for j€{0,---,2m+4}, and t € [0, +00).

Denote, for ¢ € [0, +00)

2m+4

(3.6) H(t)= Y ph sup [[040C )| 11 oy
=0  €lod]

Let t; > pg and assume
H(t)

(3.7)
Hw”LO<> (F(a>><[0,t1})

< F.

ii1) Assumptions about the matriz A.

Alz) = {aij(x)}zjzl is assumed to be a real-valued symmetric n X n
matrix whose the entries are measurable function and satisfying the following
conditions for given constants A € (0,1], A > 0,

(3.8) MEP < A(w)g- € <ATHEP,  for every z,¢ € R,
A

(3.8b) |A(x) — A(y)| < . |z —y|, forevery z,y € R".
0

Theorem 3.2. Let 0y, Qy be two domains satisfying (3.1). Let Fg.“), Fg.i) =

09\ ]’I"Ltagj(rg-a)), j =1,2, be the corresponding accessible and inaccessible

parts of their boundaries. Let us assume Fga) = Fga) =T@ Q,, Q, lie on the
same side of '@ and that (3.2), (3.3) and (3.4) are satisfied.

Then there exists a constant C' depending on N\, A, E, M and F only such
that if T = max{Cpyg, 2t,} then the following holds true.

Let uj € W ([0,T7;2) be the solution to (1.1) when Q =Q;, j =1,2, and
if, for a given ¢ € (0,e™1), we have

T
(3.9) / / |A(2)Vuy - v — A(x)Vuy - v]> dSdt < Tpi=3e?,
0o Jo
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where dS is the surface element in dimension n — 1, then we have

(3.10) dy(Q1, Q) < Cupo log 5|_1/C*>

where C, depends on A\, A, E, M, F' and the ratio g((z))

We prove this Theorem in Section 5.

4 Preliminary results

4.1 Quantitative estimates of strong unique continua-
tion.

The theorems presented in this subsection are crucial to prove Theorem 3.2.
They are analogs of the quantitative estimates of strong unique continua-
tion (doubling inequalities, three sphere inequality, three cylinders inequality,
two-sphere one cylinder inequality at the interior and at the boundary) which
are well known in the elliptic [Ga-Li], [La], [A-E] and in the parabolic context
[Es-Fe-Ve|, [Es-Ve]. Theorem 4.1 is basically the quantitative version of the
strong unique continuation property for the self-adjoint hyperbolic equation
proved by Lebeau in [Le]. Theorems 4.1 and 4.2 have been proved in [Ve3].
Let u € W ([—Apo, Apo); B,,) be a weak solution to

(4.1) Ofu — div (A(z)V,u) =0, in B, x (—=Apo, Apo)-

Let 9 € (0, po] and denote by

1/2
(4.2) £0:=  Sup pa"/ u?(x,t)dx
tE(—)\po,)\po) B

and

70

1/2
| DZu(z, 0)|2 dx) :

(43) Hy = (Zp /

BPO

Theorem 4.1. Let A(x) be a real-valued symmetric n X n matriz satisfying
(3.8) and let w € W ([—Apo, Apol; By,) be a weak solution to (4.1). Then there
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exist constants so € (0,1) and C > 1 depending on A and A only such that
for every rq and p satisfying 0 < rq < p < sopo the following inequality holds
true

C (pop™")“ (Hy + e2y)

1/6
s (72)

g — 108(p0/Cp)
log(po/r0)

(4.4) [u Ol 2, <

where

(4.5)

In order to state Theorem 4.2 below let us introduce some notation. Let
¢ be a function belonging to C'*! (B;O) that satisfies

(4.6) 2(0) = [V,(0)] = 0
and

(47) lllens (s, y < Ero
where

_ 21 H2

s (sy,) = Welle(oy,) + o0 IV ln (o) + 00 [ D2l o3,

For any r € (0, po] denote by
K, :={(2,z,) € B, : 2, > p(2)}
and
S = (e 0la") o' € B

Let u € W ([—Apo, Apol; K,,) be a solution to
(4.8) Ofu — div (A(z)Veu) =0, in K,y X (=Apo, Apo),
satisfying one of the following conditions

(4.9) u=0, on Sy, X (=Apo, A\po),
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(4.10) AV,u-v =0, on S, x (=Apo, Apo),

where v denotes the outer unit normal to S, .
Let g € (0, po] and denote by

1/2
(4.11) £0:=  sup pgn/ u?(x,t)dx
te(*)\po,/\po) K,

and

70

1/2
| DZu(z, O)‘2 dac) :

(4.12) Hy = (i " /

Theorem 4.2. Let (3.8) be satisfied. Let u € W ([—Apo, Apo); K,y) be a
solution to (4.8) satisfying (4.11) and (4.12). Assume that u satisfies either
(4.9) or (4.10). There ezist constants 5o € (0,1) and C' > 1 depending on X,
A and E only such that for every ro and p satisfying 0 < ro < p < Sopo the
following inequality holds true

PO

C (pop™") (Ho + e=o)

(4.13) HU('>O)“L2(K) < 176
p ~ /6
s ()
where
~ 1
(4.14) i _ los(po/Cp)
log(po/r0)

4.2 A regularity result for hyperbolic equation

The next Theorem is a mere simplified version of a regularity result proved
in [Co|. For the reader convenience we give a sketch of the proof of such a
result in the Appendix, Subsection 6.1.

Theorem 4.3. Let Q) be a bounded domain of R™ that satisfies (3.1). Let
A(x) be a real-valued symmetric n X n matriz satisfying (3.8). Let m :=
[”T“} . Assume that 1 is a function on 0Qx [0, T] which satisfies the condition
(3.5).
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Let uw € W([0,T17;Q) be the solution to the problem
Ou — div(A(z)Veu) =0, nQx[0,T],
(4.15) u=1 , ondQx|[0,T],
u(+,0) = du(-,0) =0 , in .

Then for every a € (0,1) and t € [0,T] we have Ofu(-,t) € L>=(Q), u(-,t) €
C1(Q) and the following inequalities hold true

(4.16a) sup (|07, )| ooy < Cro (T + D H(T),
t€[0,T
(4.16b) sup_[[u(-, )|l g2y < C(Tpy" + 1) H(T),
te[0,T]
(4.16¢) 8[1(1)1;} lu(, Ol o < C(Tog" + 1) H(T),
te|0,

where H(T) is defined by (3.6) and C' depends on c,n, E, M, X\ and A only.

4.3 Elementary estimates for the FBI transform

For the convenience of the the reader, we collect in this section some well
known elementary properties of the FBI transform see also [Che-D-Y], [Che-P-Y],
[Rol], [Ro2], [Ro-Zu]. Let ©Q be a domain of R™ and 7" a positive number.
Let u € W ([0,T]; Q2) satisfy

02u — div (A(x)V,u) =0, in Q x [0,7],
(4.17) u(-,0) =0, inQ,
GtU(', O) = O7 in €.

Let u be a positive number. For a fixed 7 € (0,7/2] we denote by U,(f) the
FBI transform of u defined by

(4. 18)

) (x, ) ”2%/ —5 =0, (2 t)dt, for every (z,y) € Q x R.

Observe that U, as a function of v, is a C*(R) with values in H2((2).

The following propositions holds true.

12



Proposition 4.4. We have
(4.19) | DIV (2, y)| <
T 1/2
< cpttes?’ (/ ‘Dgu(x,t)fdt) , forae xeQ, and0<j <2,
0
and
(4.20) U (,0) = u(e, )| < eu™ [ 0pu(, )| oojo )

where ¢ is an absolute constant.

Proof. See Subsection 6.2. O

Proposition 4.5. Let u € W ([0, T); Q) satisfy (4.17) and let U be defined
by (4.18). Then U, satisfies the equation

(4.21) 0§Uy) + div (A(x)VxU‘(f)) = fl(f)(m,y), in Q xR,

where

(422)  fulwsy) = [ 2=e 50T Do, T) = pliy + 7 = Thu(, 1))
Proof. See Subsection 6.2. n

4.4 A sharp three sphere inequality for elliptic equa-
tions

In the following theorem we give a three sphere inequality for elliptic equa-
tions in which we take care to evaluate the exponent of such an inequality
whenever the radii of the three balls are close to each other. Except for this
feature the following Theorem is quite standard and, for the convenience of
the reader, we will prove it in the Appendix (Subsection 6.3).

Let A(X) = {a%(z) Vi1, N > 2 be a real-valued symmetric N x N
matrix. Assume that the entries of matrix A are measurable function and it
satisfies

(4.23) Xo € S AX)E-€ < NU€),  for every X, € € RY,
where )\ € (0, 1].

13



Theorem 4.6 (Three sphere inequality). Let 3 and Ay be positive num-
bers. Assume that A satisfies (4.23) and

~ A
(4.24) AX) = AY)| < 22X =Y, for every X,Y € By,
T3

Let f € L*(Bz,) and let u € H'(Bz,) be a solution to
(4.25) Pu = div(AVu) = f, in By,

Let 71,719,735 be such that 0 <711 <719 <T73. Let § be such that

(4.26) 0<o< 212
T3
Denote by
[(1- 25)7’1] - [(1 - 5)?’3]*5
and
Ol =P —(1-6)77]
(4.28) Co =

94 ’

where C' depends on Ay, Ag.
There exists 51 > 1 depending on Ao, Ag only such that if 5 > [y then the
following inequality holds true

(4.29) / uf® <

sco(/ |uy+rg/~ ﬂ) (/ u2+,:§/;3ﬂ2>wo

5 Proof of the Main Theorem

In order to prove Theorem 3.2 we proceed in the following way.
Set

G the connected component of 2; N 2y whose closure contains @,

14



First

step In Proposition 5.1 we prove that for a given ¢, > 0 there ex-
ists T'(e) > 2t such that if (3.9) is satisfied for T' = T'(¢) and u; €
W ([0, T(g)]; 2) are the solutions to (1.1) when 2 = Q;, j = 1,2 then

sup pa"/ u?(x,t)dx < Cuw(e,ty) ,forj=1,2,
te[0,to] Qj\G
where

limw(e,tp) =0 and lm7(e) = +o0.

e—0 e—0

Second step First we prove (Proposition 5.2) an estimate from below, in

terms of the a priori information and boundary data, of the quantity
sup [[u(-, t)l 12(p,(y,)) Where the sup is taken for ¢ € 0,¢], t is large
enough, B5(yo) C © and 9 € (0, po/2E]. Afterwards (Proposition 5.4)
we prove that if ¢, is large enough and

sup pa”/ ui(z, t)de | <n?
te[0,to] Q\G

dyy (Q1,) < Cpon®,
for suitable constant C' > 1 and a € (0, 1).

then

Third step We conclude the proof of Theorem 3.2.

5.1
Prop

Step 1

osition 5.1. There erist C > 1 and g,7,95 € (0,1] depending on

E, M, )\ and A only such that the following holds true.
Denoting
_ly—(n+1)
(5.1) T, := max {2t0, V10p09, 2 } :
(5.2) (o) = o )N (T, )2 (H(T,) + 1)°.

Let us define for any ¢ € (0, 2]

(5.3)
where

(5.4)

T(é) = Tg(g),

o(e) :==inf{o € (0,7]: @(0) < |log5|%}.
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Let u; € W([0,T(€)]; Q) be the solution to (1.1) (when T =T(ec)) and Q =
Q=12
If, for a given € € (0,], we have

1 T 6)
(5.5) / / |A(z)Vuy - v — A(z)Vuy - v)* dSdt < &
s

T(=)py > Jo

then for every ty € (0,7(g)/2] we have

(5.6) sup pa”/ wi(z,t)de | < Cwle,ty) , forj=1,2,
te[0,t0] Qj\G

where

(5.7) wle,to) = (topy")*(H (t0))* (o))" + [loge| /%

Proof of Proposition 5.1. Let {; > 0. We begin by assuming only
that T > 2tg. Let u; € W ([0,T];2) be the solution to (1.1) when Q = Q;,
j=1,2. Let u = uy — ug, in G x [0,T] and for any positive number p such
that u72 > 1 and 7 € (0,7/2] denote by U™ the FBI transform of u defined
by

(5.8) Ul(f) (x,y) =

\/;/ — & (iy+7—t)> u(z,t)dt, for every (z,y) € G x R.
T

By (1.1), (3.9) and Proposition 4.5 we have

20" + div (A(I)VULT)) = f(z,y), inGxR,
(5.9) { UD(z,y)=0, for(z,y) € xR,

2 2
|5 ‘A(x)VUl(f) (z,9) - 1/‘ dS < Cu'?Tpp—3em’e? fory € R,

and C'is an absolute constant.
By (3.5), Proposition 4.4, Proposition 4.5, by Theorem 4.3 and by the
elementary inequality s*/2e"/8 < ce=**/10 we have, for every R > 0

(5.10) 1Fiull oy < CTpg° H(T)e /27100,
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and

(5.11) sy ) < CTpy "H(T)e"" /2,

)
HLOQ(GX(—R,R
where C' depends on E, M, XA and A only. Here and in the sequel, we fix

o= % in Theorem 4.3.

Now denote by P, = Py — £5v, P = (P1,0), p1 = o1po, where o1 =

5 \/LW and denote by

(,uT2)1/45
(H(T) + 1)Tpy "

By (5.9), (5.10) and by applying [Al-R-Ro-Ve, Theorem 1.7] we have

(5.12) e =

91

(5.13) ) < CTpg "H(T)etr3/? (e’“TQ/lO + €1> :

(7)
HUM ”L?(Epl(ﬁl)
where 91, ¥; € (0,1), and C depend on E, M, X and A only.

Let o € (0, 01] and denote by r = pyo. Let V. be the connected component
of Qy, N €y, whose closure contains B, (P;)). Moreover denote by w, =
Q1 \ V.. We have

(514&) Ql \ G C [(Ql \ Ql,r) \ G] @) Wy,
(514b) 8wr == Fl,’l‘ U F277~,
where

Ty, C 00, Ta,C O, NV,

Let z € I'y, be fixed. Since V, is connected, I'y,, C OV, and P, € V,,
there exists a continuous path ~ : [0.1] — V, such that v(0) = Py, y(1) = z.
Let us define 0 = sy < s1 < ... < sy = 1, according to the following rule.
We set 5,41 = max{s | |y(s) —xx| = 5} if [z — 2| > §, otherwise we stop the
process and set N =k + 1, sy = 1. By (3.1a) we have N < ¢, Mo~ where
¢, depends on n only. Let z; = y(s;) and Zj, = (x,0). The balls (of R™™!)
Er/4(5k) are pairwise disjoint for £ =0,..., N — 1 and |41 — 7% = 5. We
have that ET/4(§;€+1) C §3T/4(§k) and B,(%,) C G x (—r,r) and therefore,
by the three sphere inequality (4.29), we have

(5.15) HU;(LT)HB@M@HI» < HUA(LT)HL%ESTM@)) =

() ") e () '
SC(HUH 2B, .Gy + 1/ ||L2(§T(Ek))> (HUM 28, @) + 10 ||L2(]§T(5k))>

17
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where C' and 9,, 0 < 9, < 1, depend on E, X and A only.

Now, we denote by
7], 2

fl(Br/zx( k) e M0 for k=0,..., N,

Tpo (H(T)+1)

and by (5.15), (5.10) and (5.11) we have

U'LST) e—ur2/2

(5.16) oy =

(5.17) g < Cals fork=0,...,N—1,

where C' and 9., 0 < ¥, < 1, depend on E, A and A only. By iterating (5.17)
we get

(5.18) ay < Ol
Now let us denote by 95 = min {;,9¢"*}. By (5.16) and (5.18) we have

(5.19) )< CTpg "H(T)e"

(1)
”lﬁi ”zﬁ(ETM12
67/'”12/2 ﬁg
L2(B, ;4(P1)) o—HT?/10

Tpy ' (H(T) + 1) ’

o

where C' depends on E, M, X and A only. Moreover, by applying [G-T, The-
orem 8.17] and by using (5.10), (5.13) and (5.19) we have

(520) |U;S,T)(Z7 O)| S CT,OSI(H(T) + 1)6#7.2/282’
where

9g "
(521) E9 = 0'_(7”2rl) (GNTQ/H] + 6#93/2 (ejuTQ/lo + 61)192) 2

and C depends on E, M, X and A only.
By (5.20), (4.16) and (4.20) we have

_ _ 2
(5.22) lll e e, o0 < CUT?) 2 (05" T)" H(T)+
+ sup [T )< O(Tpy )V (H(T) + e,

SO
r€[0,t0] )HL (T2,
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where
(5.23) €3 = (HJTQ)_l/Q + 61"’2/252
and C depends on E, M, A and A only.

By (5.14a) and Schwarz inequality we have, for any ¢ € (0, to],

(5.24) / ul(z,t)dr =
QG

¢ 9 o

:/ (/ 35’&1(1‘,5)615) Sto/ / ‘aéul(x,£)|2d$d£§
UI\G 0 0 QG

<t0/00/ ‘85u1<x7§)‘2d$df+t0/00/9\9 |Ocun (2, €)|* dadé.

Now by (3.1) we have
(5.25) 11\ | < Cpgo,

where C' depends on E and M only.
By (3.1a), (5.24), (5.25) and by (4.16a) we have, for any t € (0, ¢¢],

(5.26) o / ul(z,t)dr <
NG

to
<ty [ [ 10w O deds + C (1) Hlto
0 Wy

where C' depends on E, M, A and A only.

Now, in order to estimate from above the integral on the right hand side
of (5.26) we multiply both the side of the equation 8?u; —div (A(x)Vuy) =0
by d,u; and integrate over w, and by integration by parts we have, for every
5 € [07 t0]7

1
2

/ / x)Vuy(z,t)) Opuy (x,t) det+/ / z)Vuy(z,t)) Opuy (x, t)dSdt := Jy + Ja.
Flr,o F2r

(5.27) / (1Bt (@, )2 + A(2) Vs (2, €) - Vs (1, €)) dr =

Estimate of J;.
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By Schwarz inequality and by (3.8a) we have

(5.28)

¢ 1/2 ¢ 1/
PAESS (/ / |V, |[? det) (/ / |Oyuy (2, 1)) det) .
0 Fl,r 0 Fl,'r

By (5.28) and (4.16¢) we have, for every & € [0, ¢,

(5.29)
¢ 1/2
3] < C ((tops™ + Dtops )" H(to) ( |/ |atu1<x,t>|2d5dt> ,
0 Fl,r

where C' depends on E, M, A and A only.
Now, by interpolation inequality we have

1/2 5 I1/2
19l ey ooy < C Ml gy oo 195 | ey 0.0

where C' is an absolute constant, hence by using (5.29), (4.16) and recalling
that uy = 0 on I'; x [0, 7] we obtain

(5.30) il < Cltopy )20 (H (1)) o,
where C' depends on E, M, A and A only.

Estimate of J;.
By Schwarz inequality, (3.8a) and by (4.16¢) we have, for every £ € [0, to],

1/2
3
(5.31) To| < C (200" H (k) ( / / |atul(:c,t)|2d5dt) ,
0 Tar

where C' depends on E, M, A and A only.
By the triangle inequality and taking into account that v = u; — us on
[y, x [0, 7] we have, for every £ € [0, to],

¢ 1/2
(5.32) / / Oyuy (z, 1)) dSdt | <
0 F2,7'
< C (top )" (|10su) 9
> (opo | tu’L‘”(Fgmx[O,to])—i_H tu?HLOO(FQ,TX[O,tO]) )
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where C' depends on E and M only.
Arguing as in the estimate of Ji, by (5.22), (5.31), (5.32) and (4.16a) we
have

(5.33) | Ta| < Cpn~2(topy )2 (H (t0)) 2o+
+COP(Tpy )P (H(T) + 1)%y?,

where C' depends on E, M, A and A only.
By (5.26), (5.27), (5.30) and (5.33) we have, for every t € (0, to],

(5.34) " / 2z, )de < Cltopg ) (H(to)) 0™+
Ql\G

+C(Tpg " (H(T) + 1),

where C' depends on a, £, M, A\ and A only. In order to estimate from above
the right hand side of (5.34) first we assume

e<ed.
Let p and T be such that

o 1
(5.35) pl= = R lloge].

By (5.12), (5.35) we have trivially

(5.36) ¢TI0 4y < e,

where ¢ is an absolute constant. Hence, taking into account (5.21) and (5.23),
we have

(5.37) eV < (UT?) VA 4 T (T L2 o
< (UT?) V4 4 Co (") einK (o)

where

n—1

T
(5.38) K(o,T) = 2p3o” — =03

Let us choose

_Lg—(nt1)
(5.39) T =T, = max {2750, Vi0pet, 27 } ,
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and we have K (o,T,) < —3p3. Hence by (5.37) and (5.39) we have

n+1

(5.40) 5:1,)/2 < o (") (TC,,ogl)l/2 loge|~/*,
where C' depends on E, M, A and A only. By (5.34) and (5.40) we have, for
every t € (0,to] and o € (0, 01],

(5.41) pO”/ ui(z,t)dr <
Q\G
< C ((topy ) (H(t0) " + (o) log 2| *)

where C' depends on E, M, X and A only and ®(o) is defined by (5.2).

Let & = min{oy, (2n|log¥s|)Y "V}, by (5.39) we have that ® is a de-
creasing function in (0,7], so that mingz ® = ®(7). Now, let us denote by
g = min{e 5, e (®@)°} and for any ¢ € (0,2] let us choose o = o(e) where
o = o(e) is defined by (5.4). By (5.41) we have

(5.42) pon/ ui(z,t)dr < Cw(e, ty),
Q1\G
where C' depends on E, M, A and A only and w(e, ty) is defined by (5.7).00

5.2 Step 2

Proposition 5.2. Let 0 € (0, p0/2E] and let yo € Q be such that Bg(yo) C
Q. Assume that u is solution to (1.1). Then there exists a constant C,
Cr > 2, depending on F, M,/\,A,Epgl and F only such that if t > t, =
max{Cppo,2t1} then the following inequality holds true

(5.43) tpo 'H(T)e " < sup lu( Ol z2(5,440)) -
te(0,]
where
. &ﬁ%WH®)2
5.44 F(t) = )
o 0= (e

Proof. For any number ¢ such that ¢ > 2¢; let us denote

(5.45) = sup [lul )l 2,00 -
te(0,¢]
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Let (z0,7) € I'® x [0,,] be such that
(5.46) 1 (0.7 = 18l o o) -

Let 0 € ( , 4} be a number that we will choose later and let xs = xy —
450v(xp). By Theorem 4.3 and by (5.46) we have

(5.47) |WHLOO(F(Q)X[OM]) < |u(zo,7) — u(ws,7)| + |u(25,7)| <
< Cot1opy 2 H (t1)8 + |u (x5,7)|
where Cy depends on E, M, A and A only. Now let us choose

0 = min l Po
4’ 200t F

1 5) =
(5.48) 5 10l e ooy < [ (27) |

Now we estimate from above the right hand side of (5.48) in terms of 7.
In order to get such an estimate we proceed similarly to Proposition 5. 1 For
any positive number p such that pf~ > 1 and 7 € (0,%/2] denote by U ") the
FBI transform of u defined by

(z,v) ”27?/ S0 (z,t)dt, for every (z,y) € Q x R.

Denote by z1 = x¢g — ov(z) where v(zg) is the exterior unit normal to
0 in xg. Since

QUL +m(m>wy> (z,y), nQxR,

fB (o)

by arguing as in Proposition 5.1 we get

and by (5.47) we have

@w

o e < it

T 2

(5.50) ”Uu HL2(§§/4(9U1)) < Clpy 'H(T)e"™
|||, e K

L2(Bg/4(%0)) i 6_“%2/10

Ty () + 1) |
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and

(5.51)
T = 22 22 P 01
|| ¢ )||L2(BQ/4 @) S < C(tpy "H(t) 4 2n)ere/? ((Mt )3/2eHE /8 4 771) ’

where

72\1/4
t
(552) m= (_'u_ >_1 1 s
H(t)tpy,~ + 27

V7 € (0,1) depends on E, M, \; A and g only and C' depends on E, M, A and
A only.

By (4.16), (4.20), (4.22), (5.48) and by applying [G-T, Theorem 8.17] we
have

1 _
(553) 510l pe(rexiony) < [0@57) = U (25,0)] + U (25,0)] <
-2, _ - — 7
< CO) 2V HE + [0 s, oy <
C/

< O (') 2 @) (i ) + g [0S
)

HL?(EE(HE) (@1))

where C' depends on E, M, A and A only and where C” depends on A only.
Now let us apply the three sphere inequality (4.29) with r; = ¢, 1y =
2(1 —26) and 73 = 9. By (4.22) and (5.51) we have

(5.54) ||UL(7)||L2(§

7 —1\317(% wo2/2 (-2 /10 9
oy S C (o P HE) 4 20) 7 (e +m)
5(1725)(5’51))

where ¥3, 95 € (0,1), and C depend on E, M,)\,A,Epal and F' only.
By (5.53) and (5.54) we have

(5.55)

[[2]] < Otpg"H(T) +2n) ( ( 1‘52)—1/2+ 0e?/2 ((o=ut/10 | V3
Lo (D@ x[0,t1]) = Po n H e e m ,

where C depends on E, M, \, A, pand F only. Now if £ > max {v/10(d5) /%5, 2po, 2t }
then (5.52) and (5.55) give

(5.50) 60 (e cionn) < C (g PH) +20) x

,19*
x| (ui®)7V2 4 (ud®)Pal e 05T /20 (' G ) ).
tpg L H(T) + 21
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where C' depends on E, M, \, A, op;* and F only.
Now let us choose

101
= —5 |10
t2

Ui
° (mlH@ =) ‘
and by (5.56), taking into account that n < CH (), we get

—-1/2

G579l friioen) < Clis 2H()

Y

n
]. R —
o8 (CTmolH(t))

where C' depends on E, M, A\, A, 0py 'and F only. By (5.57) the thesis follows.
O

Now we recall the following Lemma that was proved in [Al-B-Ro-Ve,
Lemma 8.1].

Lemma 5.3 (relative graphs). Let ; and Qs be bounded domains in R"
of class CY* with constants po, E and satisfying |Q;] < Mpg, j = 1,2. There
exist numbers dy, p, € (0, po] such that g—g and ﬁ—g depend on E only, and
such that if we have

(5.58) dy (1, Q2) < dy,

then the following facts hold true
i) Q1 and Qy are relative graphs and

(5.59) Yo (S, Q) < Cdy (51752) )

where C' depends E only,

1+« 11—«

(5.60) Y (1,Q) < Cpy?> (d’H(ﬁl,ﬁQ))T ,  for every a € (0,1),

where C' depends E and o only,
ii) there exists an absolute positive constant ¢ such that

(5.61) da (Q1,Q2) < edpy (1, Q2)

iii) Q1 N Qo is a domain of Lipschitz class with constants p,, L, where py is
as above and L > 0 depends on E only.
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Proposition 5.4. There exist constants Cr and C' depending on E, M, X\, A
and F only and on E, M, \ A only respectively, such that if to > t. + Apo
where t, is introduced in Proposition 5.2 and if

(5.62) sup pan/ wi(z,t)de | <n?
te[0,to0] Qj\G

then
1/Ko
(5.63) dyy (Q1,9) < Cpy (+) ,
topg H(to)
where
H(to)\° CF(
5.64 Ko= (> ),
(5:64) : (H<to>) ‘
to = to — Ao

and F(to) is defined by (5.44).

Proof. First we prove the following inequality

1/Ko
= o 0
5.65 dp (€21,€2) < C = )
(5.65) (21, 2) P (topalﬂ(to)>

where d,,(Q, Q) is the quantity introduced in Definition 2.5.

For the sake of brevity let us denote d,,, = d,, (Ql, QQ) Let us assume, with
no loss of generality, that there exists xq € ng) C 0% such that dist(zg, 22) =
.

By (5.62) we have trivially

(5.66) sup (5" [ Wz, )de | < n?
te[0,to] Q1NBy,, (o)

let us distinguish the following two cases
i) dn < 150p0,
11) dyy > %gopo,
where Sg, So € (0,1), is defined in Theorem 4.2 and depends on E, A, and A

only.
50P0

In case i), by applying Theorem 4.2 with 7y = d,,, and p = *° we have
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IN

(5.67) sup —Nur (5 Oll 2 (s, oo

te[0,to—Apo]
_ ~1/6
po toH (to) )) /

< O (5 o (1) (91 log ( ;

where

1
LT Clog(po/dm)”

and C depends on E, M, X and A only.

Now let us introduce the following notation: s* = min {%0, %} and yo =
T — " pov(z0), to = to — Apo. We have By 2(yo) C Bygpe/2(w0) N2 Let us
assume that to > max{2Crpy, 2t;} where CF is defined in Proposition 5.2.
By (5.67) and Proposition 5.2 we have

(5.68) 0

(5.69) topy ' H(fo)e ") <
_lt H(t —-1/6
< C(py toH (to)) (Q1 log (Poo—(o)>> ;

n

where C' depends on E, M, A and A only and F(¢y) is defined by (5.44). Now,
taking into account that to/ty < 2, by (5.68) and (5.69) we have

1 po toH (to)
| 2 <1 d
7 og( p < log(po/dm),

so that we have

(5.70) d < po (ﬁ) " 7

where K is defined in (5.64).
Consider now case ii). Since we have B, /2(y0) C Bsypy/2(z0) Ny we
get

(5.71) topg "H(Tp)e 7™ < sup ||U1('7t)HL2(

Bgx -
tG[O,to—)\po} 191;70/2 (y()))

< ot <.
N te[O,Stl;P/\po] e >HL2(B5000/2(””0)091) =1
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Hence

(5.72) fops H (L)

Now by the a priori information we have d,, < Cpy where C' depends on E
and M only. Therefore by (5.72) we have trivially

ey )\
(5:73) ’ "\ Fopo ' H (fo)

Therefore in both the cases we have (5.65).

Now we prove (5.63). Let us denote by d = dy (1, Q2). With no loss of
generality, let 7 € Q; \ Q, be such that dist(7, Q) = d. Since in general 7
needs not to belong to 99, [Al-B-Ro-Ve| it is necessary to analyze various
different cases separately. Denoting by h = dist(y, 02;), let us distinguish
the following three cases:

i h<d

i)h>4 h>%

i) h >4, h <%
where dj is the number introduced in Proposition 5.3.

If case i) occurs, taking z € 0 such that |7 — Z| = h, we have that
dist(2, Q) > d — h > 4, so that d < 2d,, and (5.63) follows by (5.65).

Let us now consider case ii). Let us denote

(5.74) dy = min{g, SOTdO}.

where sg, so € (0,1), is defined in Theorem 4.1 and depends on A and A only.
We have that

(5.75) Bay2(y) € and By, (7) C Q1 \ Q.

Now by applying Theorem 4.1 with ry = d; and p = *° we have

sup Uy 'Jt m S
t€[0,to—Apo] ot )HL2<Bd1(y))

< C(py toH (to)) (02 log (M))_w,
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where
1

* Clog(po/dm)’
and C' depends on A and A only.
Now proceeding exactly as in the proof of (5.70) we have

. 1/ Ko
5.76 di <p (_—) )
(5.76) P o o H (t)

where K| is defined by (5.64) (perhaps with a different value of constant C).

Now, if
o ( Ui )UKO < Sodo
o\ /7~ —
Lo 1t0H<t0) 4

then by (5.76) we have d; < 2% hence d; = 4. Therefore we get

0

. 1/Ko
5.77 d=2d; <2 _— .
(5.77) L= (P(;ltoH(to)>

If, instead, we have

< Ui )1/K0 sodo
po |\ — 1~ > —,
po toH (to) 4

we have trivially

2 1/Ko
(5.78) d < Cpy < 2000 ( — ) :
po toH (to)

where C' depends on E and M only.

If case iii) occurs we have in particular that d < d;, hence by Proposition
5.3 we have d < cd,, and by (5.65) the thesis follows again. O

Corollary 5.5. Let t, be defined in Proposition 5.4 and let ty > t, be fixed.
We have for every e € (0,€], € is defined in Proposition 5.1,

(5.79) dy (51,52) < powi (e, to),
where
1/Ko
(5.80) wi(e, ty) == C (M) ,
topy H (to)

w(e, to) is defined by (5.7) and C on E, M, \, A and F only and K is defined
in (5.64).

Proof. Inequality (5.79) is an immediate consequence of Proposition 5.1 and
Proposition 5.4 ]
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5.3 Step 3

Now we conclude the proof of the main Theorem.
Let tg > t, be fixed and let dy be defined in Proposition 5.3 and let
s € (0, ;‘f—g] be a number that we will choose later. Denote by

€(s) =sup{e € (0,2] : wi(g,ty) < s}.

By Proposition 5.3 we have that, for every s € (0, Z—g] and every ¢ €
(0,€(s)], 09 and 0f)y are relative graphs, moreover G it is equal to €3 Ny
and is a domain of Lipschitz class with constants C'E and py/C where C' > 1
depends on F only.

We have

o\ G) c Iy (rg“ N 8G> .

Denote by u = u; — us. By Schwarz inequality, energy inequality, (4.16a),
(4.16¢) and recalling that uy = 0 on I'Y we have, for any t € (0, t),

to
(5.81) pgn/ ui(z,t)dr < topg”/ / |0cus (2, €)|” dadé <
Q1\G Ql\G

- 3/2 1/2
< Cltopy V2 (HE) " 12 o mronny

where C' depends on a, £, M, A\ and A only.
Let P € 0G, without restriction we may assume that P = 0. By (5.79)
and Proposition 5.3 we have that if s € (0, ;l—g] and £ € (0,¢(s)] then there

exist ¢y, po € CH' (B, (0)), where £ < 1 depends on E only, satisfying the
following conditions

(582&) ngiHC'Ll(B;O(O)) S Ep(b

(5.82b) QNB,(0)={xe€ B, (0):x, >p ()}, i=1,2.
It is not restrictive to assume that

(5.83) ©1(0) = Va1 (0)] =0 , ¢2(0) <0.

Now, Let us denote by ¢ = max{y1, 2} and by di = min{dy, o} By
(5.79) and (5.60) we have (we fix a = 1/2), for every s € (0, %] and every

€ (0,¢(s)],
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(5.84) H%whﬁ3)<L@:Q§ﬁ
spQ

where C, depends on F only.
For any s € (0, %] let us introduce the following notation

(5.85) T, := max {T(e(s)), 2to},

where T'(¢) is defined in (5.3),

1
(5.86) v = arctan T

s

Moreover let 1,72 be two numbers such that 0 < v, <y, <7 < 7 that we
will choose later and let

L —siny
(5.87a) X =1 -
SLsp0/2
.87b l{ = ————
(5.87b) ! 1+siny’
(5.87c¢) I =x""', ,keN,
(587d) w = e, , ke N,
(5.87e) Ry = lpsiny, pp=lpsinvy,, rp=I;siny, keN.

It is easy to check that, denoting by C the cone

Ly
C:{xER":LS|x/|§xn§82po},

we have

(5.88) By, (wks1) C By, (wy) C Bg,(wy) CCC G, for every k € N

and
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—_

(5.89) dist (B, (wy),0G) > —posh,

2

where

siny — siny;

2.90 h =
( ) 1+ sinvy

Let T' > T, be a number that we will choose. For any positive number g
such that y7? > 1 and 7 € (0,7/2] denote by U ) the FBI transform of u
defined by

(5.91) U (x,y) \/2 / —5t 0%y (2, )dt,  for (z,y) € G x R.
s

Let ko < 1 be such that G, is connected for every r € (0, kopo] [Al-R-Ro-Ve].
Let k1 = min{ﬁ—é, Ko}. Arguing as in Proposition 5.1 we have by (3.9), for
every s € (0,k1] and every € € (0, ¢(s)],

(5.92) Uz HL2(§T1 @) =

oihs/D”
< CTpy" (H(T) + 1) eCr)*/2 (ew (77110 4 )ﬂ) ,

where 5 € (0,1) is the same exponent of inequality (5.19), ¥2, C' depend on
E, M, )\ and A only and

(uT?) e
(H(T) + )Tp,’

(5.93) €1 =

Now we apply inequality (4.29) when 7 = 7y, 72 = pg, 73 = Ry and
ro = wyg, k € N.
Let us denote by

e—uR% /2 U;ST)

L? (Erk (’[Ek))

5.94 o = e HT?/10 4
(5:94) ¢ VIGES

32



Taking into account (5.88) we have

(5.95) gy < 6’06%(}2% B 190 , for every k € N|

where

= pi == O)R]"

(5.96) Vo = - -
(1= 20)r] " = [(1 = 0)Ry] ™7
Ry —p1
5.97 0<d < ———
(5.97) - 2R
_ CllorRy ) A1 (1-6)=1]
(5.98) Co=C 5 ,
(1 has been introduced in Theorem 4.6 and C' depends on E, M, A and A
only.
Notice that
R — R, =X"Ri(x?*-1).
By iterating (5.95) we get
N _ , 3t
(5.99) i1 < (CCy)Y/(1=90) <6”R1A’“/2a1> . keN,
where
. 1— 25*1 k
(5.100) Ap=(x"?%- 1)(;&901)%, k € N.
- (x*Y ")

Let ks = min{x, 2 (Jlog, ¥2|)"/"} and taking into account that, by (5.90),
h <1, from (5.92) and (5.99) we get that for every s < ko the following
inequality holds true

Uy

L2(Bry, ., (@k41))

100 () + )77,

(1) 91 ,&(Sh/Q) (2) 0
< (CCy)H/0=0) (W‘ by +etk ) keN,
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where

1

(5.102) AL =5 (Ae+ 00" Bi+4f  keEN,
1 —n

(5.103) A% = Al — ET%};*W 27k eN,

and C depends on E, M, A and A only.
Since we need that Agllz is bounded for £ € N we search for which s €
(0, ko] we have

(5.104) ot < 1

Let ¢,a,b,q € (0,1) three numbers that we will fix later on and let

(5.105) sinyy =1—¢, sinyp=1—as, siny=1-—abs
and
Ry — 1 qga(l —1b)s
1 § = S ek Sl
(5.106) 1 ( 2R, > 2 1—abs’

by (5.87) and (5.96) we have respectively

(5.107) X = a,

and

5 _a(1-b)(1—q/2)
(5.108) Yo = 1—ab+qa(l —10)/2

+o(l) ,as¢—0.

In order that (5.104) is satisfied it is enough that

) a(l—0b)(1—q/2)
(5.109) ST ab+t qa(l— )2

for instance if we choose

(5.110) q=



then (5.109) is satisfied and we have
23

(5.111) Yot = yr +o(l) ,as¢—0.

By (5.111) we have that there exists g5 > 0 such that if 0 < ¢ < ¢, then
~ 1

(5.112) U5t <.

Let

—1/2\ /2
S = (1 — <1 + C*Ii;ﬂ) ) ,

where C, is defined in (5.84) and depends on E only.
Now, let us fix ¢ = < := min {go, 'SP i} and denote by 7,75, 7y the numbers

belonging to (0, §) such that

1

1
A1 inv,=1-¢ inv, =1— -¢ inv=1— —¢
(5.113) sin 7y, S, sin7, 1S sy 3

and denote by
(5.114) 5=—((1-3/12)"" - 1).

Notice that (5.84), (5.114) and the third equality of (5.113) imply that equal-
ity (5.86) is satisfied. Namely we have

= tan —.
~ = arctan I
Now for any quantity ¢ introduced in (5.87), (5.90), (5.96) and (5.106) we
denote by g the value of such a quantity when s = 5 or, equivalently, when
¢ = <. In particular we have

< S

5.115 0= —7
(5.115) Y=
siny —sin7y; 28

5.116 h= =
( ) 1+siny 24 — 33’

(5.117) 7, — <Ssiir;772>6l —(1=90)™™ |
(1-222) "~ -5
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By (5.100), (5.112), (5.102) and (5.114) we have

(5.118) AN <202 keN.
Let
~ 1 (sh/a) -\ 1/2
(5.119) T = max { (40192 1=Gh/2) ) P, TS} .

By (5.103), (5.118) and (5.119) we have, for every T > T,

1 <h —n
(5.120) A% < —2—0T219§+ (h/27" ke N.

By (5.118), (5.120) we have, for every T > T,

(5.121)

HU;ST)HH(E;W(@H)) <
=k

9
< Co(H(T) +1)Tpy" (&W@B + e—%ums) " keN,

where

53 — 19%"!‘(5%/2) -n

and C depends on E, M, A and A only.
Denote by

dy =1, (1 —sin7¥,) , dy = x""'dy, for every k € N

here, we recall that by (5.107) and (5.110) we have y = 1 and, by (5.87b)
7 _ 0*33/2,00/2
h="Tm5
Let 7 € (0,d;] be a number that we will choose later on. Let us denote
by o =rd;",
ko =min{k e N:d, <r}

and —
(54 = ‘10g4 790‘ .
We have
(5.122) llog,(0/4)| < ko < [log,(0/16)]
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and

=2 5 =ko = 5
(5.123) Y0t <V, < oo™

Now by applying [G-T, Theorem 8.17], (4.16), (4.20) and (4.22) we have,
for every 7 € (0,t0] and every T > T,

(5.124)
|U (077—)‘ S ‘U, <O7 7—) —u (ﬁko-ﬁ-l;/]—)‘ + )U (ﬁko-i-la 7_> - U/ST) (%ko-i-l) ‘ +

U (ﬁkﬁl) < Ctopy 'H(to)o + C (Tp51)2 H(T) (TQM)_I/2 +
nt1

+Co SV H(T) + )T p5t (e + e sont™s)

+

=2
Vg4

where C' depends on E, M, X and A only. Now we have trivially
(5.125) 62W(2>gf153 + e 20HT?0s < 20 .
Hence, if

then we choose
1 d3|loge]

M= 29 5,/20
and by (5.124) and (5.125) we have

(5.126) lu (0, 7)| < CtopgH(to)o+ C (Tpgl)2 H(T)|loge|™/?+
+Co (") (H(T) + 1)Tpy 2™

where C' depends on E, M, A and A only and

=2
550,

T 40+ 05

Now let us choose
0= [loge| /)

and by (5.126) we have

(5.127) [u (0,7)| < C(Tpg")" (H(T) + 1)|loge| />
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where C' depends on E, M, A and A only.
Otherwise, if

o> o~ (2/8a+1/20)
then by (4.16¢) we have trivially
(5.128) lu (0,7)| < Ctopy “H(ty) < Ce®/%H1/20¢ oL H (t)e.

where C' depends on E, M, A and A only. By (5.127) and (5.128) we have,
for0<e<elandevery T >T

(5.129) (el ) < C(Tpg")” (H(T) + 1)|log | /2

L ((15)N0G) x [0,t0]

where C' depends on F, M, A and A only. By (5.129) and (5.81) we have

(5.130) sup pgn/ uf(x, t)dr | <
t€[0,to] Q\G
< Cltopy " + 1) (H(t0))** (Tpg ") (H(T) +1)"/*| log e|~/*

where C' depends on E, M, X\ and A only.
Now we fix tyg = t. + App and T' =T and by (5.130) and Proposition 5.4
we have

(5131) d'H (ﬁl,ﬁg) S K1p0| 10g€|_1/(8K0),
where .
H(to)\" cr
K — o NMYS (t*)
: (H(t*)) C
~ 1/(8K
o H(T) /(8Ko)
TUVH®) ’

where F(t,) is defined by (5.44) and C depends on E, M, A and A only.[]

6 Appendix

6.1 Proof of Theorem 4.3

Theorem 4.3 is a straightforward consequence of Theorem 6.1 below and of
standard results concerning the extension of function
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Theorem 6.1. Let Q) be a bounded domain of R™ that satisfies (3.1). Let
A(x) be a real-valued symmetric n X n matriz satisfying (3.8). Let m :=
[2£2]. Assume that OFF € L>(Q x (0,T)) for every k € {0,---,2m + 2}
and let w € W ([0,T7;Q) be the solution to the problem

O2u — div (A(z)Vu) = F(z,t), inQx[0,7T],
(6.1) u=20, ondQx]0,T],

u(-,0) = dwu(-,0) =0, in Q.

Let a € (0,1). Then for every t € [0,T] we have u(-,t) € CH*(Q) and the
following inequalities hold true

(62&) Hafu(a t)HLoo(Q) < CPEQ <p3m+3TF2m+2 + Z p?)j+2F2j> ’
=0
(6.2b) lul, Ollgra@y < C | A" T Famiz + ) g " Fo |
(©)
=0
where F; = HagFHLOO(QX[OT]) for every j € N U {0} and C depends on

a,n, B, M,\ and A only.
In order to prove Theorem 6.1 we use propositions 6.2, 6.3 given below.

Proposition 6.2. Assume that Q0 and A(x) are the same of Theorem 6.1.
Let Q be a bounded domain of R™ that satisfies (3.1a) and whose boundary
is of class CV1. Let A(x) be a real-valued symmetric n x n matriz satisfying
(3.8). If fe LP(Q), p € (1,00), then the solution v to the Dirichlet problem

(6.3) { div(A(z)Vv) = f,  in Q,
v € Hy(Q),

belongs to W*P(Q) and the following estimate holds true
(6.4) ||v||W2»P(Q) < Cpj ||f||Lp(Q) 5
where C' depends on \, A\, E, M and p only.

Proof. The Proposition is an immediate consequence of [G-T, Theorem 9.15]
and [G-T, Lemma 9.17]. O
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Proposition 6.3. Assume that Q0 and A(x) are the same of Theorem 6.1.
Let F € L*(Qx (0,T)) and let u € W ([0, T]; Q) be the solution to the problem

0?u — div(A(x)Veu) = F, in Q x [0,T],
(6.5) u=0 ondQ2x]|0,T],
u(+,0) = dwu(-,0) =0, in Q.

Then the following inequality holds true
(6.6) [uC Ol pro() < CpoT | Fll ooy » - for every t € (0,7),
where pg 1s the Sobolev imbedding exponent, namely

2n
n—2

(6.7a) Do = , forn > 2

(6.7b) po s an arbitrary number of [2,4+00) , forn =2
and C' depends on n, E, M and X\ only.

Proof. Let 7 € (0,7]. By multiplying both the sides of the first equation in
(6.5) by Oyu and by integrating over Q x (0,7) we get

/ / Fowudxdt = —%/ / Oy (A(z)Vu - Vu + (8tu)2) dxdt =
o Jo o Jo
1
— / (A(&)Vu - Vu + (0)?) de.
Q
Hence, denoting by

K(r) = /Q (A(z)Vu(z,t) - Vu(z,t) + (0tu(x,t))2) dx,

we get

T T 1 T
K(r) < 2/ /|F\ |6tu|dxdt§T/ /F2dxdt+—/ /(&u)dedtS
0 Q 0 Q T 0 Q
T 1 T
gT/ /FdedH——/ K(t)dt.
0 Q T 0

By Gronwall inequality we derive the energy inequality

T
(6.8) K(r) < eT/ /Fdedt.
o Jo
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In particular (6.8) gives

T
(6.9) / \Vu(z,t)|* de < eA™'T / / F2duxdt.
Q o Jo
Since u(-,t) € H}(), by (6.9) and the Poincaré inequality we have

(6.10) ||u<'7t)HH1(Q) < CpoT ||FHL°°(Q><(0,T)) .
Finally by the imbedding Sobolev theorem the thesis follows. ]

Sketch of the proof of Theorem 6.1.

In this sketch of the proof we skip on the question of regularity of the
solution for which we refer to [Co] and we focus on the proof of inequality
(6.2).

In order to estimate ||6t2u(-,t)||Loo(Q)7 for every t € (0,7) we distinguish
two cases: (a) n is not of the type 4h + 2, h € NU {0}, (b) n is of the type
4h +2, h € NU{0}.

Case (a). Denote by pg, & € NU {0}, the sequence such that

1 1 2k
—=——— | for ke NU{0}.
Pk Do n
Notice that 1 1 5
— = —— ,forkeN
Pk Pk—1 n
and that
1 1 2
——>0 ,and — ——<0
Pm—1 n DPm n

Let us denote
u = dlu , for every j € {0,---,2m + 2}.
By (6.1) we have, for every j € {0,---,2m + 2},

OFul) — div (A(z)V,ul)) = AF, in Qx[0,7T],
(6.11) ul) =0 , on 90 x [0,T],
ud(-,0) = 9u(-,0) =0, in Q.

Observe that, since %+ = 92u®), by (6.11) we have that u(?¥) is the
solution to the following Dirichlet elliptic problem

{ div (A(z)V, u®)) = o+ — OYF | in Q,

6.12 ,
(6.12) u®) € HX(Q),
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hence by Proposition 6.2 we have, for every j € {1,--- ;m} and t € (0,7,

613) a0y ) < O (20 )+ Far).

where C' depends on A\, A, E and M only. Hence by Sobolev imbedding
theorem we get, for every j € {2,--- ,m} and t € (0,7,

(6.14) [ )| pom—sn ) < Cori (Hu@“z )| s ) + F2j> )
and
(6.15) [u® ()| oy < Cori (H“M) Ol -2y +F2)

where Cy > 1 depends on n, A\, A, E and M only. Now by applying Proposi-
tion 6.3 to u*"*2) we have, for every t € (0,7),

(6.16) |l 2)( < CipoT Fama,

} } LPo(Q)

where C; > 1 depends on n, A\, E and M only. Therefore, by iterating (6.14)
and by (6.15) and (6.16) we get, for every t € (0,7,

(6~17) HU(Q)(',t)HLoo(Q) < Cloén (P(Q)mHTFzmH + ZP%szg’) )

=0

Now since u = u®, by (6.12) and by [G-T, Theorem 8.33] we get, for
every t € (0,7,

(6.13) i llgrey < O (626D iy + F)

where C' depends on a, n, E, M, XA and A only. By (6.18) and (6.17) we obtain
(6.2) in the case (a).

Case (b) We consider only the case n > 2, because if n = 2 we can
proceed similarly.

If n is of the type 4h + 2, h € NU {0} then inequality (6.13) still holds,
but by Sobolev imbedding Theorem, instead of inequality (6.15) we have, for
every ¢ € [2,00),

(6‘19) Hu(4)('7 t)”Lq(Q) < 02/0(2J <Hu(6)('7 t)HLPm—l(Q) + F4) )
where Cy > 1 depends on n, A\, A, E, M and ¢ only.
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n

Let us choose ¢ > %, by applying [G-T, Theorem 8.29] to u@ (-, 1) we
have

(6.20) 4@ ) gy < Cot ([0 oy + o)

where C3 > 1 depends on n, A\, E, M and q.
Now, by iterating (6.13) and by using (6.19) and (6.20) we get

(6.21) HU(2)<'at)HLoo(Q) < CoC3Cy (PgmHTFzmw + Zﬂngzg)

Jj=0

and arguing as in the case (a) the thesis follows.[]

6.2 Proof of Propositions 4.4, 4.5

Proof of Proposition 4.4
We prove (4.19) for j = 0, the proof for j > 0 being the same.
By (4.18) we have

T
VER|UP )| = |V [ et i <
0

T
< VetV / e 5 u(a, 1) dt,
0

hence, the Schwarz inequality yields

T 1/2 T 1/2
Vor U (2,y)] < et </0 e“(Tt)th> </0 |u(x,t)y2dt) <

400 1/2 T 1/2 T 1/2
< \/ﬁegy2 </ e”ﬁdt> </ lu(z, t)[” dt) < cplltesy’ (/ ]u(m,t)\th> :
0 0 0
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Now we prove (4.20). By the change of variable n = \/f(t — 7) we have

(6.22) Vor (US (2,0) — u(e, 7)) =

+oo 2

T
= \/ﬁ/ e 2Ty (x, t)dt — u(z, T)/ e~ T dn =
0 —00

/\/ﬁ(T—T) 2 ( n ) ( ) +o0 2
= e zulx, 7+ —)dn—ulz,7 / e zdn=
g NG .

VBT
Via(T—T) 2 n
= / ez (u (]I,T + —> — u(x,T)) dn—
—\/BT \//_*L
+oo 2 “VHT o
—u(x,T) / e zdn +/ e zdn | =1+ L.
Vi(T—r) —00
We begin to estimate |I;|. We have
+o0 7]2
©29) B <a P 0ule e [ nle <

< ep V2Ol M rsor

where c is an absolute constant.
Now we estimate |I5|. Taking into account that 7 € (0,7'/2) we have

+o0 2
(6.24) |5 < 2|u(x,7)| e zdn <
\/fm'
B2 too n? b2
<2fuwn)|e [ e Ty et ufo ),
VT

where ¢ is an absolute constant.
Now, since u(x,0) = 0 we have

(6.25) ™57 Ju(z,7)| <

B2 T u-
<e 1 T||3tu($,')||Loo[o,T} <2 V2 ||atu(x>')||L°°[07T]’

By (6.22), (6.23), (6.24) and (6.25) we get (4.20).00
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Proof of Proposition 4.5. We have

T
o) = [ [ intiy + 7 = e 800, —
=1/ / —za e —2(iy+r- t)> u(x, t)dt =
2T

= — —< st =T% (2, T) — / 5= 9, t)dt)
0

and similarly

(6.26) 0;U,(x,y) = \/76 st (Qu(x, T) — pliy +7 — T)u(z, T)) —

~/2 / e~ 5 W=7 920 (2 1) dt.
m

On the other side, by (4.17) we have

(6.27) div (A(z)VU,) ,/2 / e 20" div (A(z)Vu) dt =
m

—E(jy4+7—1)2
= ,/%/0 e~ 2 WA= 92 (, t)dt.

By (6.26) and (6.27) the thesis follows.[

6.3 Proof of Theorem 4.6

In the sequel, for seek of brevity we omit the tilde over r;, j = 1,2, 3.

First we consider the homogeneous case in which f = 0 and we assume
that 73 = 1. In [M-R-V1, Theorem 4.5] it has been proved that there exists
a positive number 3 depending on Ao, Ay only such that if 3 > 3, then there
exist constants C', 71 and ro, (C' > 1, 71 > 1, 0 < rg < 1) depending only on
Ao, Ag and ( such that the following estimate holds true

(6.28) T/pqﬁe?flxB\W]Mﬁ/m“ 2 X 2 <
<C [ X[ o
for every v € C§° (B,, \ {0}) and for every 7 > 7.
On the other hand it is simple to check that there exists ﬁ depending

on Ao, Ag only such that if § > g then | X|~ 7 satisfies the pseudoconvexity
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conditions of [H6, Theorem 8.3.1] in B, \ B,, /2. Therefore there exist 7o > 7
and C depending on Ao, Ay and [ only such that

(6.29) T/ezﬂxlB|Vv|2+73/62T|X|B|v|2 <
< C/ex'_ﬁ Puf”,

for every v € C§° (31 \ B, /2) and for every 7 > 1.
Now we have trivially

6.30a 627—|X|’B Vol > x|° 627-|X|’B Vol?
(6.30a) )
(6.30D) /627|X_ﬁ\v|2 > (7“0/2)’8+2/’X‘_6_2 X1 |y 2,
(6.300) /6|XB Puf? < (/2—25”/|X|2,8+2 X1 | P2

for every v € C§° (B1\ Byy2). Let ¢ € C§°(B,,) such that 0 < ¢ < 1,
V¢, |D*| < C and (X )— 1 for every X € By, a.

Now let us denote by 4 := max{3, 3,1} and let v € C3° (B; \ {0}). B
applying (6.31) and (6.29) to (v and (1 — {)v respectively and taking into
account (6.30) we have, for 5 > /3

(6.31) 7/ X[ 2 |2 4 7 / X2 N 2 <

= 0/ X2 T Pof 1 0 / X2 T (1D P 4 VP V).
Now the second term at the right hand side can be absorbed by the left hand
side. Hence there exists 73 > 7, and C' depending on \g, Ay and S only such

that for every v € C§° (B \ {0}) and every 7 > 73 the following inequality
holds true

(6.32) 7/\X\%27|XI‘B|WP+T3/|X\—H 27X 12 <

< C/ X[ X0 Py,

Now we use a standard argument to derive by (6.32) the desired three sphere
inequality.
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First we observe that, by density, estimate (6.32) holds true for every v €
HZ (B \ {0}). Now let w € H' (B;) be a solution to equation Pu = 0. By L?
regularity theorem we have that w € H?_(B;). Let 0 <1 <ry <1,0< 4§ <

min { Lor2 11 and let us consider a cutoff function n € C2 (31_5 \§r1(172§))
such that 0 <7 < 1 and satisfying the following conditions

2 72

n= 1 ) in B1—25 \ BT1(1—5)7

c .
V| < E ) |D27I| < ,in B¢ \ B, (1-2¢)

c
= 52—74%
and . .
V| < 5 |D277’ < 52 0 in Bi_5 \ Bi_2s,

where ¢ is an absolutNe constant.
By (4.25), since f = 0 we have

[P (nu)| < C(IVn||Vul + [Pnlu]),

033 [IXPR P < By

X / ((57’1)_2|Vu|2—|—(57’1)_4|u|2) +
By (1-5)\Br (1-25)

L Ce2r1-2)7" / (5_2|Vu|2+5_4|u|2) ,
By_s\B1-25

where C' depends on Ay, Ay and 3 only.
By applying the Caccioppoli inequality to the right hand side of (6.33)
and by (6.32) we have, for every 7 > 73

B B

9 1

+C€2T(1—25)*55—4 |u|2,
By

where C' depends on \g, Ay and S only.
On the other hand we have trivially

(6.35) /B

x| A2 2rIX P unl? > FoB=2,2mry° ul?
2
Bry\Bry

72
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Now let us denote

1/2 12
(6.36) €:= / |u)? ,and K := (/ |u\2) :
By, By

By (6.34) and (6.35) we have for every 7 > 73

(6.37) / uf? <
Bry\Br,
<C6 {627[((1_25)“)76—7"2_5]52 + 627[((1—6))’5—7{5]K2} 7

where C' depends on Ay, Ay and 3 only.
Now we add to both the side of (6.37) the integral [, u?dX and we get
1

(638) / |U|2 < 0574 {627[((1—25)7“1)75_7‘2_[’]62 + 627[((1—5))75_7‘2_5][(2}7
B

T2
where C' depends on Ay, Ay and 3 only.
Now denote by 7 the number
log(e 1K)

(6.39) T (1 —20)r) " — (1 —6)-8

such a number satisfies the equality

2728 Py P 2 _ 27 [(1-0) Py P 2

If 7 > 73 then we choose 7 = 7 in (6.38) and we obtain

6.40 ul? < O K209 0
(6.40) ul® < ,
B

T2

where

ry? —(1—0)""
[(1—26)ry]) 7 = (1—6)-8
On the other side if 7 < 73 then by (6.39) we have

(6.41) (671K)219 < 627—3[7557(175)—[3]

48



hence we have trivially
(6.42)

/ |u|2 < |u|2 _ K2 g20-9) 20 < 6273[r;ﬁ—(l—d)*ﬁ]KQ(l—ﬁ)EQﬁ‘
By, B

Therefore by (6.43) and (6.42) we have
(6.43) / luf> < 5 4e2mslry " =(1-8)7P) fr2(1-9) 9
Br,

In the nonhomogeneous case, let u € H'(By) a solution to Pu = f and
let w be the solution to the Dirichlet problem

Pw=f, in B,
w E H&(Bl),
we have that
(6.44) w<o [ |f3
B1 Bl

where C' depends on )\g. By applying (6.43) to the function u — w and by
(6.44) we obtain inequality (4.29) when 73 = 1. Finally, by using the dilation
X — r3X the thesis follows easily.[J
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